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1. Introduction and main results

Let € be a complex plane, C := C U {co};let G C C be a bounded Jordan region,
with 0 € G and the boundary L := O0G being a simple closed Jordan curve,
Q:=C\G; A:=A0,1) := {w:|w| >1}. Let w = ®(z) be the univalent
conformal mapping of © onto the A normalized by ®(c0) = 0o, lim, (I)(ZZ) > 0.
For R>1,letusset Lr:={z: |®(z)| = R}, Gr:=intLg, Qr := extLp.

Let g, denote the class of arbitrary algebraic polynomials P, (z) of degree at
most n € N.

Let {zj};.n:l be a fixed system of distinct points on the curve L located in the

positive direction. For 1 < R < co and z € G, consider the so-called generalized
Jacobi weight function h (z) defined as follows:

m
=1Ilz—=, (1)
j=1

where v; > —1 for all j =1,m (i.e. j =1,2,...,m).
For any p > 0 we introduce:

1Pl = ([ n)1mcIp daz)l/p<oo, @)
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where o, is the two-dimensional Lebesgue measure,

1/p
1Plle,ony = | [ B IPP 1el | < 3)
L
when L is rectifiable and

Pl ~7 :=max|P,(2)]. 4
1Pl nax [P (2)] (4)

The well-known Bernstein-Walsh Lemma [20] says:
1Pa(2)| < |2(2)[" I1Pallogy . = € (5)

Then, according to the above notations, (5) can be written as follows:
IPullen < B 1Pallo - (6)

Hence, setting R =1+ %St', according to (6), we see that the C'—norm of poly-
nomials P,(z) in G and G are equivalent, i.e. the norm ||PnHC(§) increases with
no more than a constant.

The same effect is observed for the || P[4, 1) from (3) according to the following
estimate [7]:

1Palley ) < B 1Pl 02 2> 0. ™

To give similar to (6) and (7) inequalities for the [Py 4 ¢ ¢y from (2), we need
to give some definitions and notations.

Let B := B(0,1) := {w : |w| < 1}, z = 1(w) be the univalent conformal mapping
of B onto the G normalized by ¥(0) = 0, ¢'(0) > 0.

Definition 1.1: A bounded Jordan region G is called a k-quasidisk, 0 < k < 1,
. . . 14

if any conformal mapping can be exﬁended to a K-quasiconformal, K = {7,
homeomorphism of the plane C on the C. In that case the curve L := 9G is called
a k-quasicircle. The region G (curve L ) is called a quasidisk (quasicircle), if it is

a rk-quasidisk ( k-quasicircle) with some 0 < k < 1.

We denote this class as Q(k), 0 < k < 1, and say that L = 9G € Q(k), if
G € Q(k), 0 < k < 1. Further, we denote G € @, if G € Q(k) for some 0 < Kk < 1,
and L € Q, if L € Q(k) for some 0 < k < 1.

Definition 1.2: We say that G € Q(k), 0 < k < 1, if G € Q(x) and L := 0@ is
rectifiable.

We know well that a quasicircle may not even be locally rectifiable [9, p.104].
The Bernstein-Walsh-type estimate for [Pyl 4 (5 ¢y, p > 0, for the quasidiscs G



148 Bulletin of TICMI

with weight function h(z), which is defined in (1) with v; > —2, is as follows ([2]):

<R P
2 [Pl

Ap(h,GR) — Ap(h,G)

1Pl p>0, (8)
where R* := 1+ c3(R — 1) and ¢2 = c2(G,c3) > 0, c3 = c3(G) > 0. Therefore, if
we choose R = 1+ L, we see from (8) that the value 1 Pall 4, (n, ) of polynomials
P,(z) in Gg and G are equivalent.

N. Stylianopoulos in [15] replaced the norm [|Py[loq) with [Pl 4,y on the
right-hand side of (5) and so have a new version of the Bernstein-Walsh lemma as
following:

Lemma A (N. Stylianopoulos). Assume that L is a quasicircle and rectifiable.
Then there exists a constant ¢ = c¢(L) > 0, such that for any n € N and P, € g,

\/ﬁ n+1
|Pa(2)] < Cm [Pall 4,y [, 2 €, 9)

where d(z,L) :=inf {|( — 2| : (€ L}.

Analogous results to (9) with || Pyl 4 (1, ;) on the right-hand side, for some differ-
ent unbounded regions and weight function h(z) (1) with v; > —2 were obtained
in our works [3]-[4].

