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1. Classes of functions of two variables of bounded generalized variation

In 1881 Jordan [20] introduced a class of functions of bounded variation and applied
it to the theory of Fourier series. This notion was generalized hereinafter by many
authors (quadratic variation, ®-variation, A-variation ets., see [27]-[4]). In the two
dimensional case the class BV of functions of bounded variation was introduced by
Hardy [19].

In this section we introduce several classes of bivariate functions of bounded
generalized variation and compare them with the class HBV (se Definition 1.1
below), which is important for the applications in Fourier analysis (see Theorem S
in Section 2.).

Let f(z,y), (z,y) € R? be a real function of two variables of period 27 with
respect to each variable. Given intervals I = (a,b), J = (¢,d) and points z,y from
T := [0, 27| we denote

f(I>y) ::f(bvy)_f(avy)v f(x,J):f(:z,d)—f(x,c)

and

f(IvJ) = f(a>c)_f(a7d)_f(bac)+f(bad)'
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Let E = {I;} be a collection of nonoverlapping intervals from 7" ordered in arbitrary
way and let 2 be the set of all such collections E. Denote by €2, set of all collections
of n nonoverlapping intervals I, C T.

For the sequence of positive numbers A = {,}°°; we define

AVA(f) = sup supZ'f )

y EeQ

AVAS) = supsp ’“"”‘ (F = {J;}),

r FeQ

AVia(f) = sup zz‘ff”

F,EeQ

Definition 1.1: We say that the function f has bounded A-variation on 72 =
[0,27]? and write f € ABV, if

AV(f) == AVi(f) + AVa(f) + AVia(f) < occ.
We say that f has bounded partial A-variation and write f € PABV if
PAV(f) = AVi(f) + AVa(f) < .

IfAN,=1(orif0<c< A, <C<o0, n=1,2,...) the classes ABV and PABV
coincide with the Hardy class BV and PBYV respectively. Hence it is reasonable to
assume that A\, — oo and since the intervals in E' = {I;} are ordered arbitrarily,

we will suppose, without loss of generality, that the sequence {\,} is increasing.
Thus,

<A< A<, lim A, = oo. (1)

n—oo

In the case when A\, = n, n = 1,2... we say Harmonic Variation instead of
A-variation and write H instead of A (HBV, PHBV, HV(f), ets).

The notion of A-variation was introduced by D. Waterman [26] in one dimensional
case and A. Sahakian [24] in two dimensional case. The class PBV as well as the
class PBV], (see Definition 1.2) was introdused by U. Goginava in [10].

Definition 1.2: Let ®-be a strictly increasing continuous function on [0, +00)
with @ (0) = 0. We say that the function f has bounded partial ®-variation on 72
and write f € PBVg, if

ngl) (f) :==sup sup Z@ If (Li,y)]) < n=12..,
Y {I}eﬂnZ 1
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Vel (f) =sup sup 3 Z<I> (f (@ J})]) <00, m=1,2,...

In the case when ® (u) = uP, p > 1, we say that f has bounded partial p-variation

and write f € PBV,,.

In the following theorem the necessary and sufficient conditions are obtained for
the inclusion PABV C HBYV.

Theorem 1.3 (U. Goginava, A. Sahakian [11]): Let A = {\,} with A, = ny,
and Yp > Yn41 >0, n=1,2,.... .
1) If

then PABV C HBV.
2) If v = O(ypu+a) for some § >0 and

:\\’

then PABV ¢ HBV .
Corollary 1.4: PBV C HBV and PHBV ¢ HBV.

Corollary 1.5:  Let ® and U be conjugate functions in the sense of Young (ab <
®(a) + V(b)) and let for some {\,} satisfying (1),

ixp <A1n> < 0. (3)

Then PBVe C HBV . In particular, PBV, C HBV for any p > 1.

Definition 1.6 (U. Goginava [10]): The Partial Modulus of Variation of a func-
tion f are the functions vy (n, f) and vg (m, f) defined by

v1 (n, f) :=sup sup Z\f Li,y), n=12...,

y {L}eQ,

vy (m, f) :=sup sup Z|fok m=1,2,....
x {Jk}GQmZ 1

For functions of one variable the concept of the modulus of variation was intro-
duced by Chanturia [4].
Theorem 1.7 (U. Goginava, A. Sahakian [11]):  Let f be such that

i“}]nf j=1,2.

n3/2
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Then f € HBV.

