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In this paper hierarchical models of biofilms occupying a thin prismatic domain are considered.
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1. Introduction

1.1. Some Remarks on Biofilms

A biofilm is a complex gel-like aggregation of microorganisms like bacteria,
cyanobacteria, algae, protozoa and fungi. They stick together, they attach to a
surface and they embed themselves in a self-produced extracellular matrix of poly-
meric substances, called EPS. Even if a biofilm contains water, it is mainly in
a solid phase. Biofilms can develop on surfaces which are in permanent contact
with water, i.e. on solid/liquid interfaces or on different types of interfaces such as
air /solid, liquid/liquid or air/liquid (see [1] and references therein).

To describe the complex structure of biofilms, we consider, four different phases:
Live cells (B), Dead cells (D), Extra cellural matrix of polymetric substances —
EPS (E), and Liquid (L). We denote the concentration of biomass by Cy = peo,
where pyis the mass density of the phase in [g/cm?] and ¢ = B, D, F, Lis the
volume fraction of the phases. We assume that the biomasses are incompressible
and Newtonian, then pp, pp, pr, and pg are positive constants, and also that the
phases have all the same constant density. Since EPS encompasses the cells, we can
assume that live cells, dead cells, and EPS have the same transport velocityv,. We
denote instead by vy, the velocity of liquid, and by I'y, with (¢ = B, D, E, L), the
mass exchange rate. The equations expressing mass balance with the equations for
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the velocity and pressure P give the following system (see [1])
8B +V - (Bv,) = B(Lkp — kp),
8D +V - (Dvs) = aBkp — Dky,
8 E +V - (Evy) = BLkp— € E,

oL+ V- (LUL) =B [(1 — Oz)k‘D — Lkp — L/{?E] + Dkn+ € F,

H(1—=L)vs] + V- [(1=L)vs@vs] + (1 = L)VP =VE+ (M —TI'p)vy, — Mus,

O(Lvp) + V- (Lvp @ vp) + LVP = —(M —T'p)vr, + Mus,

—AP=V"- [V (1= L)vs ®vs + Lvp, ® UL)] — AY,
where kpand kp are respectively a birth term and a death term for the active
bacterial cells, « is the fraction of active cells that gives rise to dead cells (the
remaining proportion becoming liquid), ky is the natural decay of dead cells, kg
represents the production of EPS, and € E, with € constant, is the natural decay
of EPS. We assume, for simplicity, that kg, kp, kN, kg are constants. M is a Darsy
constant and X is a stress function

Y:=—y(1-0L), ~=const.
Assuming the volume constraint (see [1])
B+D+FE+L=1.

I'y, is given by the expression

I'y:=B|[(1—a)kp — Lkp — Lkg] + Dky+ € E.

On the boundary, we impose Neumann conditions for the volume ratios and
no-flux boundary conditions for the velocities:

VB - n‘agb =VE. n|39b =VD- ’I’l’aQb = 0,
(3 n‘agb = 0L - n’(')Qb =0.

2. 2D Problem for Biofilm Occupying Thin Prismatic Domain

Assume that biofilm occupy the following domain

Qb= {(1‘1,2132,1}3)1 —00 <1 < 400, 0 <xa <1, 0< x5 <Ah, hb:const}.
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For the sake of simplicity let all the physical and geometrical quantities under
consideration are independent of z1 and let D = 0, E = 0; so we arrive at the
two-dimensional case

0B+ Vs - (Bvs) = B(Lkp — kp),
O[(1 = L)vs] + Va2 - [(1 = L)vs @ vs] + (1 = L)V P
=VoX + (M —Tp)vy — Mg, (1)
O(Lvp) + Vo - (Lvp ®vp) + LVoP = —(M — T'p)vr + Mg,
—AgP =V3 [V ((1=L)vs®@vs+ Lvy @ vp)] — Ag3.
We consider the linearized problem, the case when all the unknown functions

B, L,vs,v, P are slightly perturbed from the constant values B*, L*, v}, vy, P*
respectively, i.e., they can be written in the following form

B:=B*+B, L:=L"+L, v,:=v'+10, wvp:=vi+d, P:=P*"+P.

Let us assume that

and kg > kp.
System (1) can be rewritten as follows

OB + ko Vo -0y = ko kgL,
kB ka

k k -~ .
(1—D> s + (1—D> VoP = —y V2B + M( 01, — ¥s),

b i (2)
k k -
—Daﬁ;L + fDVQP = —M('I}L — US),
kp kp
—Agp =7 AQB,

which we solve under the following initial and boundary conditions

L((L’Q,IL’E}, 0) = LO($27‘7:3)7 173(¢T2,.T3, 0) == ﬁL($27m370) = 07

VoL (za,x3,t) o VaP(x2,3,1) o 0, (3)

Us(w2, %3, 1) 900 = VL(22, %3, 1)[900 = 0,

where LO(x2, x3) is a prescribed function.
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Using Vekua’s dimension reduction method (for the method see, e.g., [2]-[4]) in
the zero approximation from (2) and (3) we get

