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The paper considers the boundary value problems of elasticity for semi-ellipse, when boundary
conditions at the portion of the linear boundary between the focuses are nonzero and outside
the focuses are zero. Thus, the continuity conditions for the problem solution are given at the
portion of the linear boundary, therefore it is possible to bind the semi-ellipse as a whole ellipse,
in which on the section between the focuses the condition of uninterrupted continuation of the
problem solution not performed along this part, i.e. we have a crack on which, for example, the
tangential stress acts. The problem solution for the cracked ellipse is reduced to the solution of
the internal and external problems of elasticity, which are solved quite simply by the method
of separation of variables.
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1. Introduction

The paper considers boundary value problems for  semi-ellipse
{0<E6<&,0<8n< 7} (if &n (0<E <00, 0<n<2m) are elliptic coordinates
and x, y are Cartesian coordinates, then x = ccosh&cosn, y = csinh&sinn,
where c is the scale factor equaling to 1 in our case), when boundary conditions at
the portion of the linear boundary between the focuses are nonzero and outside the
focuses are zero. Thus, conditions of uninterrupted continuation of the problem
solution (symmetry or anti symmetry) are given at 7 = 0 and n = , therefore it
is possible to bind the semi-ellipse as a whole ellipse, in which, for example the
tangential stress is given on £ = 0 and the condition of uninterrupted continuation
of the problem solution not performed along this part, i.e. we have a crack on
which the tangential stress acts.

Many researchers have studied the different problems caused by the cracks ex-
isting (made on purpose) or originated in an elliptic body. In [1-3], problems of
ultimate equilibrium are solved in closed form for a brittle plate weakened by an
elliptic hole with one or two small linear cracks located at the ends of the hole. In
[4-6] stress intensity factors are considered for cracks emanating from elliptic holes
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in finite or infinite plates. In [7] the stress intensity factor along the crack front
of an elliptical crack in a rotating shaft was studied. In [8] considered medium is
composed of an elliptic inclusion and many confocal elliptic layers. The crack is
embedded in the elliptic inclusion. The author’s earlier works [9-11] deal with the
question whether cracks can be helpful in strengthening structures. For example,
when building underground structures, tunnels in particular, engineers intention-
ally make so-called technical openings in the tunnel walls in order to decrease the
stress concentration and fortify the walls using various techniques. In [9] the au-
thor investigates how the number of cracks and their lengths influence the stress
distribution in the tunnel walls, i.e., how the tangential stress concentration on the
circular hole contour can be diminished by varying the number of cracks and their
lengths. In [10] the author investigates how the tangential stress concentration can
be diminished on the contour of an elliptic hole (except the crack ends) by varying
the number of cracks and their lengths.

The present work considers the deflected mode of a homogeneous isotropic ellipse
when a) the body is weakened with an internal linear crack, in particular, the crack
is between focuses F} and Fy (See Fig. 1), which is affected by a tangential stress
and which depends on & and 7, and b) the elliptic body has no cracks. In both
cases, tangential stress depending on 7 acts on the boundary & = &;.

Figure 2. Semi-ellipse

Figure 1. Ellipse with cracks between the fo-
cuses I and F5.

The mathematical model of this problem is built by means of the system of
elliptic coordinates &,n. The problem is obtained from the relevant problem for
the semi-ellipse Q1 = O JT1 = {& =0< €< 6,0 <n <7} (See Fig. 2), when
at 7 = 0 and n = 7 the continuity conditions of the problem solution are given and
at £ = 0 tangential stress is given, and the continuity condition of the solution is
not met along this section. The problem is solved with the method reducing the
complex problems of the theory of elasticity to the solution of simple problems
[12-14], in particular, to the solution of the internal and external problems of the
theory of elasticity simply solved by the method of separation of variables (MSV)
[15, 16]. By using MATLAB software, we have obtained the numerical values and
drafted 3D and 2D graphs of displacements and distribution of stresses in the body,
when there is a) a tangential stress, and b) continuity conditions of the problem
solution, symmetry conditions in particular, given at & = 0.
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2. Setting problems in the elliptic coordinates