Another class of functions of generalized bounded variation was introduced by M.
Dyachenko and D. Waterman in [7]. Denoting by I" the the set of finite collections
of nonoverlapping rectangles Ay, := [y, Bi] X [V, 0x] C T? they define

AV (f up B A’“

Definition 1.8 (M. Dyachenko, D. Waterman [7]): We say that f € A*BV if
AV (f) = AVi(f) + AVa(f) + A7V (f) < oo

In [14] we introduced a new class of functions of generalized bounded variation
and investigate the convergence of Fourier series of function of that class. For the
sequence A = {\,}>°; we define

A#Vvl(f) = sup sup Z |f Izayl)|

{y:}CT {I,}€Q

A#*Vy(f) = sup sup Z L xJ,J|
{z;}CT {J;}€Q

Definition 1.9 (U. Goginava, A. Sahakian [11]): We say that f € A#* BV, if
AV (f) = AVA(Sf) + AFVR(f) < 0.
It is easy to see, that
A*BV ¢ A*BV c PABV. (4)
Obviously, the function f(z,y) = sign(z — y) belongs to PABV \ A# BV for any

A. On the other hand, we have proved the following result.
Theorem 1.10 (U. Goginava, A. Sahakian [14]): If A = {\,} and

n? n -1
1 1
lim sup — — = 400,

then A* BV \ A*BV # ).

In the next theorem we characterize sequences A = {\,,} for which the inclusion
A#BV C HBV holds.

Theorem 1.11 (U. Goginava, A. Sahakian [14]):  Let A = {\,}.
a) If
Anlogn

. n
lim sup————— < o0,
n—00 n
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then
A*BV c HBV.
b) If 2= | 0 and
lim sup)\nlﬂ = 400,
n—00 n
then
A*BV ¢ HBV.

Definition 1.12 (U. Goginava, A. Sahakian [14]): Let ®-be a strictly increasing

continuous function on [0,+o00) with ® (0) = 0. We say that the function f €
B#Vy (T?), if

VI (f) == sup sup Y & (|f (L)) < o0,
{wi}cT {L.}eQ ™

and

Vi (f) = sup  sup D ®(|f (xj,J5)]) < oo
{z;}CT {J;}€Q P,

Next, we define
n

of (n,f) == sup  sup > |f(Ly)l, n=12,...,
{yitio {LiYe ;4

off (m,f):= sup sup Z|f($j,e]j)|a m=1,2,....

=i e AUk }en 55

Theorem 1.13 (U. Goginava, A. Sahakian [14]): Let ® and ¥ are conjugate
functions in the sense of Young (ab < ®(a) + V(b)) and let

= 1
Z\II < ogn) < 0.
n=1 n

Then
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Theorem 1.14 (U. Goginava, A. Sahakian [14]): Let

# 1
vi (f,n)logn < 0

M8

s=1,2.

n=1

Then

#
fe {"} BV.
logn

Observe that by Theorem 1.11 we have the inclusion {

for a sequence A = {\,,} we denote

10gn} BV C HBV. Now,

Ap = { Nt n=12...

Definition 1.15 (U Goginava [12]) : We say that the function f € A¥ BV is
continuous in A#-variation and write f € CA#V | if

lim AZV; (f) = lim A¥V, (f) =0.

n—o0 n—oo

Theorem 1.16 (U. Goginava, A. Sahakian [17]):  Let the sequence A = {\,} be
such that

Aop
lim inf 222 = q>1.
n—oo  \p,

Then A BV = CA#V.
Theorem 1.17 (U. Goginava [12]): Leta+ < 1,a,8 >0 and

vf f23

[o¢]
22]( @) < 00, s=1,2.
7j=1

Then f € C{n'~(e+A}#V.

2. Convergence of double Fourier series

Everywhere in this and in the next section we suppose that the function f is
measurable on R? and 27-periodic with respect to each variable. The double Fourier
series of a function f € L! (T2) with respect to the trigonometric system is the
series

“+oo
Z f(m, TL) 6imzeiny’

m,n=—00
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where
N 1 21 27 ) ]
f(m,n) = 47r2/ flx,y)e"™e"™dady
0 0

are the Fourier coefficients of f. The rectangular partial sums of S[f] are defined
as follows:

SMN[ Z Z fmn imx my

—M n=

In this paper we consider only Pringsheim convergence of double Fourier series,
i.e convergence of rectangular partial sums Sy n [f, (z,y)], as M, N — oo.