In this work, firstly, we study a problem similar to (9) for quasidisks and for
generalized Jacobi weight function h (z), defined as in (1) with 7; > —1 for all
j = 1,m, where || Pl 1, ) Was used instead of ||| 4,(q) - Secondly, we obtain

an estimate for |P,(2)| on the G as follows:
1Pallo) < cin(Gyhup) IPallz gy (10)

where ¢ = ¢(G,p) > 0 is a constant, independent of n and P,. Note that, analo-
gously to (10) estimates for different bounded regions exist in literature. Here we
want to list some of them. The first result in this direction, in case h(z) = 1 for
L={z:|z| =1} and 0 < p < 0o was found by Jackson [8]. Suetin [16], [17] inves-
tigated this problem with a sufficiently smooth Jordan curve. The estimate of (10)
type for 0 < p < oo and h(z) = 1 when L is a rectifiable Jordan curve was inves-
tigated by Mamedhanov [11]. More general results of the (10)-type were obtained
by Nikolskii [12, pp.122-133] and others for the polynomials of several variables.

Finally, we obtain the evaluation for |P,(z)| in the whole complex plane, depend-
ing on the geometrical properties of the region G and weigth function h(z).

Now, we give the main results. We give some notations which we will use.

Throughout this paper, we denote by c,cy c1,ca,... positive constants and by
€0,€1, €2, ... sufficiently small positive constants (in general, different in different
relations) that depend on G in general and on parameters inessential for the argu-
ment; otherwise, such dependence will be explicitly stated.

Let the points {z; };n:l be on the curve L in the positive direction and
weight function h(z) defined as in (1) for 7 > —1 for all j = 1,m.
For &£ < m, a € (%,1], p > 1 and k € [0,1), we set: I'y :=
{vj, 1 =1k}, FS) = {1 €l v >alp—1)} (with possible skips), I‘l(f) =

{welm:m=ap-1}, TP = {peln:-1<p<alp-1}, I}
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{fyk el v > %} (with possible skips), ff) = {’Yk: €lm v = 110+/l<} ’
~(3 % * * ~k
Flg) = {fyk Elp: 1<y < 1%}, e = maX{%i’Yk EFI(C)}v 7= Tme Ve =

maX{O;% Pk € F,i)},’vv* = Ve

1.1. General case
Here we provide the main results for quasidisks with some additional conditions.

Definition 1.3: We say that G € Qg, if Ge€Qand ® € H¥G) and ¥ €
HP(A) for some 1 <a<land0< <1

Definition 1.4: We say that G € @Q, if G e Qg and L is rectifiable.

We note, that the class Q’g and @5 is sufficiently large. This can be seen from
the following:

Remark 1: a) If L is a smooth curve having continuous tangent line, then
Geég for all a, 8 < 1.

b) If G is ”L-shaped” region, then G € @Q for a = % and 8 = =

c) If L is quasi-smooth, that is, for every pair z1, 29 € L, if s(z1, 22) represents
the smaller of the lengths of the arcs joining z; to z3 on L, there exists a constant
¢ > 1, such that s(z1,22) < ¢|z1 — 22|, then G € Q5 for o = (1 — Larcsin2)~!

and § = 1+c [18], [19].
d) If L is "¢ quasmonformal” (see, for example, [10]), then G € Qg for @ =
2(71 and 8 = (aresin ;)2 Also, if L is an asymptotic conformal curve, then
m—arcsin +) m(r—arcsin 1)

G e Q5 for all o, B < 1 [10].
Now, we begin to give new results for the regions G € @§

Theorem 1.5: Assume that G € @5 for some % <a<land0< p<1; P, €
©n, 1 €EN; Ry =1+ and h(z) defined as in (1). Then, for any p > 1

Dn;l n+1
[Pn (2)] < G L) 1Pl oy [R()" 2 € Qs (11)
where ¢; = ¢1(G,a, B,p) > 0 and
Zn:? zf’yZEI‘ for alli=1,m,

Dn;l = 1 11
(nl_/Blnn) v, zf’yZEF for alli=1,m,

n(lfﬁ)(l )’ lf'Yz c Fm fOT all 1 = 1,m.

Theorem 1.5 is local, that is, each term in the sum on the right side of D,,.; shows
the growth of |P,(z)|, depending on the behavior of the weight function h(z) and
the boundary L in the neighborhood of a single point z; € L for any j = 1, m.