2.1. Equilibrium equations, physical law

Let us describe the equilibrium equations in the elliptic coordinate system &, n as
follows:

a‘) va - K:n = 07 C) ﬂvg + 17777 = %h%D7

(1)
b) Dy+Ke=0, d) 0¢—uy= K,

C2
and v are the components of the displacement vector along & = const line normal
and tangent, he = hy = h = %\/Cosh (2€) — cos (2n) are metric coefficients, %D

where k =4 (1 —v), p= ﬁ, ho = \/COSh(2§)—COS(27I)’ u = Qhu, U= %3; u

is the divergence of the displacement vector, + K is the rotor of the displacement
vector, v is Poisson’s ratio and E is the modulus of elasticity.
Hooke’s Law will be described as follows:

h—%a = h—%D — 20, — 2 [sinh (2€) @ — sin (2n) 0]
1 133 1 )T h(2) ’
2 2

2

};007777 = h D — 2t ¢ + — [sinh (2§) @ — sin (2n) 9], (2)
0

h{ 5 2

;07'5,] = 2K +2a, — 7z [sin (27) @ + sinh (2€) 7] .
0

2.2. Boundary conditions

Let us set the boundary problem for the semi-ellipse, i.e. let us find the solu-
tion of system of equations (1) (u,v € C?*(Q), D,K € C*(Q) (Fig. 2) in area
O ={0<E&<&,0<n<2m} (See Fig. 1), which meets the following boundary
conditions:

1) for ellipse with crack

n=0: v=0, uy,=0 or u=0, v,=0,

n=mn: v=0, u,=0 or u=0, v,=0,

h2 h2
£=0: zoﬂgg:fl(ﬁ), ;07@7:]3(77) or u=¢1(n), v=2¢2(n),

02 R
§=61: ;U&:f:s(??), ;T§n=f4(77) or u=¢3(n), v=7¢s(n);

2) for the whole ellipse

y, Upy=0 or u=0, v,=0,

y, Up=0 or u=0, v,=0,
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E=0: u=0, T)’EZO or v =0, Q,EZO,
ho hg
£=6&: ;Ug:f:s(ﬂ), ;T£n=f4(77) or u=q¢3(n), v=~0s(n).
3. Setting and solving concrete problem for ellipse with crack

Let us consider the case when f; (n) =0, fa(n) = sin (2n) sinh (2&;) P, f3(n) =0,
f2(n) =sin(2n) P i.e.

n=0: v=0, u,=0, (3)

n=m: v=0, u,=0, (4)
h2 h?

£E=0: ;0055 =0, ;07'57, = sin (27) sinh (2&;) P, (5)
h2 hd .

E=&1: ;055 =0, ZT&] =sin (2n) P, (6)

where P is an arbitrary real number.
The solution of problem (1)-(6) is reduced to the solution of the two following
problems:

3.1. The first problem

The first problem (external problem) is considered in area €y =
{0<€& <0, 0<n<n} given in Fig. 3 with the following boundary condi-

W

v

Figure 3. Infinite area with the first problem

7]:0: ’(_):O, ’(_jJ’nZO, (7)
n=m: 17:0, ﬂﬂ?:O’ (8)
n2 h2

£E=0: 7055 =0, ;07'577 = sin (2n) sinh (2¢;) P. 9)
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The solution of this problem will be described as follows:
u=— (1 — P2¢)sinh Esiny

+ [(¢3,e — (k — 1) 1) sinh§ cosn + (w3, — (k — 1) 2) cosh {sinn]

(10)
U = (¢1,¢ + p2,y) sinh € sinn(10)

— [(p3,e = (8 = 1) 1) cosh&sinn — (3 — (K — 1) p2) sinh { cos ] ;

D - It ) cosh sinn — (1,6 + pa,y) sinh & cosn]
= - cosh{sinn — sinh £ cos
cosh (2¢) — cos (21) Pln = P2¢ = (PLe T ¥2n nl,
K _ '

K= (1,7 — p2,e) sinh & cosn + (1. + p2,y) cosh Esing] .

cosh (2¢) — cos (2n)
The components of stress tensors are presented with the following formulae:

h3 .
;0055 = — (kp1e — (K —2) g2y + 293 5y) sinh € cosn

— (K = 2) @1y + K2, — 203.¢y) cosh {sinng — 2 (¢1,e; + P2,my) sinh {siny

4sinh? ¢
~ cosh (2€) — cos (2n)

