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The concept of self-conjugate differential forms provides a generalization in R™ of the notion
of holomorphic functions of one complex variable. In this framework several extensions of
classical results hold. In this paper we present a survey of this theory and different applica-
tions concerning Laplace series, the Brother Riesz Theorem, Boundary Value Problems and
Cimmino system.
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1. Introduction

This paper deals with non homogeneous differential forms U = ), uy, uy being
a differential form of degree k (briefly a k-form). Following [6], we say that U
is self-conjugate if dU = 6U, where d and  are the differential and codifferential
operator respectively. The equation dU = U provides a generalization in R™ of the
Cauchy-Riemann system. The concept of self-conjugate differential forms includes
classical “real” generalizations of holomorphic functions of one complex variable,
like solutions of Moisil-Teodorescu, Fueter, Cimmino systems, harmonic vectors
and harmonic forms.

The aim of the present work is to show some applications of the theory of self-
conjugate differential forms. The paper is organized as follows.

Section 2 presents a review of the basic notions concerning k-forms and k-
measures. Section 3 provides an overall treatment of the theory of self-conjugate
differential forms. In Section 4, conditions for the existence of conjugate harmonic
forms in multiply connected domains of R™ are given. Generalizations of the Brother
Riesz Theorem are presented first for Laplace series in Section 5, considering the
concept of conjugate Laplace series introduced in [4], and then for conjugate differ-
ential forms in Section 6. Section 7 is devoted to some BVPs for non homogeneous
differential forms. In Section 8 necessary and sufficient conditions for the resolu-
bility of the Dirichlet problem for the Cimmino system are given.
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2. k-forms and k-measures

Let V™ C R™ be an oriented m-dimensional differential simple manifold of class
p. A differential form of degree k, or briefly a k-form, on V™ is represented in an
admissible coordinate system (t1,...,ty), as

1
U = usl, Lsndts, ... dts,,

where us, .. s, are the components of a k-covector, i.e. the components of a skew-
symmetric covariant tensor.

By C{ (V™) we denote the space of the k-forms whose coefficients are continuously
up to the order ¢ in a coordinate system of class C9*! (and then in every coordinate
system of class C7t1). Moreover the symbol L? stands for the space of all k-forms
whose coefficients are LP real valued functions.

Let © C R" be a domain. The representation of u € C?() in the natural coordinate
system is

1
U= U, . 5. dTs, ... dTs, .

k!
The adjoint of u is the (n — k)-form

1 l 1,...,n
(n _ k:)' k! S1yeeeySkyllyeesbn—k

*U = Usy .. s, dTiy - .. dz; .

150498

We remark that % u = (—1)k(F)y,
If u € CL(R), the differential of u is the (k + 1)-form

1 0
du = il oz, S Us,,..s, dvidrs, .. dTg,,

while the codifferential of w is the (k — 1)-form
Su = (—1)"F D+ gy,

These operators are strictly related to the Laplacian; indeed if u € C’,%

1
—(dd + dd)u = Au = EAUSI,...,sdeUsl coodzs,,

where Aug, . s, E Us, ..

Fore more details about dlfferentlal forms see, e.g., [14, 15].

On a C'*° manifold the concept of k-form has been generalized to the notion of
current (see [12]). A k-measure can be considered as a current of order 0. Fichera
[14] showed how a k-measure can be introduced in a direct and natural way on a
differentiable manifold. We recall his definition.
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A k-measure is the object determined (in a fixed coordinate system (t!,...,t™))
by the coefficients p, . s, (B), where pg, s, is a measure defined on the family
{B} of all the Borel sets of V™, and ps,, s, (B) depends skew-symmetrically on
the indices s, ..., sg.