Comparing the terms in the sum for each point {z;}, j = 1,m, and using the
above notations, we can obtain the following result of global character:
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Theorem 1.6: Assume that G € @Q for some % <a<land0 < p < 1
Py € pn, n €N; Ry =1+ %L and h(z) defined as in (1). Then, for anyp > 1

Dn;2

’Pn(Z)‘ S C2d(Z L)

1Bl z, (h, 1) |B(2)|"", 2 €Qn,, (12)

where ca = c2(G,p,m) > 0 and

n%—(l—i)ﬁ’ if there is at least one v € 1-,1({1)

for somei = 1,k, k < m;
Do = (nkﬁ In n)l—% if there is at least one 7; € F1(<2)\ I‘l(ﬁ)
’ for somei=1,k, k <m;

=002 it v e T foralli = T, m.

In particular, in the case of having a single singular point on z; € L (i.e. m = 1),
we obtain the following :

Corollary 1.7: Assume that G € @ﬁ for some % <a<land0<pB<1; P, €
©n, N €N; Ry = 1+5 and h(z) defined as in (1) form = 1. Then, for anyp > 1,
we have

Dn;S n+1
[Pa(2)] < CSM ”PnHL,,(h,L) |®(2)] , 2 € Qgy, (13)

where c3 = c3(G, p) >0 and

if vy e T,

Dnz =< (n*Plnn)' "7, if v € ng),
A0-80-5) i pl)

Y1 1
=38

Now let’s give a similar result for the finite region of G & @ﬁ for all z € G.

Theorem 1.8: Assume that G € @5 for some % <a<landO0< p<1; P, €
on, n €N and h(z) defined as in (1). Then, for any p > 1 there exists a constant
¢y = c4(G) > 0 such that the following is fulfilled:

ntp __(q1_1
1Pall @y < can'sr " Pl a1y (14)

where 1 := max{0; vk, k=1,m}.
In particular, for m =1 the following is true:

yitp

|Pa(z21)] < ean”or "D NPl ) - (15)

Now, combining Theorems 1.6 and 1.8, we obtain the growth of |P,(z)| on the
whole complex plane:

Corollary 1.9: Assume that G € @E for some % <a<land 0 < g < 1;
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Py € pn, n €N; Ry =1+ <L and h(z) defined as in (1). Then, for any p > 1

e (1-1) el
n or P forallz € G
P,(2)| <c5||P i ’ ’ 16
IPa(2)] < €5 1Pall g, { OO foralzen, 0

where c5 = c5(G,p,m) > 0, n:=max{0;v,, k= 1,m} and Dy is as in Theorem
1.6.

We note that, according to Remark 1, we can calculate « and 3 in the right hand
side of estimates (11)-(16) for each region defined in Remark 1, respectively.

1.2. Special case

In this part, we provide the main results for k-quasidisks.

Theorem 1.10: Assume that G € @(ﬂ) for some 0 <k < 1; P, € pp, n € N;
Ry =1+ % and h(z) defined as in (1). Then, for any p > 1 the following is true:

Dn;4
d(z,L)

| Pr(2)] < 7 2" N Pall,ry > 2 € Qms (17)

where ¢; = ¢7(G,p) > 0 and

v; (1+k) 1 ~
Yoan ~U=9)0=R) i e Y foralli= 1,m,
Dpiai= 9 (nF lnn)lf? , if v € Fg), forall i=1,m,
n17%) if 3, € ﬂ,‘?, forall i=1,m.

Theorem 1.11: Assume that G € @(K’,) for some 0 < k < 1. P, € g, n € N;
Ry =1+ ¢ and h(z) defined as in (1). Then, for any p > 1 the following is true:

D..
|Pa(2)] < cg 22

n+1
< ey R 1Pl gy 2 € O (1)

where cg = cg(G,p) > 0 and

nw’:“pﬂ) ~(1-1)(1-x) if at least one 75 € ()
" for some i=1,k,k <m,
Dpis =1 (n*In n)l—i if at least one v; € Fl(f)\ 1“1%)
no - )

for somei=1,k, k <m;

K(1-1) if v € T8,

" ’ for all i=T,m.

Theorem 1.12: Assume that G € Q(r) for some 0 < k < 1; h(z) defined as in
(1). Then, for any p > 1 there exists a constant cg = co(G,p) > 0, independent
from z and n such that, for any n € N and P, € g, the following is true:

() (14r) 1
X +2/€(1 P)

[Pl < com NPullz,n, 2y (19)
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where 1 := max{0; v, k=1,m}.