We denote by C(T?) the space of continuous on R? and 27-periodic with respect
to each variable functions with the norm

Iflle:= sup |f(z,y)l.

7y€

For a function f we denote by f (z £0,y+0) the open coordinate quadrant
limits (if exist) at the point (z,y) and let f*(x,y) be the arithmetic mean of that
quadrant limits:

Fy) = {1 @40y +0)+ (@ +0.y~0)
+f(x—0,y+0)+ f(z—-0,y—0)}. (5)

Remark 1: Observe that for a function f € ABV the quadrant limits
f(z£0,y+0) may not exist. As was shown in [14] for any function f € A#*BV
the quadrant limits f (z + 0,y & 0) exist at any point (z,y) € T2.

We say the point (z,y) € T? is a regular point of a function f, if all quadrant
limits in (5) exist.

The well known Dirichlet-Jordan theorem (see [29]) states that the Fourier series
of a function g(x), x € T of bounded variation converges at every point = to the
value [g (z + 0) + g (x — 0)] /2. If ¢ is in addition continuous on 7', the Fourier series
converges uniformly on 7.

Hardy [19] generalized the Dirichlet-Jordan theorem to the double Fourier series.
He proved that if the function f has bounded variation in the sense of Hardy
(f € BV), then S[f] converges to f*(x,y) at any regular point (z,y). If f is in
addition continuous on T2 then S [f] converges uniformly on T2

Theorem S (Sahakian [24]): The Fourier series of a function f € HBV converges
to f*(x,y) in any regular point (x,y). The convergence is uniform on any compact
K C T?, where the function f is continuous.

Theorem S was proved in [24] under the assumption that the function is contin-
uous on some open set containing K, while O. Sargsyan noticed in [23], that the
continuity of f on the compact K is sufficient.
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Definition 2.1: We say that the class of functions V' C LY(T?) is a class of
convergence on T2, if for any function f € V

1) the Fourier series of f converges to f*(x,y) at any regular point (x,y),

2) the convergence is uniform on any compact K C T2, where the function f is
continuous.

The following results immediately follow from Theorems 1.3, 1.7, Corollary 1.5
and Theorem S.

Theorem 2.2 (U. Goginava, A. Sahakian [11]): Let A = {\,} with A\, = ny,
and Yn > Y41 >0, n=1,2,.... .
1) If

)

>
n

n=1

then the class PABV is a class of convergence on T?.
2) If v = O(ypu+a) for some § > 0 and

7,
T _
2

then then there exists a continuous function f € PABV, the Fourier series of
which diverges over cubes at (0,0).

Theorem 2.3 (U. Goginava, A. Sahakian [11]): The set of functions f satisfying

n3/2 <oo, 7 =12

is a class of convergence on T?.

Corollary 2.4: The set of functions f satisfying vy (n, f) = O (n%), vy (n, f) =
0] (nﬁ) ,0<a,B<1,is a class of convergence on T?.

Theorem 2.5 (U. Goginava [10]): The class PBV,, p > 1, is a class of conver-
gence on T?.

From Theorem 2.2 it follows that for any § > 0 the class f € P {k)gl%n} BV
is a class of convergence. Moreover, one can not take here § = 0. It is interesting

to compare this result with the following one obtained by M. Dyachenko and D.
Waterman in [7].

Theorem DW (M. Dyachenko and D. Waterman [7]): If f € { " }* BV, then

logn

in any point (z,y) € T? the quadrant limits (5) exist and the double Fourier series
of f converges to f*(x,y).
Moreover, the sequence

n . no,
Togn [ Can not be replaced with any sequence {logn},

where o, — 00.

It is easy to show (see[7]), that { } BV C HBV, hence the convergence

logn
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part of Theorem DW follows from Theorem S. It is essential that the condition

*
fe {%} BV guaranties the existence of quadrant limits.

The following theorem immediately follows from Theorem 1.11 and Theorem S.

Theorem 2.6 (U. Goginava, A. Sahakian [14]): If A = {\,} and

Anlogn
lim sup— & < 00,
n—oo

then the class A* BV is a class of convergence on T?.