Moreover if 71, . j, (B) are the components of the k-measure x in the coordinate
system (71,...,7n) we have

ot ot®x
g 0TI~ OTIn

et &
ot

ﬁju.--,jk (B) = Hsy,...,s1 (B)

for every Borel set B € {B}. M (V™) denotes the space of all k-measure on V™.
If p € My (V™), the following Lebesgue-Radon-Nycodim decomposition holds

Msq,...,s5 (B) = M:l,...,sk (B) + /B f511---75kd0-7

where f € LL(V™) and p* is a singular measure in My (V™). If u* = 0, we say
that p is absolutely continuous.
If u e Cp(V™) and p € My (V™) the exterior product 8 = u A p is the (k + h)-
measure whose components are

1 .
o 1---SkJ1---Jh
6’i17~~~,ik+h (B) - 51 bkth uSl,mSkd/‘LJ’l,m,jh?
RGN

for any Borel set B; u A w is by definition (—1)*"(u A p).

3. Self-conjugate differential forms

We begin with some definitions.

Definition 3.1 ([5]): We say that u € C}(Q2) and v € C},,() are conjugate if

du = dv,
ou=20, dv=0.

This definition can be extended to a non homogeneous differential form U =

n
z ug, ug being a k-form. We set
k=0

n—1 n n
dU = dug, U= dup, AU= Au.
k=0 k=1 k=0

Since d? = 0 and §%2 = 0, we can write

A= (d—6)>. (1)
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We denote by C*(€2) the space C§(Q) @ ... ® CF(Q); similarly LP(Q) = LH(Q) &
... ® L5 (Q) is the space composed by k-forms whose coefficients are L? real valued
functions in (.

Definition 3.2 ([5, 6]): We say that U € C1(Q) is self-conjugate if
dU = oU, in Q,
ie.
ou; =0, dug—1 =0ugs1 (k=1,...,n—1), dup_1 =0.
From (1) it follows that if U is self-conjugate then U is harmonic, i.e. all the

coefficients of u;, are harmonic functions.
Let us consider now some examples of self-conjugate differential forms.

If n =2,
U = up + uz,
where ug = u is a scalar function and uo = vdzxdy is a 2-form, we have

dU = @dx + %dy, oU = %dx — @dy.
oz oy

Then U is self-conjugate if and only if u + v is holomorphic.
If n =3,
U= ug + ug,

where ug = u and us = vidradrs + vodasdry + vsdxidxs, U is self-conjugate if and
only if (u,v1,ve,v3) is solution of the Moisil-Theodorescu system:

div(vy,ve,v3) = 0,
gradu = curl(vy, vg, v3).

If n =4,
U = ug + ug + uyq, (2)

where

Uy = fo, Uy = f1 (dCL‘ld:EQ — d$3d$4) —+ fg(dl’ldCCg — dl‘4d$2)
+ fg(dxldl‘4 — d$2d$3), ug = fodridrodrsdry,

it follows that U is self-conjugate if and only if (fo, f1, fo, f3) is solution of the
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Fueter system

Jo., — f1., — fo., — [3., =0,
fo., + f1., = fo., + f3,, =0,
fo., + f1., + f2., — f3., =0,
fo., — f1,, + f2,, + f3,, =0.

It is known that Fueter system characterizes quaternionic hyperholomorphic
functions. Consequently, the form (2) is self-conjugate if and only if (fo, f1, f2, f3)
are the components of a quaternionic hyperholomorphic function.

In a similar way it is possible to find a relation between self-conjugate differential
forms and solutions of the Cimmino system. Namely, if n = 4, let be

U = ug + ug + uy,

where

ug = fo, Ug = fl(dltld.%'g + dxgdl‘4) — fz(dl’ldl‘g + d$4d.%'2)
+ f3(dxidry 4+ dxedrs), wug = — fodridrodrsdry;

U is self-conjugate if and only if ( fo, f1, f2, f3) is a solution of the Cimmino system
(see [9])

Jo., — f1., + fo., — [3., =0,
fo., + f1., — fo., — [3., =0,
fo., — f1., — fo., + [3., =0,
fo., + f1., + f2,, + f3,, = 0.