Therefore, combining the estimates (17) with (19), we obtain an estimate on the
growth of |P,(z)| in the whole complex plane:

Corollary 1.13: Assume that G € Q(k) for some 0 < k < 1; h(z) defined as in
(1). Then there exists a constant c1g = c10(G,p) > 0 such that, for any n € N and
P, € p, we have

(D AtR) _1 —
nn . +2H<1 ;),ZGG,
[Pn(2)] < 10 1 Pallz, h,n) § o

(20)
azoy Pns s 2€ QR

where Dy,.5 is as in Theorem 1.11.

Remark 2: As we see from (6), the estimates (14) and (19) are also true in
G r with another constant for some R = 1+ €L Therefore, if we choose

R = sup {R >1:[|Pallogn < @2 ||PnHC(§)} , (21)

the estimate of (11)- (13), (17) and (18) will be significant for z € Q.

Thus, in order to estimate the |P,(z)| in épﬁ, for some constant ¢ > 0, we need
to know a similar estimate for the |P,(z)| in G, and then use (6) to achieve the
desired estimate. Therefore, the estimates in (11)-(13), (17) and (18) are meaningful
for points z € Q , that are not close to the boundary (i.e. for the points z € Qg
where R is defined as in (21)). Let’s note that, for the estimate of |P,(z)| on the
whole C, it was possible to estimate |P,(z)| on G and ) separately, after C was
divided as C = G U €. However, according to the above mentioned Remark 2, we
have divided C as C = GzUQ and estimated | P,(z)| for each G and Q. Finally,
we have found the estimate of |P,(z)| in whole C. That’s why we can replace Ry,
which was used in (11)-(13), (17) and (18), with R in (21).

Remark 3: Theorems 1.5, 1.6, 1.10, 1.11 and their corollaries can be formulated
for p > 1. For simplicity of presentation of the facts, we give the result for the p > 0,
similarly to Corollaryl.7. Analogous results for the others cases can be given.

Corollary 1.14: Assume that G € @Q for some % <a<land0d<pB<1; P, €
©n, N €N; Ry =1+ and h(z) defined as in (1) for m = 1. Then, for any p > 0
we have

D
1Pa(2)] < ct3——""— | Pall g, oy |2(2)"F, 2 € Qi
»(z,

where c13 = c13(G, p) > 0 and
n(?lfﬁ)%, if 1 > a,
Dy =< (n'=Plnn)r, if v = a,

1-p8

noe ., it 1 <a.
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1.3. Sharpness of estimates

The sharpness of estimates (11)-(20) for some special cases can be discussed by
comparing them with the following results:

Remark 4: For any n € N and ¢ = 1,2 there exist polynomials PT(,,i) € pn and
regions G* C C, such that

1
> cane

L

PV(Ll)HLP(Ll) (22)

and

n

PA()

> 15| 0(2)" |

P<2>H  VzeF e 0@, (23)
Lo(L?)

where c14 = c14(G') > 0, c15 = ¢15(G?) > 0 and L? := 0G"*, i =1,2.

2. Some auxiliary results

For the a > 0 and b > 0, we use the expression “a =< b” (order inequality), if
a < c¢b and the expression “a =< b” means that cia < b < coa for some constants
¢, c1, c2 (independent of a and b) respectively.

The following definitions of the K-quasiconformal curves are well known (see,
for example, [5], [9, p.97] and [14]):

Definition 2.1: The Jordan arc (or curve) L is called K-quasiconformal (K > 1),
if there is a K-quasiconformal mapping f of the region D O L such that f(L) is a
line segment (or circle).

We denote by F(L) the set of all sense preserving plane homeomorphisms f of
the region D D L such that f(L) is a line segment (or circle) and let

Kr:=inf{K(f): fe F(L)},

where K (f) is the maximal dilatation of such a mapping f. L is a quasiconformal
curve, if Kj < oo, and L is a K-quasiconformal curve, if K < K.

Remark 1: It is well known that when we are not interested in the coefficients of
quasiconformality of the curve, then the definitions of ” quasicircle” and ” quasicon-
formal curve” are equivalent. But, when we are also interested in the coefficients
of quasiconformality of the given curve, we will consider that if the curve L is

. o . .. . K21
K-quasiconformal, then it is k-quasicircle with x = K-

Following Remark 1, for simplicity, we will use both terms, depending on the
situation.