{(p1,¢ + 2,) sinh & cosn — (1,7 — p2,¢) cosh sinn},

h3 ‘
ﬁognn = ((k = 2) 1,6 — K2,y + 2¢3 ) sinh & cos 7

+ (K1, + (k= 2) pa e — 2¢3.¢y) coshEsing + 2 (p1,¢y + @3.4y) sinh Esing  (11)

4sinh? ¢
cosh (2€) — cos (2

] {(¢1,6 + p2.y) sinh & cosn — (p1,) — p2,¢) coshEsinn},

h? .
ZOT&] = (kp1,¢ — (K —2) Y24 + 2¢034y) cosh {sinny

— (k= 2) o1, + Kp2,e — 203.¢y) sinh § cosn — 2 (1,9 — P2,6y) sinh siny

4sinh? ¢
cosh (2€) — cos (2

) {(p1,6 + p2,y) cosh&sinn — (o1, — pa¢) sinh § cosn},

where ¢;, i = 1,2,3 are harmonic functions. From boundary conditions (7) and
(8), we obtain:
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= ZAlne*" cos (nn) ZAgne " gin (nn),
(12)

p3 = Z Agn e € cos (nn) .

It is purposeful to substitute boundary conditions (9) with the following equiv-
alent conditions:

2
— @ (0¢e sinh g cosn) — Tgy cosh §psinn) = 1 ¢,

K— 2
2

1 . .
P1y — ; (0ge cosh & sinn + ¢, sinh §g cosn) = @a g,

i.e. conditions (9) will be described as follows:

kp1,e = Psinh (2£;) sinnsin (2n) ,

(13)
(k—=2) 10 —2p2¢ = 0.
From (12), (13), we obtain the following system of equations:
Z —kne " Ay, cos (nn) = Psinh (2&;) sinnsin (2n),
n=1
Z (k — 2)nA1, + 2nAs,] e ™ sin (nn) = 0,
n=1
that is:
00 e 1 ‘
Z —kne " Ay, cos (nn) = §P sinh (2&;) [cosn — cos (3n)],
n=1
(14)
Z 2)nAip + 2nAgy) e " gin (nn) = 0.
n=1
From (14), the following system is obtained:
1
H€_£A11 = —§P sinh (251) 5 ((H—2) AH — 2A21) e_5 = 0,
(15)

1
3,‘%67351413 = §P sinh (2{1) , ((H—Q) A3 — 2A23) e 38 = 0.

The solution of system (15) is as follows:
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P .. K—2 .
A = —?/{6& sinh (2&;), A9 = — i Petsinh (261),
(16)
_ P s _ T2 e
Az = € sinh (2£1), Ags = T Pe sinh (2¢) .

By substituting the expressions (12) in expressions (10) and (11), one obtains
the components of the displacement vectors and stress tensor of form:

H_
2

2
i=e¢ {(AH — A2) sinh ¢ sin? n— |:(/€ —1) A — Aoy | sinh € cos? n

3k —4
— F&2 Agy cosh € sin® 77} + e3¢ {3 (A13 — Ag3) sinh ¢ sinnsin (3n)
K—2 .
- [(Fa —1) A3 — 5 A23:| sinh & cos 7 cos (3n)
3k—4

Ags cosh £ sin iy sin (377)} )
(17)

v=¢e¢¢ {= (A11 — Ag1)sinh&sinncosn + [(k — 1) Aqp cosh &+

-2 —4
(H 5 cosh & —3R2 sinhf) A21:| sinncosn}

K —

2
A
5 4123

e3¢ {—3 (A1 — Agz) sinh ¢ sinncos (3n) + [(n —1) A3+

k—4
2

x cosh & sinncosn— Aag sinh € cosn sin (3n) } .

h2
;0055 = e {[kA11 + 2 (k — 2) Ag1]sinh € cos®

+[(k —2) A1 + 2 (k — 1) Agy] cosh&sin® ) — 2 (A1; — Agp) sinésin®y

4sinh2 f (A11 — A21)
* cosh (2§) — cos (2n)