For any n > 2 if
U=u;, where wu; = wpdry,

U is self-conjugate if and only if (wi,...,wy,) is a harmonic vector, i.e. it is a
solution of the following system

{div(wl, sy wy) =0,

curl(wy, ..., wy) =
More generally, if

U:uk,



Vol. 18, No. 2, 201/ 23

U is self-conjugate if and only if uy is a harmonic form, i.e.

duy, = 0,

ou = 0.
The use of differential forms points out the connection between Analysis and Ge-
ometry, as we can remark by the ensuing result. It is well known that in a simply
connected domain of C any harmonic function is the real part of a holomorphic

function. The next theorem provides an extension of this result to R™. Here Hy(£2)
denotes the k-dimensional singular homology group of the domain €2 C R™.

Theorem 3.3 ([6]) : Let us fir 1 < k <n. Suppose

H, 1(Q2) =0, ifk=0ork=n,
Hi 1(2) =0 and Hyp—,—1(Q2) =0, if2<k<n-2,
H, »(Q2) =0, ifk=1o0ork=n-1

If uy, is a harmonic form defined in ) such that

dug = 0, if k=0,

5U1 = O, 5du1 = 0, ka' = 1,

ddur, =0, déup =0, if2<k<n-—2,
dup—1 =0, dou,_1 =0, ifk=n-—1,
dou, = 0, if k=n,

then there exists in 2 a self-conjugate form U such that uy is the k-th component
of U.

Let us consider now the double k-form introduced by Hodge

sk(x,y) = Z s(x —y)dzj, ... dz;dy;j, ... dy;,,

J1<.<Jk
where
1 )
Tlog\x—y\v ifn=2,
S NS S MRS
TR T—y , if n

(wy, being the hypersurface measure of the unit sphere of R™) is the fundamental
solution of the Laplace equation. It satisfies the following identities for = # y (see
10]):

dysi(x,y) = 0xSk41(2, ), k=0,...,n—1,

from which one can prove that

53: * dysk(xa y) = Oa 5xdy5k<$a y) = 07
Yy
d:c(sysk(x7 y) - 07 d:l? Z 5y3k(x7 y) = 07
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dx ;l; dySk(I‘, y) = *613 Z 6y5k+2(x7 y)7
dzdySk(l‘, y) = _5:1:5y5k+2 ($, y)

Moreover,
;d$8k($, y) = (_1)nk+1 ?; dySn,I,k(l', Z/)7

isk(l‘v y) = (_1)(n—k)k Z Sn—k($7 y)

Let now Q be a regular domain; this means that €2 is a bounded domain, its
boundary X is an orientable (n — 1)-dimensional gl differentiable manifold and for
any u € CY_1 () NCL_1(Q) such that du € C2(Q) the Stokes formula holds

/du:/ U.
Q +3

This implies

/du/\*v:/ u/\>x<v—1—/5v/\>»<u7 Vu € CL(Q), ve CL (D).
Q +X Q

IftU = Z up € CV(Q) N CH(Q) is self-conjugate, we may write
k=0

/dv/\*ulz/ v A *uq, VUGC’&(Q),
Q +3

/[dv/\*uk+2—5v/\*uk]:/ [ug A\ *v + v A *upio],
Q 4% _
VoeCl,(Q) k=0,....,n—2,

_/ ov A *Up—1 = / Up—1 AN *VU, Yv € C}L(ﬁ)
Q +3

Theorem 3.4 ([3,6]): IfQ is a regular domain and U € C°(Q) N C1(Q) is such
that dU — 6U = F € C°(Q), then the following Cauchy integral formula holds

- /Q [dysi(z,y) A+ Fi1(y) = dysi(a, y) A *Fr—1(y)]
# [ [ A st nten) = dysute) At

+dysi(x,y) A *uppo(y) — ug—2(y) A zdysk(% Y)

