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Green’s Function for the Light Scattering Equations
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Abstract. The aim of this paper is to construct Green’s function in an infinite medium for
the light scattering equation. To this end the method of spectral resolution of the solutions
by the eigenfunctions of the corresponding characteristic equation is used.
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We consider the equation which occurs when investigating one important problem
of mathematical physics, namely the equation which describes the light scattering.
The considered equation has the form

T x +o0 +1
'uaj(a,f?) = a(@)I(r, p,x) — ;\Aa(x)/ a(x’)dw’/l I(r, 2" Ydy' (1)

T, € (—00,+00), u € (—1,+1)

where «(z) is a continuous, integrable, positive function, A is a normalizing mul-
tiplier

+oo
A/ a(r)dr =1,

Many weel known authors [1-3] investigated this equation. We seek the solution
of this equation in the following form

I(Tv 22 .’L‘) = eT/VQDV(,ua $)
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With this assumption, Eq. (1) becomes

+oo  p+1
(va(a) — o) = Av / / Do )dplds’(2)

where v is a parameter, so-called characteristic equation. It is very convenient to

normalize ¢, so that
oo p+1
/ / a(x)py (b, x)dpde = 1.
—0o0 -1

Then the above becomes

A
(va(z) = w)ev(p, 2) = S Ava()
From this point the conventional argument runs as follows

va(x)

A
(pV(:u'vx) - §AI/O[(LU) _ ,U,

Inserting this result into Eq.(2) yields the condition

+oo  p+1 vol(r
A(V)El_;A/oo /1 z/oz(x)(—),ud'udxzo' (3)

There are, as is known [4], for A > 1, two regular purely imaginary eigenvalues
of the characteristic equation (2). Here they will be denoted by +14. For A < 1 the
regular eigenvalues is absent. The two roots 41y occur. With the normalization
the corresponding solutions of the initial equation are

Tos (7, p, ) = €7/ (1, ). (4)
where
A vpa(x)
= —Ai
SOO:I:(Mv .’B) 2 I/()Oé(ib') Fu (5)

The argument has given the usual solutions of the homogeneous light scattering
equation. However, there are others. It is to see that

) = [ o / ¥ ) (1o 2w, Q) (6)

T € (—00,0) pe(—-1,+41), z € (—o0,+00).
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where

v e (—oo,+00), (€ M(v).

is solution of the initial equation (1). Here,

+oo  p+1
o _1_A/ / va’ |u|a( )= e,
— U

M(v) = {z € (—o0,+0) : |v|la(x) < 1}, wu(v,() is a continuous, integrable

function satisfying H* condition [6] with respect to variable v

To summarize: There are, when A > 1, two discrete eigenfunctions given by Egs.

(5) and also the class of the so-called singular eigenfunctions given by Eqgs. (7).
Now consider the equation which is named the adjoint of the characteristic equa-

tion

+oo  p+1
(va(z) — pes(p,x AV/ / )y, (1, 2 )dp' da’ (8)

where v is a parameter.
Now, it is very convenient to normalize ¢}, so that

+o0 +1
/ / o, (1, x)dpdr = 1.
—00 -1

Then

. A
(va(z) = e (p, ) = 5 Ava’ ()
From this gives

éA va?(z)
2

o, (p,x) = m~

Inserting this result into Eq.(8) we have also the condition

+oo  p+1
Alv)y=1- A/ / d,udx—().
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Consequently, also for the adjoint characteristic equation, when A > 1, there are,
two regular eigenfunctions and a class of singular eigenfunctions

a2 T
(o) s ) = ;Ayof(i) ( M) (9)

#(otc -0 34 [T sva) - )

2 va(x) — p

ve(—oo,+0), (€M), M) ={xec(—oo,+0):|vla(z)<1}

The usefulness of these functions arises from the fact that they are both bi-
orthogonal and complete. This can be stated in the form of theorems

Theorem 1:
+oo ,
/ / % @) v (p, x)dpde = 0, v # v (10)

Proof: ¢} and ¢, satisfy the equations

1 i +o0 +1
val(z)

1 w +oo +1
1—-——— Azx/ / x) oy (i, 2 )dy' dx’
V' o)

Multiplying the first of these by ¢, (u, z), the second by ¢} (u, ), subtracting, and
integrating, we get

( - > /+OO /+1 % 1, ) oy (p, x)dpdz = 0.