#
In particular, the class { n } BV is a class of convergence on T?.

logn

Theorem DW and (4) imply that the sequence {%} in Theorem 2.6 can not

: no,
be replaced with any sequence logn

Theorems 1.13, 1.14 and 2.6 imply

Theorem 2.7 (U. Goginava, A. Sahakian [14]): The class B# Vg is a class of
convergence on T?, provided that (2) and (3) hold.

}, where o, — 0.

Theorem 2.8 (U. Goginava, A. Sahakian [14]): Let

[e'e} #
1
y U (fﬂ”é) 08N _  e—1.9
n

n=1

Then in any point (z,y) € T? the quadrant limits (5) exist and the double Fourier
series of f converges to f*(x,y). The convergence is uniform on any compact
K eT?, if fis continuous on K.

3. Cesaro summability of double Fourier series
For one-dimensional Fourier series D. Waterman has proved the following theorem.

Theorem W2 (D. Waterman [25]): Let 0 < o < 1. The Fourier series of a function
f € {n'1=*}BV is everywhere (C,—a) bounded and is uniformly (C,—«a) bounded
on each closed interval of continuity of f.

If f € C{n'=®}BV, then S[f] is everywhere (C,—a) summable to the value
[f (z+0)+ f(z—0)]/2 and the summability is uniform on each closed interval of
continuity.

Later A. Sablin proved in [22], that for 0 < a < 1 the classes {n!~*}BV and
C{n'=*}BV coincide.

For double Fourier series the Cesaro (C;a, 3)-means of a function f € L!(T?)
are defined by

§ 1 1 n m o B



Vol. 18, No. 1, 201 45
where o, f > —1 and

(@+1)- - (a+k)

[ [© Z—
=1 A= k! ’

k=12, ...

The double Fourier series of f is said to be (C;a, f) summable to s in a point

(m,y), if

lim o "B(f,x y) =s.

n,m—00

L. Zhizhiashvili has investigated the convergence of Cesaro means of double
Fourier series of functions of bounded variation. In particular, the following theo-
rem was proved.

Theorem Zh (L. Zhizhiashvili [28]): If f € BV, then the double Fourier series of
fis (C;—a, =) summable to f*(x,y) in any reqular point (z,y). The convergence
is uniform on any compact K, where the function f is continuous.

For functions of partial bounded variation the problem was considered by the
first author.

Theorem G2 (U. Goginava [8]): Let a > 0, 5 > 0.

1) If a+ B < 1, then for any f € C (T2) N PBYV the double Fourier series of f
is uniformly (C; —a, — ) summable to f.

2) If a+ 8 > 1, then there exists a continuous function fy € PBV such that the
sequence aﬁ%’_ﬁ (f0;0,0) diverges.

In [13] we consider the following problem. Let o, € (0,1), a + 8 < 1. Under

what conditions on the sequence A = {\,} is the double Fourier series of any

function f € PABV is (C; —a,—3) summable?

Theorem 3.1 (U. Goginava, A. Sahakian [13]): Leta,8 € (0,1), a+ £ <1 and
let the sequence A = {\} be such that Aek@tH=1 | 0.

1) If

0o
Z k2— a+ﬂ o0,

k=1

then the double Fourier series of any function f € PABV is (C; —a, —3) summable
to f*(x,y) at any regular point (x,y). The summability is uniform on any compact
K, if f is continuous on the neighborhood of K.

2) If

oo

Z e2—( a-i-,B 0,

k=1

then there exists a continuous function f € PABV for which the (C;—a,—/3)
means of the double Fourier series diverges over cubes at (0,0) .

Corollary 3.2 (U. Goginava, A. Sahakian [13]): Let o,8 € (0,1), a+ 8 < 1.
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1—(a+p)

1)IffeP {7110g17+n
function f is (C;—a,—B) summable to f*(x,y) in any regular point (x,y). The
summability is uniform on any compact K, if f is continuous on the neighborhood
of K.

2) There exists a continuous function f € P{

}BV for some ¢ > 0, then the double Fourier series of the

nl-(@t8)

W}BV such that

(C; —a,, =) means of two-dimensional Fourier series of f diverges over cubes at
(0,0).

Corollary 3.3 (U. Goginava, A. Sahakian [13]): Let o, € (0,1), a+ <1
and f € PBV. Then the double Fourier series of the function f is (C;—a,—[3)

summable to f*(x,y) in any regular point (x,y). The summability is uniform on
any compact K, if f is continuous on the neighborhood of K.