[Sinh € cos®n — cosh & sin? 17] }

+3¢7% {[kA13 + 2 (k — 2) Agg] sinh € cosncos (3n) + [(k — 2) A1z
+2 (k — 1) Ags] cosh & sinnsin (3n)—6 (A13 — Agg) sin € sinn sin (3n)

4sinh2 f (Alg — Agg)
cosh (2€) — cos (27)

[sinh & cosn cos (3n) — cosh{sinnsin (3n)]},
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2
}:?Urm =e ¢ {[-(k—2)A11 —2(k — 1) Ay] sinh € cos® 7

+ [kA11 — 2 (k — 2) Ag1] cosh Esin?n + 2 (A1 — Asp)sinésin?y

4Sinh2§(A11 - Agl) . 9 e
_ . o
cosh (26) — cos (2q) (S0 coshsinn]}

+3¢7 3 {[— (k — 2) A3 — 2 (k — 1) Ag3] sinh & cosncos (3n) — kA3
+2 (k — 2) Ags] cosh & sinnsin (3n)+6 (A3 — A23) sinh £ sin 7 sin (37)

4sinh? ¢ (A3 — A
B czlsil (225 —lios (2373)) [sinh § cos  cos (3n) — cosh ¢ sinnsin (3n)]},

(18)
h?
Tf Ten = € ¢ {— [8A11 +2 (K — 2) Az coshEsinncosn

+ [kA11 + 2 (k — 1) Agy]sinh sinncosn

4sinh2 f (AH — Agl)

cosh (2€) — cos (2q) oS E st cos i sinhEsin g cos ]}

+3e73 {— [kA13 4+ 2 (k — 2) Ags] cosh & sin 7 cos (3n)
+ [kA13 + (k — 2) Ags]sinh € sin (3n) cos n+6 (A13 — Aas) sinh € sin 7 cos (3n)

4sinh® € (A3 — Ags)

cosh (26) — cos (2n) (O E s cos (3n) + sinh&sin (3n) cos ]}

From (16), (17), (18), the numerical values of the displacement vector and stress
tensor components are obtained at any point of the body.

3.2. The second problem

The second problem (internal problem) is considered on the area Q3 =
{0<¢ <&, 0<n<n} given in Fig. 4 with the following boundary conditions:

n=0: v=0, u,=0, (19)
n=m: ©=0, u,=0, (20)
£E=0: =0, v =0, (21)
=6 o =0-juln), e =sn@)P-gul). (22
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Here g11 (n) = %055 e’ g12(n) = %7’577 e where o¢¢ and ¢, are the solution of

the first problem (1). (2). (7)-(9). Continnitv conditions of the nroblem solution,
symmetry conditi

The solution of this probiefff # prescited R Adrthiic functions ¢ and ¢o:
= [sinh? & cosh € (o1, + pa,e) + (K — 1) sinh o) cosn
— [cosh® & sinh € (@16 — o) — (1 — 1) cosh &y ] sin,

v = — [cosh® & sinh & (@1, + o) + (k — 1) cosh £pa] sinn >

— [sinh2 &1 cosh§ (g1, — o) — (k — 1) sinh ] cosn.

Kl . .
- - h h
cosh (26) — cos (21) (@16 — p2,y) cosh&sing + (1, + pa¢) sinh & cosn],

Kb , .
= - h - h .
T oo o (P16 — ) sinh €0 — (o1 + ea)cosh s

By substituting the expressions (23) for the displacement vector and the expres-
sions for the divergence D and the rotor component K in Hooke’s law (2), one
obtains the components of the stress tensor of form:

;0055 = [2 sinh® &1 (@16 — P2.m) cosh & — ((k — 2) 1,5 — K2 ¢) sinh €] cosn

+ [2 cosh? &1 (@1, + 2.en) Sinh & + (k@1 ¢ + (K — 2) pa) cosh ¢ siny

4sinh inh (§; —
B Slzos(él(;f)g)—szs g;) < {(pre = pa.n) cosh&sinnt (p1 + pae) sinh & cos

hd . .
;Oa,m =—12 sinh? &1 (1.6 — P2.) cosh € — (kg1 — (K — 2) pa¢) sinh ¢] cosn
— [2cosh? &1 (01 + p2.eq) sinh & + ((k — 2) P16 + Kp2,y) cosh €] sing