_ uk(m)v x € §), _
_{ o T k=0en @
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where U = > up, F =Y Fpoup=0,k=-2-1n+1n+2 F=0k=
k=0 k=0
—1,n+1.
We remark that in the case n = 2 formula (4) gives
1 1 0
—— [ d¢1 — () — — —1 —
s [ dctogle = a0 - - [tz ol
0 u(z), z€Q,
_v(g)asclog]z—gq ds¢ = {0’ 20,
o [ detoglz =l A eRQ) = 5 [ [0 oslz — ]
21 Jq ¢o8le ! 27T§;v one¢ o
0 v(z), z€qQ,
—i—u(()asglogp—d] ds¢ = {O, 240
Putting f(z) = u(z) + iv(z) we have the well known formula
1 1 *
/ Q) 4o — / fC(Odg: fz), zeq,
21 Jix (— 2 TJo(—2 0, z ¢ €.
This shows that (4) generalizes this classical result to R".
4. Conjugate harmonic forms in multiply connected domains
Let us consider a domain {2 of the form
0=\ J9,
j=1
where Q; (j =0,...,m) are bounded connected domains of R", whose boundaries

Y; are connected Lyapunov surfaces, such that
ﬁjCQo and ﬁjﬂﬁk:@, Lk=1,....m, j#k.

For brevity, we shall call such a domain an (m + 1)-connected domain.

If Q C R? is a simply connected domain, it is well known that if u is a harmonic

function, there exists a conjugate function v (i.e. u + v is holomorphic).

One can prove that if  C R? is a (m+1)-connected domain and v € C*(Q)NC?(12)
is a harmonic function, there exists a conjugate harmonic function v, if and only

if,
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The next theorem shows that a similar result holds in R™ ([8, Th 6.1]).

Theorem 4.1: Letu € CY(Q) be a harmonic function, where  C R™ is a (m+1)-
connected domain. There exists a 2-form v conjugate to u in ) (see Definition 3.1),
if and only if,

Moreover the 2-form v is given by

o(z) = — /2 b(y)dysn_sl@, ) +w(@),

where 1 is the density of the double layer potential representing u and w is an
arbitrary closed and co-closed 2-form.

5. Conjugate Laplace series

Let us consider a trigonometric series
oo
0 .
5 + kg_l(ak cos k@ + by sin k6).

It can be seen (at least formally) as the trace on the unit circle of the function
harmonic in the unit disk

ag .
p,0) = =3 kz_: (ar cos kO + by sin k).
The following series
v(p,0) ==Y pF(by cos kO — ay sin ko) (5)
k=1

is a harmonic function which is conjugate to u, i.e. (u,v) is a solution of the
Cauchy-Riemann system u, = vy, uy = —v,. The conjugate trigonometric series is
the series which we obtain taking p =1 in (5)

— > (b coskd — ay sin ko).
k=1

In [18] F. and M. Riesz proved the important result
Theorem 5.1: If a trigonometric series and its conjugate series

?0 + ;(ak cos kO + by, sin k), 50 Z by, cos kb — ay, sin k0)

k=1
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are both Fourier-Stieltjes, then they are ordinary Fourier series.

In other words, if we have two real measures «, 8 defined on the Borel sets of
[0, 27] such that

2 2 2w 2m
/ cos kfda = / sin k0dg, / sin kfda = —/ coskfdp (k=1,2,...),
0 0 0 0

then these measures have to be absolutely continuous.

The notion of conjugate Fourier series and the Brother Riesz Theorem have been
generalized in R™ in different ways (see for instance [2, 11, 16, 17]). We describe
here an extension of Theorem 5.1 hinging on a new concept of conjugate Laplace
series given in [4, 7].

It is well known that if w is a harmonic function in the unit ball B =
{z € R™: |z| < 1}, it can be expanded by means of harmonic polynomials

[e’e) Pnk
x
u(z) = g ]:J:\h g ank Yk <\x!> ,
h=0 k=1

where p,p, = (2h +n — 2) %ng)j,i’? and {Yjx} is a complete system of spherical

harmonic functions. We suppose {Y3;} is orthonormal, i.e.