In [12] the following problem was considred. Let a, 8 € (0,1), a+ 8 < 1. Under
what conditions on the sequence A = {\,} the double Fourier series of any function

f € CA#BV is (C; —a, —f) summable.

Theorem 3.4 (U. Goginava [12]): a) Let o, € (0,1),a+ 8 < 1 and f €

C {nlf(aﬂg)}# BV. Then the double Fourier series of f is (C; —a, —f3) summable
to f*(x,y) in any point (z,y). The summability is uniform on any compact K C T2,
if f is continuous on the neighborhood of K.

b) Let A := {nlf(o“rﬁ)ﬁn}, where &, T oo as n — co. Then there exists a function

fecC (TTQ) NCA#V for which (C; —a, —f3)-means of double Fourier series diverges
unboundedly at (0,0).

Theorems 1.16, 1.17 and 3.4 imply the following results.

Theorem 3.5: Let a,3 € (0,1),a+ 8 < 1 and f € {nl_(o‘+5)}# BV. Then
the double Fourier series of f is (C;—a,—03) summable to f*(x,y) in any point

(x,5). The summability is uniform on any compact K C T2, if f is continuous on
the neighborhood of K.

Theorem 3.6: Let o, € (0,1), a+ 5 <1 and

Then the double Fourier series of f is (C;—a,—p) summable to f*(z,y) in
any point (z,y). The summability is uniform on any compact K C T2, if f is
continuous on the neighborhood of K.

4. Classes of functions of d variables of bounded generalized variation

Consider a function f (x) defined on the d-dimensional cube 7% and a collection of
intervals

- (ak,bk) CT, k=1,2...4d
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For d = 1 we set
FIY) =f ") = f(a).

If for any function of d — 1 variables the expression f (J L ooox J d_l) is already
defined, then for a function f of d variables the mixed difference is defined as
follows:

f(Jl XX Jd) ::f(Jl XX Jd—l,bd) —f(Jl XX Jd—l,ad>.
For sequences of positive numbers

N ={NFZ lim N =00, j=12....d

€ T? the (Al, e ,Ad)—variation of f

and for a function f(z), z = (z1,...,2q)
={1,2,...,d} is defined as follows:

with respect to the index set D :

o) e g, 3

For an index set a = {j1,...,Jp} C D and any = = (z1,...,74) € R? we set
a:= D \ a and denote by z, the vector of RP consisting of components z;,j € «,
ie.

zo = (25,,...,1j,) € RP.

(A AT}V (f,:ca,Td) and f(fgh X oo x IP ,x&)

we denote respectively the (Ajl, e Ajp)-variation over the p-dimensional cube T?
and mixed difference of f as a function of variables i, ..., z; with fixed values xz
of other variables. The (Ajl, ...,Ajp)—variation of f with respect to the index
set « is defined as follows:

{Ajl7 .__’Ajp} Ve(f,TP) = sup {Ajl, ...,Ajp} Ve (f, wa,Td> .

rgz€TI—P

Definition 4.1: We say that the function f has total bounded (Al,...,Ad)—
variation on T¢ and write f € {Al, ...,Ad} BV (Td), if

{Al, ...,Ad} VLT =Y {Al, ...,Ad} ye (f, Td) < 0.

aCD

Definition 4.2: We say that the function f is continuous in (Al, o Ad) -variation
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on T% and write f € C {Al, ...,Ad} Vv (Td), if

lim {A%,. .,Aj’ffl,A{f,Ajk“,...,AJP}VO‘<f,Td>:0, k=1,2,....p

n—o0

. . (o)
for any a C D, a:= {j1,...,Jp}, where Al := {)\é’“}

S=n

The continuity of a function in A-variation was introduced by D. Waterman
[25] and was investigated in details by A. Bakhvalov (see [1], [2] and references
therein). This property is important for applications in the theory of Fourier series
(see Theorem Bl in Section 5).

Definition 4.3: We say that the function f has bounded Partial (Al, ...,Ad)-
variation and write f € P {Al, o Ad} BV (Td) if

P{Al,... } (f, T% : ZAZW (de>

In the case when A =-.. = A% = A we set
ABV(T?) := {A',...,AY} BV (TY),
CAV(T9) := C{AY, ..., AL V(T?),
PABV(T?) := P{A',..,A"}BV(T?).

If A, =nforalln=1,2... wesay Harmonic Variation instead of A-variation and
write H instead of A,i.e. HBV, PHBV, CHV, ets.