4 sinh inh (&1 —
SH;OS(EI(;;)& )_SLI;S Eg;) ) {(¢1.6 — pan) cosh&sinn+ (p1, + @ae)sinhé cosn},
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hg 2 : dp1  Ops :
;Tgn— [2cosh &1 (1,6n — P2,9n) sinh & ((n 2)8—77 ﬂa—g cosh ¢ | sinn

d d
+ [2 sinh? & cosh & (01, + P2.6e0) + <I€521 +(k—2) 8(’;72> sinh 4 cos (24)

4sinh (& + &) sinh (& — €)
cosh (2€) — cos (21)

{(p1,¢ — 2,7) sinh & cosn —(p1,5 + p2,¢) coshEsinn} .

By employing the MSV and taking into account the boundary conditions (19),
(20), (21) we can write harmonic functions ¢1, @2 in the following form:

_ - sinh (ng) _ = cosh (ng)
p1= ; Bmm sin(nn), @2 = ; anm cos (nn) . (25)

It is purposeful to substitute boundary conditions (22) with the following equiv-
alent conditions:
2 . .
— (cosh &; sinnoge + sinh &1 cos n7ey)
7
= sinh (281) (1. + P2.6n) + Kp1e + (B — 2) P2,
2 . .
— (sinh & cosnoge — cosh & sinnrey)
I

= sinh (2£1) (@1,577 - 902,7777) —(k—2) ©1,n + KP2¢,

i.e. conditions (22) will be described as follows:

sinh (261) (1, + 2.en) + K1 + (K — 2) 2y
= (—cosh & sinngyy + sinh & cosn (sin (2n) P — §12)) ,
sinh (261) (p1,en — P2,m) — (K = 2) 015 + Kpae

= (—sinh & cosngin — cosh & siny (sin (2n) P — g12)) ,

By inserting (25) in (26), we obtain:
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= inh (n
Z |:—Tl2 sinh (261) CSOSh((TLgl)) (Bln + BQn)

n(m (kB1n — (k — 2) Bay) } sin (nn) Z Fyp,sin (nn)
(27)
= . cosh (ng)
; [n2 sinh (2¢1) cosh (néy) (B1in + Bay)
_nm ((k —2) Bin — £Bay) } cos (nn) Z Fy, cos (nn)

where F,, = 2 [" Fy (n)sin (nn) dn and Fy, = 2 [7 F5 (n) cos (nn) dn are the coef-
ficients of expansion of functions:

Fy (n) = —cosh & sinngyy + sinh & cosn (Psin (2n) — g11 (n))

and
Fy = —sinh §; cosng11 — cosh &y sinn (Psin (2) — g12 (7))

into Fourier series (F} (1) - according to sinuses and Fj (1) - according to cosines),
respectively.

After equating the expressions at the same trigonometric functions in both sides
of equations in (27), we obtain an infinite system of linear algebraic equations to
unknown quantities By, and Bsy,,.

5 . sinh (n§) cosh (nf) 2 o sinh (n¢)
|:—7’L sinh (2§1) m m{cosh(n&)} Bln - |:’I’L sinh (2§1) m
cosh (ng) oz
+n(l€—2)m BQn*Flna
(28)
) cosh (n§) sinh (ng)
[nQ sinh (2&1) cosh (né1) (k—2) cosh(n&)] Bin

cosh (n) N cosh (nf)

2 .
+ [n sinh (260) S ne) T cosh (ne))

:|B2n:F2n, n:1,2,....

As one can see, the leading matrix of system (28) is a block-diagonal one (See
Fig. 5).

The dimension of each block D;, i =1,2,...1is 2 x 2 and det D; # 0, while when
i — 00, det D; — M, where M # 0 is the finite number.

