Bulletin of TICMI
Vol. 18, No. 1, 2014, 55-64

A Note on Vilenkin-Fejér Means on the
Martingale Hardy Spaces H,

*

Lars-Erik Persson * and George Tephnadze P

aDepartment of Engineering Sciences and Mathematics, Lulea University of Technology,
SE-971 87 Lulea, Sweden and Narvik University College, P.O. Box 385, N-8505, Narvik,
Norway, larserik@Itu.se
b Department of Mathematics, Faculty of Exact and Natural Sciences, Tbilisi State

University, Chavchavadze str. 1, Tbilisi 0128, Georgia, giorgitephnadze@gmail.com
(Received January 14, 2014; Revised April 21, 201/; Accepted May 30, 2014)
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of Fejér means in terms of the modulus of continuity of the Hardy spaces Hp, (0 < p < 1).
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1. Introduction and preliminary results

Let P4 denote the set of the positive integers and P := P4 U {0}.
Let m := (mg,mi,...) denote a sequence of the positive integers not less than 2.
Denote by

Zm, ={0,1,...,my — 1}

the additive group of integers modulo my.

Define the group G, as the complete direct product of the group Z,,, with the
product of the discrete topologies of Z,,, ‘s.

The direct product p of the measures

Hi ({j}) = 1/mk7 (] € ka)

is the Haar measure on G, with u (Gy,) = 1.

In this paper we consider bounded Vilenkin groups only, which are
defined by the condition sup,, m, < co.

The elements of G, are represented by sequences

x::(xo,xl,...,xk,...) (xkEka)'
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It is easy to give a base for the neighbourhoods of G,,
Iy (55) = G, In(x) = {y € Gm | Yo =0y -y Yn—1 = xn—l} (l’ € Gm, n€ [P)-

Denote I, := I,(0) and I, := G, \ I, for n € P. Let e, :=
0,...,0,2z, =1,0,...) € Gy, (n€P).
The norm (or quasi-norm) of the space L,(Gp,) is defined by

is1,= ([ !f(w)lpdu(x)>1/p (0<p<o0).

m

The space weak — Ly, (Gy,) consists of all measurable functions f, for which

1 car—z,, = SUPNh (f > A) < e,
>

If we define the so-called generalized number system based on m in the following
way:

My =1, M1 == mp My, (k S IP),

then every n € P can be uniquely expressed as n = Y - = —_oNnjM;, where n; € Zy,,
(j € P) and only a finite number of n;‘s differ from zero. Let |n| := max {j € P;
nj # 0}.

Next, we define the complex valued function r (z) : G, — C, called the gener-
alized Rademacher functions in the following way:

T (x) := exp (2mxy /my) (*=-1, 2 € G, keP).

Moreover, the Vilenkin system ¢ := (¢, : n € P) on Gy, is defined as follows:
o0
Py 1= H it () (neP).
k=0

In particular, we call this system the Walsh-Paley one when m = 2. It is known
that the Vilenkin system is orthonormal and complete in Ly (G,,) (see e.g. [1, 15]).

Hence we can introduce analogues of the usual definitions in Fourier-analysis. If
f € L1 (Gy,) we can define the Fourier coefficients, the partial sums of the Fourier
series, the Fejér means, the Dirichlet and Fejér kernels with respect to the Vilenkin
system in the usual manner:

NP ENI  (CTIsEs SrY
Gm k=0 nk:l

n
k=1

S|

n—1
= Zwka K, =
k=0
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Recall that

My, if x € I,
D, () = {o, it ¢l (1)

The o-algebra generated by the intervals {I,, (z) : € G, } will be denoted by F ,
(n € P). Denote by f = (f(”),n € [P) the martingale with respect to f, (n € P)
(for details see e.g. [16]). The maximal function of the martingale f is defined by

I (@) = sup | £ (@)

nelP

In the case f € Li(G,,), the maximal functions can also be given by

£ (@) = sup w) dpa (u)

nE[P

For 0 < p < oo the Hardy martingale spaces Hy, (G,,) consist of all martingales
for which

111z, = 177l < oo (2)

If f € Li(Gn), then it is easy to show that the sequence (Sy, (f) :n € P)
is a martingale. If f = ( ) n e [P) is a martingale, then the Vilenkin-Fourier
coefficients must be defined in a slightly different manner:

70 —hm/ £ (2) B, () dp (2)

k—o00

The Vilenkin-Fourier coefficients of f € L; (G,,) are the same as those of the
martingale (Sys, (f) : n € P) obtained from f.
For the martingale f we consider the following maximal operators:

|0

- kL
o*f :=suplo,f o™ f:=suplonm, f|, 0, := sup ,
neP lonf1. ne[F“ | P e, nt/r=210g2l/24P (n 4 1)

where 0 < p < 1/2 and [1/2 + p| denotes the integer part of 1/2 + p.