It is seen that if g(v,(, () is an arbitrary integrable function then

B sn) = o) + [ g GOl )

M(v)

is also a singular eigenfunction of the adjoint equation. Moreover, if

2.2 )‘2 2 2 204 !
S Gow) = =22 [ A et
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—A/ /H”P afz 04/5')#
xA/ /ngf_ dyldc’

+1 2
A [ e,
2 Jo va(z) -
and g(v, ¢, z) is the solution of the equation

g(Va C,ﬂf) - /M( )S(Va 4/7:1:)9(”7 ¢, CI)dC/ = S(”)C?‘T)

v € (—00,+00) (€ M(v)

then 95*%(0 (1, ) will also be singular eigenfunction of the adjoint characteristic
equations and the following equality (cf.[5])

+oo
/ / zxo, CO)(M,$)SOV7(C) (,u,x)d,ud:r: = 5(7/0 - V)é(CO - C)

holds.

Theorem 2: The functions ¢y+ and @, ), —00,<v < +oo are complete for
functions P (p, x) defined in —1 < pu < +1, —o0 < x < 400 satisfying H* condition
[6] with respect to variable p, integrable with respect to x, i.e.

+oo
Y(p, x) = ag+pox (1, / / @u,(0) (1, T)u(v, Q)dCdy

where

+oo
apt = / / @oi 1, ©) (1, ) dpd,
Oi

(v, Q) = /m/ soy ) (s @)Y (p, x)dpda.



30 Bulletin of TICMI

From this theorem there follows correctness of the formula

1 «
a(z)d(u — po)d(z — xo) = s P (1, 7)o+ (1o, o)

+oo
+u/ /M( : Pu(¢) (1> )8y, ¢y (1o, To)dCdv,

’H,U“0| € (07 1) $,I‘E(—OO,+OO)

which can be useful when investigating the problems of the point sources.

Theorem 3: Every solution of the equation (1) can be represented in the form

/10 o0 (1, ) (11)

/ N / " @00 (1> )0 (v, )l dv

I(1, p,x) = cpze

TE (_OO7+OO) H € (_17+1)7 HAS (—OO,+OO)

where cox and v are defined uniquely by I, and Vice versa, this expansion is a
formal solution of equation (1) for arbitrary co+ and v, moreover this expansion
gives us a general presentation of solutions of equation (1) for arbitrary cox and v
guaranteeing convergence of the integrals in the right part of formula (11).

As an illustration of the applicability of the results Green’s function for the light
scattering equation will be constructed. To be definite A < 1 is assumed here.
Green’s function I,(7, 1, x) satisfies the equation

T, [y T oo !
,UM = ofx)ly(, p,x) — ;Aa(l’)/ O‘(QUI)dCUI/ Iy(r, i, 2")dy (12)

or —00 -1
+5(7)3 (1 — 10)3(x — 20)

T,z € (—00,+00), € (—1,41)

Integrating across the plane 7 = 0 shows that I, satisfies the homogeneous equation
(1) for 7 # 0 and the jump condition

:UJ(IQ(O-’_v Hs l‘) - Ig(O_v Hs l‘)) = O((QZ‘)(S(,LL - NO)(S('T - l‘o)

(see [1]).
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Let us look for the solution I, which vanishes as || — oo. It is sufficient to
expand I, in the form

“+o00
— [ ePemautn Odcdn, <0
0 M(v)

or

/ / o, o) 2)u(v, Q)d¢dy, T >0

The jump condition then gives an integral equation to determine the expansion
coefficients. It is

+oo
()3 = sl —a) = | / (0 (1 2)ulw, Q)

The solution obtained using the orthogonality relations is

u(v, ¢) = &5, ¢y (1o, o)

Hence I, can be written in the typical normal mode expansion

“+00
Iy, = / / @5, o (10, 20) ¢y (1, )dCdy T <0

po, pb € (—1,+1) zp,z € (—00,+00)

0
—/OO /M(V) eV 0%, () (10, 0) () (1, )dCdy T >0

Mo, b € (_17+1) To,* € (—OO,+OO).
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