Let us find By, B, from (28), and we will obtain the following expressions of
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Dy

[ ]

Figure 5. Image of the leading matrix

the displacement vector and stress tensor components from (23)-(25):

Z { [n sinh? & coshf Smh( £) (Bin + Ban)

= sh (ng1)
+(k—1)si h§ cosh ((;f)) Bgn:| cosncos (nn) — [n cosh? & sinh & COSh((Zé))
X (Bin + Ban) — (K — 1) cosh{ilslfll((:i))Bln] sin 7 sin (my)} ,

U= i {— [n cosh? &; sinh & smh(( ?) (Bin + Ban)
n=1

h
+ (k — 1) cosh 5((;);}1((;?1))324 sin 7 cos (nn)
cosh (nf)
— [n sinh? & coshﬁm (Bin + Bay)

— (k= 1)sinh 522}}11((361))314 cos 7 sin (m))} .

h2 i . h

;OO'&‘ = nzl { I:an sinh? & Coshfm (Bln + Bgn)

_ sinh (n&)
—nNn Slnhgm ((H - 2) Bln - HBQTL)

4sinh (&1 + €) sinh (§; — ) sinh € sinh (nf)

cosh (2€) — cos (27) cosh (n&;) (Bin + Bay) | cosncos (nn)
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sinh (n&)
cosh (n&;)

+ | —2n? cosh? & sinh & (Bin + Bay)

cosh (n)

cosh (n&;) (1Bin = (= 2) Bon)

+n cosh &

4sinh (& + &) sinh (& — &) cosh & cosh (ng) o
T cosh (2€) — cos (2) cosh (n&) (Bin + an)] sin 7 sin (m])} ,

h3 - h
—Oann = Z { [—2712 sinh? & cosh & cosh (ng) (Bin + B2y)

1 — cosh (n&;)
. sinh (n&)
+n Smhfcosh (&) (kB1n — (K — 2) Bap)

4sinh (&1 + £) sinh (§ — £) sinh ¢ sinh (n€)
cosh (2¢) — cos (2n) cosh (n&)

(Bin + Bap) | cosncos (nn)

sinh (n&)
cosh (n&;)

+ |2n? cosh? & sinh & (Bin + Bay)
cosh (n)

—ncoshg cosh (n&;)

((FL — 2) Bln — /ﬁ}BQn)

4sinh (& 4 £) sinh (&1 — £) cosh & cosh (né)
cosh (2€) — cos (27) cosh (n&;)

(Bin + an)] sin 7 sin (mz)} ,

2o s . . cosh(ng)
ZT&) = Z {— [271 cosh” & Smhécosh (&) (Bin + Ban)

n=1

sinh (n¢)

—n cosh & cosh (néy)

((KJ — 2) Bln — liBgn)

4sinh (§1 + &) sinh (§; — £) cosh sinh (nf) ‘
—-n cosh (2€) — cos (2n) cosh (n&y) (Bin + Bay) | sinncos (nn)

sinh (n&)
cosh (n&;)

+ | —2n? sinh? & cosh & (Bin + Ban)
30
cosh (n¢) (30)

inh
s 5cosh (n&1)

(kB1n — (k — 2) Bay)

4sinh (& 4 £) sinh (&1 — £) sinh € cosh (né)
——— (2£) — cos (2n) cosh (n&;)

(Byn + an)] cos 7 sin (nn)} :

From (29), (30), we obtain the numerical values of the displacement vector and
stress tensor components at any point of the body, where By, Bs, is the solution
of system (28).
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Note. To obtain the solution of infinite system (28), n =1,...,15.
The sum of the solution of the first problem and solution of the second problem
is the solution of problems (1)-(6) (i.e. tensions and displacements at any point of

the body).

4. Setting and solving concrete problem for a whole ellipse

Let us set the boundary value problem for a semi-ellipse when the continuity condi-
tions (symmetry conditions) of the solution are given at the linear boundary which
means that it is possible to bound the semi-ellipse into a whole ellipse. So, let us find
the solution of system of equations (1) in the area Q) = {0 < ¢ < &,0<n <7}
(Fig. 2), which meets the following boundary conditions:

n=20 v=0, u,y =0, (31)

=7: =0, u,=0, (32)

£E=0 u=0, v¢ =0, (33)
h2 h?

E=&: ;Oagg =0, ;07&7 = sin (27) P. (34)

The components of the displacement vector and stress tensor are given by har-
monic functions ¢; and 2, and are presented by formulae (23), (24).