Theorem 4.4 (U. Goginava, A. Sahakian [15]):  Let A = {\,}22, and d > 2. If
An/n L0 and

o d—2
A lo n
E% < o0,
n

n=1

then PABV (T%) c CHV (T?).

For a sequence A = {\,}°° ; we denote

AV, (f, Td> = sup sup Z |f & {S})}

{zi{s}}CTe-1 {I;}€Q
where
s} = (mﬁ,...,mi_l,xiﬂ,...,xé) for z':= (:nl,,:z:d)
Definition 4.5: We say that f € A¥ BV (Td), if

INa% (f,Td> = iA#VS (f,Td) < 00
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Theorem 4.6 (U. Goginava, A. Sahakian [18]): If A = {\,} with

A=

then A* BV (T%) ¢ HBV (TY).

Now, we denote
A:={0=(01,...,0q) :6; ==£1, i=1,2,...,d}
and
Tes () 1= (1, T1 +€01) X -+ X (g, T4 + €dq),

for z = (z1,...,74) € R? and € > 0. We set 75(x) := 7m.5(2), if € = 1.
For a function f and § € A we set

fo(x):= Tlim f(t), (6)

tems(x), t—a

if the last limit exists.

Theorem 4.7 (U. Goginava, A. Sahakian [18]): Suppose A = {\,} and f €
A#BV (T?).

a) If the limit f5(x) exists for some x = (x1,...,2q) € T? and some § =
(01,...,04) € A, then

lim A*V (f,m.5(x)) = 0.

e—0
b) If f is continuous on some compact K C T, then

lim A*V (f,[x1 —e, 21 + €] X - X [xzg—e,24+¢]) =0

e—0

uniformly with respect to x = (z1,...,xq) € K.

Theorem 4.8 (U. Goginava, A. Sahakian [18]): If the function f(x), z € T¢
satisfies the condition

o0 # 1 d—l
3 vf (f, n)20g " ol s=1,2,...d,
n

n=1

EiS

then f € {bgﬁln} BV (Td) )
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5. Convergence of multiple Fourier series

The Fourier series of the function f € L! (Td) with respect to the trigonometric
system is the series

S [f] = Z ]?(711, ey nd) ei(nlx‘*‘"""ndﬂ&d)’

where

n 1 —t(nix1+-+ngxy
f(nl,--'wnd):w - f($1,...,xd)e e ')d$1'~~dl’d

are the Fourier coefficients of f. The rectangular partial sums are defined as follows:
SNy s (@1, )] = > Y F (1, .y mg) eltmortnaza)

We denote by C(T?) the space of continuous and 27-periodic with respect to each
variable functions with the norm

Ifllc:= sup |f(z',... 2%
(z1,...,zd)eT
We say that the point z := (2!,...,2¢) € T? is a regular point of a function

f if the limits (6) exist for all § € A. For a regular point 2 € T¢ we denote

£ @) = gy 3 fale)

dEA

Definition 5.1: We say that the class of functions V C L'(T9) is a class of
convergence on 7%, if for any function f € V

1) the Fourier series of f converges to f*(x) at any regular point x € T,

2) the convergence is uniform on any compact K C T, if f is continuous on the
neighborhood of K.

In [1] A. Bakhvalov showed that the class HBV (T9) is not a class of convergence
on T?, if d > 2. On the other hand, he proved the following

Theorem B1 (A. Bakhvalov [1]): The class CHV (T?) is a class of convergence
on T for any d=1,2,. ..

Convergence of spherical and other partial sums of d-dimensional Fourier series
of functions of bounded A-variation was investigated in deatails by M. Dyachenko
[5, 6], A. Bakhvalov [1, 3].

The first part of the next theorem is a consequence of Theorem 4.4 and Theorem
B1.

Theorem 5.2 (U. Goginava, A. Sahakian [15]): Let A = {\,} and d > 2.
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a) If \p/n ] 0 and

o d—2
An lo n
3 26 o,
n
n=1

then PABV is a class of convergence on T?.

b) If%" =0 (A["‘f]) for some 6 > 1, and

n

00 —
Z An logd 2 n
2 —
P )
n=1 "

then there exists a continuous function f € PABV, the Fourier series of which
diverges at (0,...,0).