1, ifh=randk=s,
/E YirYrsdo = { 0, otherwise.

The trace of uw on ¥ = {z € R : |z| = 1} is given by the expansion

o0 Pnk

Z Z ankYnk () (Jz] = 1). (6)

h=0 k=1

If the coefficients ayy, are

ath/thkdU (resp. ahk:/thdﬂ>
> b

we say that (6) is the Laplace series of the function f (resp. of the measure ).
Let us consider the 2-form

Pnh

”:iz (h+2)(6:zh:h—2)dyhk <|§> pd (Jel) ()

h=0 k=1

and its adjoint

0 = ipz (h”)(":i ok <dyhk (;) Ad (\x|h+2)> . (8)

h=0 k=1

It is possible to show that dv =0, dv = du in B, i.e. u+ v is self-conjugate.
We say that (8), with |x| = 1, is the Laplace conjugate series of (6). It represents
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the restriction of xv on X, while the restriction of v, provided it does exist, is equal
to 0, because of (7).
In [4] the following expansion is introduced as the series conjugate to (6):

00 Pnh h
ZZ\/in_i_h_zahkwhka 9)

h=0 k=1
with
Ypk = L * (thk VAN dph+2) =
(h+2)y/h(n+h—2)
n—1
1 htl 1 Oy -
= ) & dpr...5...dop_1,
h(n+h—2)p ;( ) 'z dp; PLcd oo
where ¢1, ..., ¢n_1 are the usual polar coordinates and g% is the inverse matrix of

the relevant metric tensor g;; on X.
The next result provides a Brother Riesz theorem for Laplace series.

Theorem 5.2 ([4]) : Let (6) be a Laplace series of a measure yu € My(X). If
its conjugate series (9) is a Fourier series of a (n — 2)-measure, i.e. there exists
B € My_2(%) such that

app = ﬂA;lﬁhk (h=1,2,...;k‘=1,...pnh)

(;1/1 denotes the adjoint of 1» on ¥ with respect to the usual metric on X)) and

BAg=0 W ECE,R) Ay =0,
_l’_

then u and [ are absolutely continuous with respect to the Lebesgue (n — 1)-
dimensional measure on 3.

6. The Brother Riesz theorem for conjugate differential forms

In this section we lay out the results obtained in [5].
The Brother Riesz theorem 5.1 can be reformulated in the following way.

Theorem 6.1: Ifu(z,y) and v(x,y) are two conjugate real functions in a planar
domain Q and both of them have traces on OS2 in the sense of measures, then these
measures have to be absolutely continuous with respect to the arc-length measure

on 0.

In order to obtain a generalization of this statement in R™ for conjugate dif-
ferential forms, we introduce the concept of the trace in the sense of k-measures
(see [5]). To this aim let us construct a family of approximating domains £,,.
Let A(x) be a unit vector defined and continuously differentiable on ¥ such that
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Ax) - v(xz) > po > 0, Vo € ¥. By ¥, we denote the hypersurface z, = x + pA(x),
x € 3, where |p| < po (po small enough). Q, is the bounded domain whose bound-
ary is X,. The domains €2, with 0 < p < pg are contained in €2, while € is contained
in Q, with —pg < p < 0. We call {¥,} a family of approximating hypersurfaces.

Definition 6.2: We say that the k-form u € Ci(2) admits a trace o € My (%)
in the sense of k-measures with respect to the approximating family {¥,} if

lim p/\u:/ pAa, Vp € C2° ().
+3, +3

p—0+

Concerning conjugate differential forms admitting traces in this sense, we have:

Theorem 6.3: Let u € CL(Q) and v € CL, () be two conjugate forms. Let us
suppose that they and their adjoint forms admit traces in the sense of h-measures
with respect to the approzimating family {¥,}. Namely let « € Mp(X), a €
M, (X)), B € Mk+2(2),§ € M,_r_2(X), the traces of u,xu,v, xv, respectively.
Then the following formulas hold

_ ~ u(z), z€Q,
A sdysi(y, ) — 68k (y, ©) A ay + dyse(y, 2) A By | = =
AE [O‘y ; ySk(Y, ) ysk(Y, ) Ay ysk(Y, ) By] {07 x¢ Q.