By employing the MSV and taking into account the boundary conditions (31),
(32), (33), we can write functions ¢; and @3 in the following form:

B - sinh (n§) . B > cosh (n¢)
Y1 = Z Blnm sin(nn), @2 = zzl Bgnm cos (nn) . (35)

n= n=

Like with the second problem of the previous paragraph, we will here substitute
boundary conditions (34) with the equivalent:

sinh (2&1) (@1,9n + ©2,6n) + E@1e + (K — 2) 2, = sinh & cosnsin (2n) P,

(36)
sinh (2&1) (¢1,6n — P2,m) — (& — 2) Y1,y + K2 = — cosh & sinysin (2n) P.
By inserting (35) in (36), we obtain:
> 9 . sinh (n&)
- h(2§1) ———=% (Bin + Bay
7; { n” sinh (2¢;) cosh (n1) (Bin + Ban)
—i—nccsssﬁl(%é)) (kBin — (k — 2) Bgn)] sin (nn) = sinh & cosnsin (2n) P,
(37)
> {n2 sinh (2&;) C(:(?Ssﬁl&é)) (Bin + Ban)
n=1

—nci:}}ll((gé)) ((k —2) Bip, — IQBQn)] cos (nn) = — cosh & sinnsin (2n) P.
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After equating the expressions at the same trigonometric functions in both sides
of equations (37), we obtain the following infinite system of linear algebraic equa-
tions to unknown quantities By, and Bo,.

[— sinh (2£1) iﬁféf) + “ffssﬁl((sl)ﬂ B - [Smh (261) nggfl?% )>

+(k—2) CC::&(&))} By = £sinh (&),

cosh(§ sinh(§ cosh(&
[smh (261) somne )) (k —2) Cosh((&))} By + [Slnh (261) cosh(§1))

RS | B = —§ cosh(@).

3 [ 3sinh (2&) cscigflll(‘g?gl)) + K gsssﬁl((gé))} Biz -3 [3 sinh (2¢7) CSS;}: (g’g)

3 [3sinh (261) 5 — (n — 2) SHeEs| Bus + 3 |3sinh (261) SGE)

+"€CCC?SSI?(( ))} Bas = 5 L cosh (fl)

The values of displacements and stresses are calculated formulae (29), (30) at any
point to be considered, where By, Ba,, n = 1,3 are the solution of system (38).

5. Numerical examples and discussion

By using MATLAB software, the numerical values of the displacement vector and
stress tensor components were obtained at the points of a) the ellipse weakened
with the crack and b) the ellipse without cracks (whole ellipse), and the 3D (See
Fig. 6-9) and 2D (See Fig. 10-17) graphs of displacements and stresses distribution
respectively.

Numerical values are obtained for the following data:r = 0.3, E = 105kg/em?,
P = —10kg/em?, & =0, & = 1.

Fig. 6 shows 3D graph of distribution of the stress tensor components in semi-
ellipse and Fig. 8 shows 3D graph of distribution of the components of a displace-
ment vector, when variable tangential stress is given at £ = 0 (i.e. on the section
between the focuses) and normal stress equals to 0, while Fig. 7 and Fig. 9 show
the relevant graphs of the same components when there are symmetry conditions
given on the section between the focuses.

Fig. 10 and Fig. 11 show the graphs of components of the stress tensor o¢e, oy
and 7¢,, whenn = Jorn= 5 orn= %TW and 0 < ¢ <& =1 (See hyperbolic lines in
Fig. 18), in particular, when there are tangential stresses (Fig. 10) and symmetry
conditions (Fig. 11) given on the section between the focuses. As expected, in both
cases (we mean the boundary conditions on the section between the focuses), the

graphs show that the values of stress ogcon n = 7 and n = —” are the same, and
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semi-ellipse when tangential stress is given at £ =0
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Figure 7. Distribution of o¢¢, 0ny and 7¢, in semi-ellipse when symmetry conditions are given at £ =0

the values of o), are also the same, while the values ofrg,, differ with the sign only

and are very little (almost 0) at n = 7 .