We note that, the region D in Definition 2.1 may be taken as D C C [14] or
D =C [5],]9, p.97]. Case D = C gives the global definition of a K-quasiconformal
arc or curve consequently. At the same time, we can consider the bounded domain
D D L as the neighborhood of the curve L. In this case, Definition 2.1 will be
called local definition. This local definition has an advantage in determining the
coefficients of quasiconformality for some simple arcs or curves.
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Lemma 2.2: [1] Let L be a K—quasiconformal curve, z1 € L, z9,23 € QN {z:
|z — 21| 2 d(z1,Lry)}; wj = (25), 5 =1,2,3. Then

a) The statements |z1 — z2| < |21 — 23| and |w; — we| <X |wy — ws| are equivalent.
So are |z1 — 23] < |21 — 23| and |wy — wa| < |wy — ws].
b) If |21 — 22| < |21 — 23|, then

21 — % w1 —w
= 1 3 1 3

K
‘wl—wg

j ‘

wy — W2 R ARl wy — w2

where 0 < rg < 1 is a constant, depending on G and Ly, == {z = (w) : |w| = 1o} .

Lemma 2.3: Let G € Q(k) for some 0 < k < 1. Then
| (wi) = ¥ (ws)| = |wr — wa| 7,

for all wy,ws € A.

This fact follows from appropriate results for the estimate |¥/(7)] (see, [13, p.287,
Lemma 9.9] and [6, Th.2.8]):

d(¥ (7)., L)

/ N
|\II(T)‘A -1

(24)

Let {Zj};n:1 be a fixed system of the points on L and the weight function h (z)
defined as (1):

Lemma 2.4: Let L be a rectifiable Jordan curve; h(z) as defined in (1). Then,
for arbitrary P,(z) € pn, any R > 1 and n € N, we have

14y *

» Ballz,nzy> P> 0 (25)

1Pall g, ) < B™

Proof: Let us set:

vj

fu (0) —f[ [t@@) - \P(w»] o, (w (1)) IO

Since f, is analytic in B and L is rectifiable, f,, belongs to Hardy class H,, and
then, by Hardy’s convexity theorem, we have

p 1t p
[ o< [,

t=% t/=1
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which implies that

/ W(z) [Py ()] |d2]
Lgr

Py (@ (w)) (W' (w))> | |dul
fwi=r 7=
m i 1 , P

= (U(=) = W(wy)| [Pa (Y|~ )) (@ ())r | |dt|
s (+(2)
< i [T = wwp| e (v (1)) @i [ ad

I fifo- s (o ()
_ Rt / h(z) [P ()P |d2] .

L

We completed the proof of (25). O

Remark 2: In case of h(z) = 1, the estimate (25) has been proved in [7].

3. Proof of Theorems

3.0.1.  Proof of Theorem 1.5

Proof: For 0 < o0 < ¢ := %min{\zi—zj\:z’,jzl,m, i;éj}, let

Dz, 0) == QN{z:]|z—z| <6}, QUO) = U Qzj, 0); A = &(Qz;, 6)).
j=1

Let w; := ®(z;) and for ¢; := argw;, j = 1,m, we put A;- =

{t:Rew:R>1, %%—Wj §0<%},Where 0O = Pmy P1 = Qmg1; Y =

\I'(A;-)7 L}, == LrN Q. Clearly, Q= | . F' :=®(L") = A'; n{r:|r| =1},
j=1
Fi:=®(Ly)=A"; n{r:|r|=R}, i=1,m.
Let Ry := 1+ < for the sufficiently small e; > 0. For any z € Qpg,, let us set:

P, (2)
n = . 2
G (Z) (I)nJrl( ) ( 6)
Cauchy’s integral representation gives:
1 d¢
n = " , Qp, .
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Then,

1 |d(]| 1
G 2/|G IS < s [ Il

Lr,

Replacing the variable 7 = ®((), multiplying the numerator and determinator of

m Yi 1
the integral by [] |¥(7) — ¥(w;)|* |¥'(7)|? , according to the Holder inequality,

we get: =
G < gy [ 1P (VDI W)l (21)
|7[=R:
<samr |/ le wg) [ [P ()P W)l
T|=R:1 J

y / _ [W'(7)] —|ar]
=R, 1;[1\111(7)—\11(11)]-)]7

1 1 1
= — A, %X B -4+ —-=1
2rd(z,Lg,)" """ A + q ’

since (1 — %)q = 1. First of all, for the integral A, , we find the following from
Lemma 2.4