A weak type-(1,1) inequality for the maximal operator of Fejér means o* can
be found in Schipp [8] for Walsh series and in P1, Simon [7] for bounded Vilenkin
series. Fujji [3] and Simon [10] verified that ¢* is bounded from Hj to L.

Weisz [17] generalized this result and proved the following:

Theorem W1 (Weisz): The maximal operator o* is bounded from the martingale
space H, to the space Ly, for p > 1/2.

Simon [9] gave a counterexample, which shows that boundedness does not hold
for 0 < p < 1/2. The counterexample for p = 1/2 is due to Goginava [4], (see also
2]). Weisz [18] proved that o* is bounded from the Hardy space H, 5 to the space

Lweak—l/?‘
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In [12] and [13] it was proved that the maximal operators o, with respect to
Vilenkin systems, where 0 < p < 1/2 and [1/2 + p|] denotes the integer part of
1/2+p, is bounded from the Hardy space H), to the space L,. Moreover, we showed

that the order of deviant behaviour of the n-th Fejér means was given exactly. As
a corollary it was pointed out that

lowfll, < epn'/P210g® 2 n ||| (n=2,3,...). 3)

Weisz [19] also proved that the following is true:

Theorem W2 (Weisz): The mazimal operator o f is bounded from the mar-
tingale Hardy space Hy, (Gy,) to the space Ly, (Gy,) for p > 0.

Moreover, he also considered the norm convergence of Fejér means of Vilenkin-
Fourier series and proved the following;:

Theorem W3 (Weisz): Let k € P. Then

loefllg, < collfllm,, (f€H, p>1/2)

and

HUMkaHP SCPHfHHp7 ( fera p>1/2)

For the Walsh system Goginava [6] proved a very unexpected fact:

Theorem G1 (Goginava): Let 0 < p < 1. Then there exists a martingale f € Hp,
such that

sup [|loag, flll g, = 00, (0<p<1/2).
neP

In [11] (see also [5]) it was proved that there exists a martingale f € H,,, such
that

sup [lon flly, =400, (0<p<1/2).
neP

In [14] it was proved that the following statements are true:

Theorem T2 (Tephnadze): a) Let 0 <p <1/2, f € H,, My <n < My41 and
wr, (1/Mn, f) =o (1/M]1V/p_2N2[1/2+p]> , as N — oo. (4)
Then
|onf — fll, = 0, when n — occ.

b) Let 0 < p < 1/2 and My < n < Myy1. Then there exists a martingale
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f e Hy(Gp), for which
wi, (1/My, f) = O (1/M}V/”‘2> . as N — oo (5)
and
lonf = fllg, . =0, as n— oo.
c) Let My <n < Myy1. Then there exists a martingale f € Hy/9(Gy), for which
wr, , (1/My, f) = O (1/N?), as N — o0 (6)
and

lonf — f||1/2 -0, as n — oo.

In this paper we will show that Theorem W3 of Weisz are simple corollary of
Theorems W1 and W2. It is very important, because we do not have definition
of conjugate transform of martingales, with the same properties as Walsh series.
Moreover we will improve inequality (3) and show that

lowfll, < en' P2 10g® P flly . (n=2,3,...).

On the other hand, it gives chance to generalize Theorem T2 and derive necessary

and sufficient conditions for the convergence of Fejér means in terms of the modulus

of continuity of the Hardy spaces Hp, (0 < p < 1). We will also generalize Theorem
G1 for the bounded Vilenkin system.

2. The main result

Theorem 2.1: a) Let f € H,, where 1/2 <p < 1. Then
lonfllg, < cpllfllg,, (neP).
b) Let f € Hy,, where 0 <p <1/2. Then
lowflly, < /P 210g2t/24n | I, | (n € P).
c) Let f e H,, where p> 0. Then

loa, fllg, < cpllfllg, . (neP).
d) Let p > 1/2 and f € Hy,. Then

lonf — fHHp — 0, when n — oo.
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e) Let 0<p<1/2, fe Hy, My <n < Myn41 and
w, (1/My, f) = o (1 /M];/P—QNWW) ,as N — oo. (7)
Then
lonf = fllg, — 0, when n — oc.