Fig. 12 and 13 show the graphs of u and v, the components of a displacement
vector when n = T ornp = 5 or n = %’r and 0 < & < & =1 (See Fig. 18). The
graphs show that the values of displacement u are the same at n = 7 and n = %T’T
and the values of displacement v differ with the sign only and equal to 0 at n = 5
as it was expected.

Fig. 14 and 15 show the graphs of o¢¢, 0y and 7¢,in both cases when £ = % =

% and 0 < 7 < 7 (See elliptic line in Fig. 18) , while Fig. 16 and 17 show the graphs
of v and v for the same values of ¢ and 7.
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Figure 9. Distribution of u and v in semi-ellipse when symmetry conditions are given at £ =0
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Figure 10. The components of the stress tensor obtained for fixed n = %, n=
changes (0 < & < ¢; = 1) when tangential stress is given at £ =0

and when &
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Figure 11. The components of the stress tensor obtained for fixed n = g, n= g and n = %T and when &
changes (0 < ¢ < & = 1) when symmetry conditions are given at £ =0

Figure 12. Components of a displacement vector obtained for fixedn = 7,7 = 5 and n = :%r and when
Echanges (0 < € < & = 1) when tangential stress is given at £ =0

Figure 13. Components of a displacement vector obtained for fixed n = 7,7 = 5 and n = 3{ and when

Echanges (0 < ¢ < & = 1) when symmetry conditions are given at £ =0
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(c)
Figure 14. Components of stress tensor obtained for fixed & = % = %
and when 7 changes (0 < n < 7) when tangential stress is given at £ = 0.
(a) (b)
(c)
Figure 15. Components of stress tenzor obtained for fixed £ = 515‘5“ = %
and when 7 changes (0 < 1 < w), when symmetry conditions are given at

£=o.

It is known that in the problem, there is a line of symmetry if the elastic prop-
erties of the material, the geometric configuration of the boundary and loading
conditions are symmetric with respect to this line. The elastic properties of a ho-
mogeneous isotropic body are the same at all points and in all directions; so it
remains only to follow the last two requirements. The presence of the line of sym-
metry leads to two physical effects. First, there are no normal (relative to line)
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Figure 16. Components of a displacement vector obtained for fixed £ =

& ;50 = % and when 7 changes (0 < n < 7) when tangential stress is given

at £ =0.
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Figure 17. Components of a displacement vector obtained for fixed { =

&1-% ;50 = 1 and when 5 changes (0 < 1 < 7.) when symmetry conditions

are given at £ = 0.
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Figure 18. Semi-ellipse with elliptic and hyperbolic lines

displacements on it, and, second, there are no tangential stresses acting along
it. It is obvious that in problems (1)-(6), there is a line of symmetryz = 0, i.e.
axesy(n = m/2). Therefore, tangential stresses 7¢, equal to zero for all values of
Cat n = 7/2 (see Fig.10 and Fig. 11). Also, normal displacementsv, relative to line
symmetry n = 7/2, equal to zero for all values of £ at n = 7/2 (see Fig 12 and Fig.
13).

It should also be noted that the absolute values of normal and tangential dis-
placements and stresses when tangential stress acts on the section between the
focuses, are higher than in terms of symmetry conditions along the same section.
This can be explained by the fact that the excitation applied to the internal sec-
tion of the ellipse causes the weakening of the body and increase in the normal and
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tangential displacements and stresses in it.

6. Conclusions

The principal outcomes of the present paper can be summarized as follows:

(1) Mathematical modeling of the boundary value problem of the theory of
elasticity for the elliptic body with an internal crack by setting a problem
in the elliptic coordinate system.

(2) Reduction of the solution of the set problem to the solutions of the rele-
vant, internal and external problems, which can be solved analytically quite
simply by the method of separation of variables.

(3) Obtaining the numerical values of the components of stress tensor and
displacement vector at the points of the ellipse and the ellipse weakened by
an internal crack.

(4) Visualization and discussion of the obtained results.

The calculations and graphs were made by using MATLAB software.

As the bodies of an elliptic shape are common in practice, e.g. in building, me-
chanical engineering, biology, medicine, etc., the study of the deformed mode of
such bodies is topical and consequently, in my opinion, setting the problems consid-
ered in the article and the method of their solution is interesting from the practical
point of view.
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