Anp 2 Pallz, .y - (28)

In order to estimate the integral B,, 4, taking into account the estimate for the |¥’|
(24), we get

S [W'(7)]
Bug=|>_ | = jd7| (29)
/ Q“Pﬁ)—@(wi)\m‘”

where

. \Ij’
Bfl’q = / — ()] |dr|, i =1,m.
g T1 () = w(w;)[rleY
R1o=1



Vol. 18, No. 1, 2014 157

Since the points w; := ®(z;) are distinct, for the integral B}, ,, we have:
; v (7)] ,
B! = / | dr|:= J(Fg). 30
"1 ) o)~ w17 R )

For simplicity, we set ¢ = 1 and F’ ]1%1 =F ]% UF }5, where

F}é D= {T:TEF}%I, |7 — w | <C1n71},

F}g:z{TtTGF}gl, cin”t < | —wy <02}.

Taking into consideration these designations, (30) can be written as:

Ly ¥'(r)| i )
J(Ff,) FR/ T~ Wy )[D jdr| (31)
- | —‘\Ix;éﬂ‘)w(‘f‘” "
P
/ () —‘\g;;)‘)l“(q—”' |
Fi2

S )

We will consider the estimates of the following integral separately, according to the
given possible values of v : —1 <~ <0 and v; > 0. N
Let y1 > 0. For 7 : |7| = Ry > 1 denote by 7* := #-. Since G € Q3, then

AW (1), L) =< |¥ (1) = ¥ (%) 2 |7 =7 = n~h.
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Then, according to Lemma 2.2, from (29) we obtain:

W/ (7)]
J(F) = — |dr| (32)
U (7) — T ()07
F};;
g / d(¥(r),L) ar|
o 1) = ) (7] - 1)
Ry
| — T*\B
< / dr|
I7|=R, |7 —wi| e 7| = 1)
= nl_lB ‘dTll(Q*l)
|T‘:R1 |T U}1| °
v1(g—1) —B
n « ) /71((1 - 1) > a,
¢ n'Plnn, y(g—1)=a, k=12
nl_Ba ’Yl(q - 1) <a,

Since R1 = 1+ =L for the sufficiently small £; > 0, then from Lemma 2.4 we have:

v1(q—1)
n e _67 ’Yl(q - 1) >,
(Bng)? 24 n'Plnn, y(g—1) =a, (33)
n' =8, mm(g—1) <a.

Let —1 < v < 0. Let us put d(¥(7),L) := |z—2*|, 2 € Lg,, 2 € L and
w:=®(2), w" :=®(z*). Since G € Q5 | we get |Z— 2| < |@ — w*|?, and in this
case, from (29) we give:

I
I = [ o 1)
) = ww D
_ / |0 (7) — @(wm(—%)(q—l) dar]
_1)-8
PRI
< nl—8 / Ir — wl‘(—%)(q—l)ﬁ |dr|
Fi

< ptAtmla-15 mesF}i} < @186 <1
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J(Fg)) = / w(r) _‘i/((;i‘)’%(q_n |dr| (35)
g2

[¥(7) = ()| 7Y
(Il = 1)

|d7|
Fi2

= nt=p. mesF}%? < nt=h,
Therefore, in this case we get:

(Bpng)? < n'=F.
Combining (26)-(35) we obtain:

[2(=)[""

[P (2)] =2 Az Ln) 1Pallz, h, 1)

~

Zmlnif(ki)ﬁ, if 3 > a(p—1), forall i=1,m,

1=

X (nlfﬁlnn)l_i ifyi=a(p—1), forall i=1,m, z € Qp,.

)

n(l—ﬂ)(l—i)7 if —1<y<alp-1), forall i=1m,

On the other hand, according to Lemma 2.2, we obtain that
d(z, Lg,) = d(z, L) for all z € Qg, (36)

Ry := 14 & for the sufficiently small 1 > 0 and R defined as in (21), and the
proof is completed. U