/+E[By A xsie2(y, @) = Oyskra(y, ) A By —ay N *dyseia(y, x)] = { 0, ©éq

Moreover u, *u, v, xv admit the same traces o, &, 3, E with respect to any approx-
imating family {X,} .

We can now consider the generalization of the Brother Riesz Theorem for con-
jugate differential forms.

Theorem 6.4: Let u € CL(Q) and v € CL,,(Q) be two conjugate forms. Let
us suppose that u, xu, v, *v admit traces in the sense of h-measures with respect
to one approximating family (and therefore to any approximating family). Namely
let o € M(Y2), @ € My,_(2), B € Mpi2(X),8 € My_r—2(X), be the traces of
u, *u, v, ¥v, respectively. Then all these h-measures are absolutely continuous with
respect to the Lebesque (n — 1)-dimensional measure on X..

It is possible to extend this theorem to non homogeneous differential forms.
We denote by My @ - - & M,,_1 the space of non homogeneous k-measures © =
n;l 0n, where 0, € Mjy. We say that a non homogeneous differential form U =
h=0
> h_o un admits trace © in the sense of k-measures if up(h =0,...,n — 1) admits
a trace 05, € My, in the sense introduced before.

Theorem 6.5: If the self-conjugate form U € C}(Q) @ ... ® CL(Q) is such that
U and xU admit traces on X in the sense of k-measures with respect to one ap-
proximating family (and therefore to any approximating family), then these traces

are absolutely continuous with respect to the Lebesgue (n — 1)-dimensional measure
on X.
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7. The Dirichlet problem for the equation dU — 6U = F

We say that U € LL () is a weak solution of dU — 6U = F € LL (Q) if

/(dqﬁ—&b)/\*U:—/F/\*gb, Vo € Q). (10)
Q Q

We shall be interested in seeing whether the Dirichlet problem for the equation
dU—06U = F admits a solution. Next results give necessary and sufficient conditions
for the existence of this solution. For the proofs we refer to [3].

In what follows, the symbol L!(X) stands for L}(X) & ... @ LL_|(2).

Let us denote by w“’ “ the k-form wpdz;, .. .dz;, , where {wp} is a complete

system of homogeneous harmonic polynomials. Such a system can be obtained by
ordering in one sequence the polynomials:

|ﬁ*<|0 k=0,1,2,...;

B _ B (k+n—3)!
s=1,...,Pnk; pnk_(2k+n_2)mv
where Y/ (w),. .. ,kan . (w) is a complete system of (surface) spherical harmonics of

degree k.
Theorem 7.1: Let Q be a reqular domain such that R™ \ Q is connected. Let

n— n—1
¢ = Z Pk, & = Z (;n—k € L1 ) and F = Z F € L1 ) be given forms. There
exists a non homogeneous differential form U E LY(2) solution?) of

dU — 66U = F, in §2, (11)
U=¢, *xU=¢, onk,

if and only if

(—1)("1)(k1)+1/ {*F;H_l A dw R 5w 1)) "]
Q

1 . . . ~
_ 5 {AZ [(bk A *dw%17~-~,zk _ 6w21:~-71k A ¢k

T

4¢k2AMwh’]}:0 (12)

forany 1 < i1 < ... < ip < nh=12..., k=0,1,....n (¢ = 0,k =
-2, Lo =0k=n+1,n+2;F,=0,k=—-1,n+1).

DIn the problem (11) the equation dU — 6U = F' is considered in the weak sense (10).
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It is possible to generalize the previous result to multiply connected domains.
In this case, we have to add supplementary conditions to (12) for each hole.