Proof: Let f € Hy, p>1and My <n < Mpy41. Then

Bouf = (Sunf 62 0) = (2onsfocw owyf onf) ()

and

+ |Unf| < U#f+ |O-nf’

M;
(Eonf)" < sup |—on, f
0<k<N | T

By combining (2) and (3) we get
loufl, = = 1(Eonf)’ll, < o* 7] +lousl, (9)
<& lfly,, (1/2<p<1)

and

lonfllg, = =I(enf)l, < + llonfll, (10)

p

sup o, f|
= ( U log?l e )HfHH , (0<p<1/2).

On the other hand, if n = My, for some n € P, by using (8), we obtain that

< sup |on, f| = o7 f

M,
n keNy

0<k<N

and

loass Fll, = =1 Barn )7l < |7 (11)
<colfllg,, (@>0).

It is easy to show that (see [14])

oS f — Saanf = 2 S, (o, f— ). (12)
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Hence, according to (12), we have
lonf = fllg,

< Cp ||Unf - UnSMNfHHp + Cp ||UnSMNf - SMNfHHp + Cp ”SMNf - f”Hp
CpMN

= & llon (Saan f = Pllar, + o 1Saan f = Flla, +
c =11 +1V +V.

”SMNUMNf - SMNfHHp

For IV we have that
IV = cpwp, (1/Mp, f) =0, as n—oo, (p>0).
Since
12, i, < ol fllg,» >0 (13)
we obtain
V < 8us @uinf = Dll, < lownf — flg, 0, as  n— oo,
Let 1/2 < p < 1. Then, by using (9) we obtain
IIT < ¢ |Smuy f = fll, < cpwn, (1/Mn, f) — 00, as n— oo.

On the other hand, for 0 < p < 1/2 we can apply (10) and under condition (7)
we get

IIT <¢, (nl/p_2 log?2l1/2+7) n) wh, (1/My, f) =0, as n — oo.

The proof is complete. O

Theorem 2.2: Let 0 < p < 1. Then the operator |opy, f| is not bounded from the
martingale Hardy space Hy, (G,) to the martingale Hardy space H, (Gp,) .

Proof: Let

fa=Dn,,, —Du,.
It is evident that

S L ifi= M, Mag — 1,
Ja (i) = { 0, otherwise.

Then we can write
Di—DMA7 ifi=Mua,.... Mas1 —1,

Sifa=19 fa, if i > May1, (14)
0, otherwise.

61
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From (1) we get (c.f. [12] and [13])

1—1
1Falls, = ||sup Sas, (Fa)|| = 17all, < M7 (15)
ne P
Let « € I441. Applying (14), we obtain that
1 MA+1 1 MA+1
OMa fa(2) = Sjfa(x) = Sjfa(x) (16)
i Mot ; ’ MA+1J=MZA+1 !
1 MA+1 1 MA+1
Ty 2 (26D () = g7 3 G
1 (mA—l)MA
= | > cM 4.
M Z(:) J= o
J_
By using (16), we find that
Sute (ort.nal i) = [ Jornnnfa O] Duy =00 (7)
G

m

> /1 o A @) Das (= D 1)

> cMy Dy (x —t)dp (t) .

Tat

According to (17), we have that

Suty (|o0asr fa]i2) > eDary (z), N =0,1,..., A,

and

;x) >c¢ sup Dy, ().

SupSMN (‘UMA+1fA| ,1’) > sup SMN (‘O'MA+1fA
N 1<N<A 1<N<A

Let « € IN\In41, for some s =0,1,..., A. Then, from (1) it follows that

Sup SMN (’JMA+1fA’ 7.TE) > cMy.
NeP
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Let 0 < p < 1. Then
loara falll, (18)

sup  Swry (|onia,. fal;@)

1<N<A-1 »
P
> / ( sup SMN (‘UMA+1fA‘ 7'7;)) dﬂ (.T})
Gm \1<N<A-1
A p
> S ; d
- ;/IN\INH <1§1313—1 v (Joutaes fa J:)) u (@)
A
MP
2 CZHZ =Cp > 0.
s=1
Let p = 1. Then we obtain
[oatacs Falll 7, = cA- (19)

By combining (15), (18) and (19) we can conclude that

H ‘O-MAHfA‘ HH,,

p
> — o0, as A—o00, 0<p<l1
alla, = 2w 7% |
and

H|UMA+1fAmH1 >cA— o0, as A— o0

sl bl .

1fall,
The proof is complete. O

As the consequence of our result we have the following negative result:

Corollary 2.3: Let 0 < p < 1. Then the mazimal operator o f is not bounded
from the martingale Hardy space H,, (G,) to the martingale Hardy space H, (G,) .
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