Theorem 5.2 imply
Corollary 5.3: o) If A = {\,},2, with

n
)\HZW’ 7’L22,3,...

for some € > 0, then the class PABV is a class of convergence on T¢.

b) If A = {\,}2, with

then the class PABV is not a class of convergence on T¢.

Theorem 5.4 (Goginava, Sahakian [18]): a) If A = {\,} 2| with

Anii_, 7122,3,...,

then the class A% BV (Td) is a class of convergence on T?.
bIfA={\.}2, with

where &, — 00 as n — 00, then there exists a continuous function f € A¥ BV (Td)
such that the cubical partial sums of d-dimensional Fourier series of f diverge
unboundedly at (0, ...,0) € T9.

Theorem 5.5 (Goginava, Sahakian [18]): For any d > 1 the class of functions
f(x), z € T? satisfying the following condition

>

n=1

vfé d=1 n

(f,n)log
n2
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is a class of convergence.

6. Cesaro summability of d-dimensional Fourier series

The Cesaro (C;ayq,...,aq) means of d-dimensional Fourier series of function f €
LY(T?) is defined by

g

w3 (21, )]

d -1 ma mg d
- (H Am) SO Sy 12
3 0

=1 pP1= deO’lzl
where
1)---
0o=1 Affz(OH— )n'(a+n)7 a>—1.
The Fourier series S[f] is said to be (C;—aq, ..., —ag) summable to s in a point
(1:1, ‘e ,.CCd), if

O L5 (w1, xa)] = s as @1, .19 — 00
Definition 6.1: We say that the class of functions Q C L'(T9) is a class of
(C;—au, ..., —0y) summability on T, if the Cesaro (C;—az,...,—ag) means of
Fourier series of any function f € Q converges to f*(x) at any regular point z € T

The summability is uniform on any compact K C T, if in addition, f is continuous
on the neighborhood of K.

The multivariate analog of Theorem W2 from Section 3 was proved by A.
Bakhvalov in [2].

Theorem B2 (A. Bakhvalov [2]): For any numbers ai,...,aq € (0,1) the class
C{n'=u}, .. {n'=2}V(T?) is a class of (C;—ay, ..., —aq) summability on T<.

In the next theorem we consider the problem of (C; —aj, ..., —ag) summability
of the Fourier series of functions of bounded partial A-variation.

Theorem 6.2 (U. Goginava, A. Sahakian [16]):  Suppose a1, ...,aq € (0,1), ag +
-+ ag <1 and the sequence A = {\,}22, is such that

An
nl—(Oé1+"'+06d) J/ 0 ’
a) If
o] )\n
. (ot tag) =%
n=1

then PABV (TY) is a class of (C; —an, ..., —aq) summability on T?.
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b) If
o0 )\n B
Zl n2—(ca+-4aqs) 0

then there exists a continuous function f € PABV(T) for which the sequence
on NS (0, .., 0)] diverges.

20ty

Corollary 6.3 (U. Goginava, A. Sahakian [16]: Suppose a1, ...,aq € (0,1), ag +
cFag<land A={\},

a) If
(cr+-4aa)
n
Ap = g Fn n=23....
for some € > 0, then the class PABV (T?) is a class of (C; —ax, ..., —agq) summa-
bility on T7.
b) If

1= (o)

Ap = ———, n=23....,
logn

then PABV (T) is not a class of (C; —ax, ..., —aq) summability on T<.

Theorem 6.4 (U. Goginava, A. Sahakian [16]): Let aq,...,aq € (0,1), ag+---+
ag < 1. Then the set of functions f satisfying the conditions

2] f)) J(ai+aq)

o0

vZ .
Z N CTE T — <oo for i=1,..,d,
J=0

is a class of (C; —ay, ..., —ayg) summability on T¢.

Theorem 6.5 (U. Goginava, A. Sahakian [16]): Suppose ai,...,aq € (0,1),
a;+ -+ aq < 1/p, p> 1. Then the class PBV) is a class of (C; —a, ..., —ay)
summability on T¢.

In [8] the first author has proved that the class PBV, is not a class of
(C; —au, ..., —ag) summability on T%, if o, ...,aq € (0,1), and oy +---+agq > 1/p.

Corollary 6.6 (U. Goginava, A. Sahakian [16]) : Suppose aq,...,aq € (0,1),
a1+ -+ ag < 1. Then the set of functions f satisfying

v (27, f) =0 (27) for i=1,..,.d,,

is a class of (C;—au, ..., —ag) summability on T?.
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