Theorem 7.2: Let Q = Qo \ UL 1§ be an (m + 1)-connected domain. Let
n—1 n—1

o= Z Ok, qz~5 = Z ggn_k € L1 ) and F = ZFk € L1 ) be given forms. There

exists a non homogeneous differential form U e LY(2) solution of

dU — 6U = F, in €,
U=¢, xU=¢, onk,

if and only if

(—1)("1)(k1)+1/ {*F;H_l A dw] L dw,, 15 "]
Q

| o o
2 {/ [¢k A sxdwy " — Swy ot A gy
2 Uss

+dw2"”’ik A Grio — dpa A *57”21""%} } =0,

(DD LB o) Ady lly = 2P g = o)

% Fk_l(y) VAN 5y[|y — ajj|2*”*2sz1,...,ik (y B xj)]]

A (O TR T )

= dylly = @7 P (y = 2] A Grly)

+dyly — 27 P w0 (y = 27)] A Gra(y)

—n-2() A 28, lly — 2Py wﬂd]] } —0,  j=1,...,m,

forany 1 < i; < ... < ip < nh=12..., k=0/1,...,n (¢ = 0,k =
—2,-1;0, =0,k =n+1,n+2;F, =0,k =—1,n+1). Here 27 is a fized point in
Qj (]:1,,m)

The following result plays a key role in obtaining Theorems 7.1 and 7.2.
It concerns the following two spaces of non homogeneous differential forms:

u:{UeLl 3¢ = Zgbk,qb ng)nkeLl ZerLl

n—1 n n
such that Z/ dvg N *ujgq — Z/ Ovg A *up_1 — Z/ v N\ % FY,
k=0 k=179 k=09
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n—1 n n
:Z/ va$k+1+Z Or_1 N *U for any V:kaECl([R”)},
k=07 % k

/4% k=0

n—1 n—1 n
V= {U €L :36= r 6= onr €L(X),F=) FeL'(Q)
k=0 k=0 k=0
such that — /Q [dysi(x,y) N *Fiq1(y) — dysi(z,y) A *Fr_1(y)]

+ / [¢k(y) N xdys(z,y) — Oysi(x,y) A *or(y) + dysp(w,y) A *pya(y)
+X Y

Q
—¢r—2(y) A Zéysk(iﬁay)} = {u’“éx) i ;Q k=0,...,n

(qﬁkzo,k:—2,—1;$kzo,k:n+1,n+2;Fk50,k:—1,n+1)}.

Roughly speaking the space U is given by the L' differential forms solutions of
dU — 06U = F in Q having L' traces in a weak sense (see (10)), while V is the space
of the L' forms in Q such that there exist L' forms on ¥ for which the Cauchy
integral formula holds. Actually we have:

Theorem 7.3:

8. The Dirichlet problem for the Cimmino system

In paper [13] Dragomir and Lanconelli studied the Cimmino system (3), that can
be written in the following complex form

{uz+vw =0,

uw—@z:O

The authors obtained, among many other results, a necessary condition for the
resolubility of the Dirichlet problem for Cimmino system.

Theorem 8.1: Let Q C C? be a bounded domain on which Green’s formula holds
and ¥ its boundary; let f, g € L*(), F, G € L?(%). If there is a solution u,v €
CHQ)NCORQ) to the boundary value problem

uf—l_ﬁw:fv UE_Ez:g, ’LTLQ,
{ u=F, v =G, on X, (14)
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then (f, g, F,G) satisfies the compatibility relations

Re{2/9(fh+gk)d,V—/E{F [(n1 + in2)F + (n3 + ing) |

+G [(n3 +ina)h — (n1 + ing)k]}da} =0 (15)

for any solution h,k € C*(Q)NC°(Q) to
hz+kw:0, h@—kg:O, ZTLQ,

where (n1,ng,n3,n4) is the outward unit normal on X.