3.0.2.  Proof of Theorem 1.8

Proof: Let R =1+ Let | Pal o) = [Pn ()], 2" € Land let’s put w' := &(2').
Then, there exists z;, € {z};", such that |2/ —z,| < 6 < |2/ — %], for some
0 >0and =12, .45 — 1,ig + 1,...,m. For simplicity, let us take ig = 1, w; =
®(z1). Cauchy’s integral representation for the bounded region G gives:

o d
P() = g [ PO 2% e G
Lr

Replacing the variable 7 = ®(¢), multiplying the numerator and determinator of

m v
the integrant by [] [¥(7) — ¥ (w;)|> |[¥'(7)
i=1

1

» , according to the Holder inequality,
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we get:

e L dc|
P ()] < 2WL/rPn =

1 R,
| i Dy

o=

| [ ]
oL 1w = W) 7 () - e
1 p ’
-5 (/ Q) P2 (0) dc) (1)
) w(r) ar

il [T 1) = W) () — ww) e

= % n,1 X Jn,27
where
Jni = ||PnH£p(h,LR) )
(Jn2)" : = / - ()l dr|.
i I 1) = W) P70 |07 — ()
Then, from Lemma 2.4 we have:
[P ()] 2 Tna - Jnz 2 N Pallgyn, 1y - In2e (38)
We begin to estimate the integral .J,, o. From (24) and
AW (r), L) < || =17, [9(r) = O(W)| = |7 — W], (39)

since G € @ﬁ, and taking into consideration that the points w; := ®(z;) are distinct,
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we have:
|d|
(Jn,2)q j _ a _
L 1) =) = (e = 1)
|dr|
= - m — (40)
F[ (9 (r) = W) |7 — w2 (| = 1)
|d|

e 190 = W) |7 — w7 (| - 1)t

= (J%,Q)q + (Jﬁ,g)q,

where F'' .= {7 :|7| =R, |7 —w1| <8 }; F22 == {r:|7|=R,|7 —wi| >3 }. So,
we will consider the estimates of the integral (40) according to the possible values
of Y1-

Case 1. Let 1 > 0.

From (39) and (40) we obtain:

(J12)q : :/ ‘d7'|
’ (W () — W(w) [ |7 — | (7] - 1)

Fll
<nl=F (’dj .
jis! ‘T-U)l’ * ‘T_w/’E
Denote by
Fle={reFY:|r—w|< |7 —w'|}
and
Fy = {TGFH ST —wr| > ‘T—wll}.
Then
(J'rllaz)q j nlﬁ/ |dz-1’(‘1_1) q + nlﬁ/ |d’:|(q—l) q j n%+%iﬁ7
I I —w
F} Fl
(41)
for any ¢ > 1, %<a§1, 0<p<1,and
2 \4 |d|
(Jn2)" : = / - T - (42)
! D 19() = W) |7 — w7 - 1)1
<n'A 7‘dﬂ T = nab.
N |7 —w!|e
F12

since |U(7) — ¥(wy)| > 1 according to Lemma 2.3.
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Therefore, in case v > 0, from (40), (41) and (42), for any ¢ > 1, % <a<l,
0< B <1 we get:

yia—+aq _ 8

A e (43)

)

Case 2. Let —1 < 1 < 0. In this case, repeating the discussion in all integrals of
Case 1, we obtain estimates for integrals Jffg, k = 1,2, analogous to (41)-(42):

Ve [1E(r) = W) T (gr ]
(Jn2)" = - - (44)
AN (A Vo
A I i RSP E)
|7 — |«
Fll
and
2 \a |dT| a_g3
B ()
F12

for any g > 1, % < a <1, 0<p <1. Therefore, in this case, from (40), (44) and
(45), for any q > 1, % <a<1,0< <1, we obtain:

1_ B

Jna <=5, (46)
From (43), (46) and (38), we find the following:
mHL 1y
|Pn (2)] = mes HGEA) 1Pl n, L)

where 7 := max{0; v, kK = 1,m}, and the proof is completed. O

3.0.8.  Proof of Theorem 1.10

Proof: We are going to track the proof of Theorem 1.5. However, instead of (39)
we are going to use the following estimates (47), that are obtained from Lemma
2.3 and (24) for the region G € Q(k) :

o
(Il =1

d(¥ (r),L) = (7| = 1)'7",

[W'(7)] = (47)

U(r) - W(w)| = |r— w7

Let v1 > 0. Since G € Q(k), for arbitrary z* € L such that d(¥ (7),L) =
|W (1) — 2*| and w* := @ (2*), we have:

AW (1),L) = |¥ (1) — 2| < |7 —w*|" 7",
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According to (47), from (32), we obtain:

|’ (7)]

dr|
</
g 17 =M (] = 1)t

P |d7]
<
=" / 7 — wy (1@ D0+
ITI=R1
n DOy (g = 1) (14 k) > 1,
=4 nflnn, Mmg—-1)1+r) =1, k=1,2.
n*, 7(g =11 +k) <1,