. k k .
0L+ (1-22) fy0=(1-:2 kgL,
k‘B ’ k’B

k 5 k ~ ~ 5 -
1--2) g0+ (1-72 Poo =~ Lo, +M( 0o — ¥s0),
kp kp

(4)
k kp ~
Lo + £Po,2 = —M(vro — vs0),
kp kg
150,22 =7 50,22 )
Lo(22,0) = LY(z2),  so(w2,0) = dro(x2,0) =0, (5)
Lo2(0,t) = Loa(l,t) = Pya(0,t) = Pya(l,t) =0, (6)

U50(0,t) = v50(l,t) = 010(0,t) = 0ro(l,t) =0,
where

hb
(Lo, Py, vs0, 5L0)($2,t) = / (L, P, v, 17L) (w2, x3,t)dx3,
0

hb
L8(CE2) = / LO(xQ,JJg)d.Ig
0

are so called zero moments of the corresponding quantities L, P, ¥s, Ur, and
Lo(x27x3) (See7 c.g., [2]_[4])7

~ 1 -~ ~
L($2,$3,t) = ﬁLO(ant)a P(.’EQ,(L‘g,t) =

Summing the second and third equations of the system (4) and taking into account
the fourth equation and IBC (5) we get

k k k k
1— 2 0yig0+ 20010 =0, = (1—-2) b0+ 210 = f(x)
kp kg kg kg

in view of IC (040(x,0) = 0r(z,0) =0), we get
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k k k
1— -2 ) G0+ 72000 =0 = T+ = (Ipo — Ts0) =0 =
kg kp kg
(7)
. . kp -
(020 = ¥s0) = =~ Us0-
D
Therefore, the second equation of the system (4) can be rewritten as follows
kp . kp kp -
1-— M—1v4 = L
< kB) atUSQ + ij Vs = k? -7 Loy2,
Dr0s0 + Mky k L
0]
tUs0 T 7 (k5 — k) 50 kp — k v L0s2,
whose solution has the following form
t kp My
Vg = / — LQ,Q ekpkp=Fkp) dr. (8)
o kB —kp
From the third equation of (4), by virtue of (7), we obtain
kp kp_.  kp =
— =M— L
T Oy, = vaso ko 7 Lo,2,
whence,
k2 ~ Mk2 b %(T,t) ~
8~ — _L7 :— _L7 kp(kp—kp) d — L’
tVL = kQUSO Y L052 k(k:B—kD) / 0,2 € T =7 Lo0,2
and

t S t
MEk?2 - o MER -
op = 0 ’Y/ds/ Lo,z eFotorm 7 S)dT_V/LO72 dr
D
0

0

t t
Mk2B ~ _ MkR (1—5) ~
- __ Lood kp(kp—kp) ds — Lo,od
kD(kB—k?D)fYO/ 0,2 T/ S ’YO/ 0,2 4T

T

t t
’y/lN}(),g (1—ekD<kB o (7 )dT—’)// 0,2dT
0 0

t
MEZ
— —V/Lo o e o0mrn "V .
0
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Finally, from the first equation of (4) taking into account (8), we get

107

9)

- kp ' _ . MEk?
Ly=— L =" dr — (kg — kp) L =
OrLo kBW /0 0522 € T — (ks p)Lo, « ko (ks — kp)
Using the Laplace transform, from (9) we have
. - k A 1 =
0 D
_ =X —(kp—kp) L
s Lo — Ly (22) kB’y Lo 22 a (kp — kp) Lo,
hence,
kDY e = (s 4k — k) Bo+ L0 (r2)
kp(s—a)
and taking into account the homogeneous BC (6) Lo2(0,t) = Loa(l,t) = 0, we
obtain
. k(s —
Lo(xg, S) B(S a)

N 2\/kD’y(8 + kg — kD)

T2

~ kEp(stkp—kp)(s—a) _ _ [kB(stkp—kp)(s—a) _
< [ 186 [ev )y ﬂ d
0

FpGHkp—Fkp)G=a) _ [EBGHRE—Fp)G=) |
kp(s — ) eV kD +e V kD
o kp(stkp—kp)(s—o) _ Jkp(stkp—kp)(s—o)
2\/kD7(5 + kB - kD) 6\/ kpv ! —e V kp~ !

l
~ Ep(stkp—kp)(s—a) j__ _ [JkB(stkp—kp)(s—a) g
X/L00<f) [€V kDY =0 4 emv kDY ) 5)] dg,
0

where by Lo(z2,s) we denote the Laplace transform of the function Lo(x2,t).

Thus,

Py(z2,8) = Lo(x2,s) + C(s).

For bounded on [0,1] function L{(z) it can be shown that the inverse Laplace

transform Lo(ze, s) exists.

Examples:
1. LY(x2) = A = const, then

fzo(l‘g, t) = Ae(kD_kB)t.
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Lo(2,t) = (v2 + A)eFo k)t

Corresponding plots of the functions for Lo(zo,t) and By(zo,t) are given in Fig-
ures 1-2.
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