They left open the question of whether (15) is also sufficient for the solvability
of (14).
More recently, Abreu Blaya et al. [1] studied (14) by means of quaternionic anal-
ysis. In particular, they found some different necessary and sufficient conditions
involving some particular integral operators. From this they deduce that (15) are
also sufficient when f = g = 0 and 2 is a simply connected domain.
In [3], Theorem 7.2 is used to obtain other necessary and sufficient conditions for
the solvability of (14), also in the case of multiply connected domains. In what
follows we illustrate these results.
Let us consider the problem (13) with the particular kind of data:

¢ = (¢0,0,02,0), & = (—o,0,¢2,0) € L'(X), F = F, —«F, € L'(Q),  (16)

where Fy = vidzj. Applying Theorem 7.2, necessary and sufficient conditions for
the solvability of (13) with these particular data are

/ #F1 (y) A dwp(y) — % / [Po(y) A xdwp(y) + dwi(y) A ¢2(y)] = 0;
Q

+%
o ad iy =1ty == 5 { [ [ont) wsdylly =1ty )
+dy[ly — 2| 2w (y — ZL‘])] A cbg(y)] } =0, j=1...,m; (17)

—0uw () A da(y) + ™ (5) A —do(y) = Goly) A+ (v)] } =0
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/Q [Fu) Adylly = 2| 0w (y = 29)] = +Fi(y) A8y lly = 29| 0wji " (y — 2]

3 {/ [¢2<y> A sdylly = 27wy — 7)) = by lly — 27| Cwy ™ (y = 27)] A daly)
+3 Y

Iy =1 — ] A —0uls) = d0lo) A 58l — 2w - ] <o
j=1,....m, (18)

for any 1 < iy <igp <4, h=1,2,.... Here 27 is a fixed point in Q; ( =1,...,m).
Moreover the solution U can be written as

U = ug + ug + uy,
ug = fo, uz = f1 (d(Eldl’g + d:L’gd.T4) — fz(dxldl’?, + d:IZ4d$2)
+ f3(d$1d$4 + d.’L’le‘g), Ug = —fod$1d$2dl‘3d$4.

By exploiting the relation between self-conjugate differential forms and solutions of
the Cimmino system, described in section 3, it is possible to prove that (13), with
the particular data (16), is equivalent to the Dirichlet problem for the Cimmino
system (14). Indeed, if f = %(’yl +iv2), g = %(73 + iv4), F = ap + ia; and
G = By + i1 it suffices to take ¢ = (ap,0, ¢2,0) and 5 = (—ap, 0, ¢2,0), where
P2 = oy (daj‘ld$2 + d$3d1‘4) — B(](d.%‘ldﬂj‘gg — d$2d$4) — ,81(d$1d.7)4 + dl‘zdl‘g). This
equivalence applies to obtain the next claim.

Theorem 8.2: Let Q C C? be a reqular domain and ¥ its boundary. Let f,g €
LY(Q) and F,G € LY(X). Conditions (17) and (18) are necessary and sufficient
for the resolubility of the boundary value problem for Cimmino system (14).

The only point remaining concerns the relation between Dragomir and Lanconelli
condition (15) and our conditions (17) and (18).
Let us consider the first of (17); it can be written as

/[0wh+3+3+8wh]d
0 a! E 72 E 73 Dy V4 y Yy

1 owy, 8wh>
2 /+2 K * dy1 60 +h Ya
0 ow 0
+ <ao R o +ﬁ0 +/31 wh) n (19)
0ya o1 y3
ow ow ow
+ (ao LN A 50 —51 h)
0ys3 Y4
owy, owy, owp, a”LUh> ]
+ |« —o — — ng | do = 0.
< % Ay Yoy Po 0y A oy ) !
owy, owy, owy, owy, . .
If we put hg = Jhi = ,ko = —, k1 = ——, we have that (15) implies
PHE 0 Ayt Ay Y Ay O (15) fmp

(19). In a similar way, it is possible to prove that (15) implies (17) and (18). We
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can conclude that (15) is not only necessary but also sufficient for the solvability

of (14).
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