Since Ry := 1+ =t for the sufficiently small 1 > 0, in this case, from Lemma 2.4,
we have:

n’yl(qfl)(1+ﬁ)+nil’ ’yl(q — 1)(1 + l‘i) > 1;

(Bpg)? =4 n"Inn, nlg—D(1+r) =1, (48)
n, mg—1)(1+k) <1
Let —1 < v < 0. Let us put d(Wgr(7),L) := |z—2%|, Z € Lg, and
w:= d(2), w* := & (2*). Since G € Q(k), according to (47), we get |z — z*| =
|@ — w*[*™", and in this case (32) gives:

!/
s = [ O (49)

 12() = W)Y

_ / (r) = W) VD
(7= 1)"

FE

< e / I — | @D | gy
Fy

j n'yl(q_l)(l_ﬁ)—i_n . mesFé}

< pnle=DA=r)+r-1 o 1

) — () |F)a=1)
sy = [ O (50)

12
Fi2

<nf. mesF}%? < n".
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Therefore,
(By.)" = n”. (51)
Combining (26)-(31) with (47)-(51), we obtain:

|2(=)"

|P, (2)] = Az Ln) 1Pallz, (n.r)

SomnT e _(1_i)(1_”), if 4 > H% p—1) forall i=1,m;
X (n’*hlln)l_%, if’yi:ﬁ(p—l , forall i=1,m; z € Qp,,
a0 1< < i (p—1), forall i=Tm,
and we complete the proof. O

3.0.4. Proof of Theorem 1.12

Proof: This time we will track the proof of Theorem 1.8. However, we are going
to use the estimates in (47) instead of (39). Then, analogously to (40)-(46), we
obtain:

a) for v > 0;
dr]
Jn,Q 1 = /
- S 19 = W)Y |7 — w1 (7] — 1)
dr]
= 52
o 190) = W) [ | — w1 (| — 1) o
dr|
o 19(7) = W) | — w1 (7] - 1)
< dr] . i
- 17 — [ 1@DA+R) | 1 yrja(e) 7 — w! |40+
il F12

<t 7] . ]
< J I — w1|’71(Q*1)(1+/€)+q(1+n) J I — w/|'yl(q71)(1+m)+q(1+n)

o [ lar]
Ir — w/|q(1+f€)
F12

< nvl(qfl)(1+ﬁ)+q(l+/{)+nfl + nq(l+l{)+f€*1 _ n(’yl+l)(q71)(1+ﬁ)+2,‘i;

+D@=DA+k) | 26 (n+1)(+r) (,1)
Jngjn q +q =N P +2K1p

)

(53)
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b) for vy < 0;
(Joa)? = / [¥(r) = W(wy)| T fdr| (54)
’ |7 — w7 (|7| = 1)"
_ / / |\P w)| Y |dr |
A '\q 0 (] 1)
Further
’qj wl)’( 7)(a-D) ’d’r‘ (55)
'|q<1+“> (Ir] = 1)"
- T — wll(_“)(q_l)(l_“) |dr|
- T — w/|q(1+ﬂ)
Fll
|7 — wy | TR g
T — /|Q(1+N) ’
111 F211
where
Fli={r:7eF" |r—w|<an '},
F211 T = {T:TEFH, cln_l <|r—wi| < 02}.
Furthermore,
I~ |< WE DA jar|
/ ,|q (1+k) (56)
Fll
PR 47l e D-R)ta(e)-1
- B w/‘q(lﬂ”v) - ’
Flll

1)( 1 1 K/
/|T—w1\ DA |d7|j/| |dr| _<nq(1+n)717 (57)
T

/IQ(lJrN) w/’Q(lJFH) -
Fp Fh

for any ¢ > 1, 0 < k < 1, and similarly we get:

2 \4 K ’dT| 14+K)+K—1

F12
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Therefore, in this case, for any ¢ > 1, 0 < k < 1, we obtain:

a(+r)+r—1

Jpop2n @ . (59)

)

From (52) and (59), we find the following:

(31 +1)(14r) 1
) +2,@(1 p)

>0
Pu @) =2 WPl ] wsmgeiny (60)
»(h, nT+2n<1—;> v < 0.
From (60), we get:
D A+r) 4o (11
‘Pn (z/)}jn p +f~e( p)'HPnHﬁp(h, L)
where 7 := max{0; vy, k= 1,m} and the proof is completed. O
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