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1. Introduction

Let X = (sz), e Xr(f ), ¢ = 1,...,p, be independent samples of size
ni,na,...,ny, from p > 2 general populations with distribution densities
fi(z),..., fp(x). It is based on sample X@ §=1,...,p, checking two hypotheses:
the homogeneity hypothesis

Ho: fi(z) == fp(2)

and the goodness-of-fit hypothesis

Hy: fi(z) == fp(z) = folz),

where fo(z) is the completely defined density function. In the case of the hypothesis
Hy, the general density of the distribution fy(x) is unknown.
In the present paper, the tests are constructed for the hypotheses Hy and H|)
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against the sequence of close alternatives:

Hy - fz(l') = f(](.%') + Oz(TL())(,Oi(QT),

a(ng) — 0, np =min(ny,...,n,) — o0,

/cpi(a:)dxzo, i=1,...,p.

We consider the test for the hypotheses Hy and H(, based on the statistic
P R 1 & N 9
T(ni,n2,...,np) = ZNZ/ [fz(x) % ZNjfj(sc)} r(z)dz, (1)
i=1 j=1

where ﬁ(x) is a kernel-type Rosenblatt-Parzen estimator of the density of the
function f;(z):

~ a/Z

filz) = ZlK(ai(x — Xj(i))), N, =
7 =

E7 N:N1+...+Np_

n; 4 Qaj

The particular case p = 2 is considered in [1] and [7]. Then the statistic T" takes
the explicit form

Tnm) = 5 n [ (Fi@) = a@)’r(z) da.

2. Preliminaries

We consider the question concerning the limiting law of the distribution of statistic
(1) for the hypothesis H; when n; tends to infinity so that n; = nk;, where n — oo,

and k; are constants. Let a1 = az = --- = a, = a,, where a,, — 00 as n — oo.
To obtain the limiting law of distribution of the functional T, = T'(n1,...,ny),
we make assumptions as to the functions K (x), fo(x), vi(z),i=1,...,p, and r(z):

(i) K(x) > 0, vanishes outside the finite interval (—A, A) and, together with
its derivatives, is continuous on this interval or absolutely continuous on
(—00,00), 22K (z) is integrable and KM (x) € L;(—00,00). In both cases
[ K(z)dz =1.

(ii) The density function fo(z) is bounded and positive on (—o0,00) or it is
bounded and positive in some finite interval [c,d]. Besides, in the domain
of positivity it has a bounded derivative.

(ili) Functions ¢;(z), j = 1,...,p, are bounded and have bounded derivatives
of first order; also @El)(az) € Li(—00,00).

(iv) The weight function r(z) is piecewise-continuous, bounded and r(x) €
Ll(—O0,00).
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3. Statements of the main results

Theorem 3.1: Let the conditions (1)—(iv) be fulfilled. If o, = n1/2qp/* (an =

a(ng)), nlay* =0 asn — 00, then for the hypothesis Hy the random variable

a,ll/2(Tn — p) has the normal limiting distribution (A(p),o0?), where

Al) =30 [ i) = = S hios(a)] r(w) d,
i1 j=1
o2 =2(p— 1)/fg(x)r2(x) dx - R(Kyp), Ko=K K,

uz@—n/mmmww»mm,mm:/fwma

k=k + - +ky p>2.

The conditions of Theorem 3.1 as regards a,, and «,, are fulfilled, for instance, if
it is assumed that a, = n’, a, = n~Y2T/4 for 0 < § < % )

Corollary 3.2: Let the conditions (i), (ii) and (iv) be fulfilled for K(x), fo(x)
and r(z), respectively. If n=ta2 — 0, then the random variable a}/Q(Tn — ) for the

hypothesis H}, has a normal limiting distribution (0,0?).

Using this corollary we may construct the test for the hypothesis H|; the critical
domain for testing this hypothesis is defined by the inequality

T, > dp(a), (2)
where
dp(a) = p+ a;l/Q o Aas

Aq is the quantile of the level 1 —a, 0 < oo < 1, of the standard normal distribution
d(x).

Remark 1: The particular case p = 2 of criteria (2) is considered in [1, p. 43].

Corollary 3.3: In the conditions of Theorem 3.1 the local behavior of the power
Py, (T, > dp(«)) is as follows: for n — oo

Py, (Tp > dn(@)) — 1 — @()\a - A(‘p)).

g
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We introduce the notation

F
7, = / f2(x)r(x) de,
2 1 P 2 2 2 2
s= s 8= [Pere
=1

Theorem 3.4: Let all the conditions of Theorem 3.1 be fulfilled. Then
a}/2(Tn — pn)o, b for the hypothesis Hy has a normal limiting distribution

(A()o~t, 1), where
pn = (p = VR(K)fi,, on =2(p— 1)R(Ko)A}.

Corollary 3.5: Let the conditions (i), (i), (iv) and n=1a2 — 0 be fulfilled. Then
the random variable

a711/2 (T — Nn)ggl

for the hypothesis Hy has a normal limiting distribution (0,1).
This result allows us to construct the asymptotic test of the hypothesis testing

for Hy : fi(z) = --- = fp(x) (hypothesis of homogeneity); the critical domain is
established by the inequality

T, > dn(a) = Un + a;l/QO_n)\O” (3)

where ), is a quantile of the level 1 — « of the standard normal distribution ®(x).

Corollary 3.6: In the conditions of Theorem 3.4 the local behavior of the power
Py, (T, > dp(«)) is as follows

Py, (Ty, > dn(@)) — 1= ®(Ay — A(p)a ).

Suppose 0<inf<1 fo(x) > 0 and r(z) = fy'(z), 2 € [0,1] (= 0, z ¢ [0,1]). In this
_x_
case for the hypothesis Hy, random variable a,ll/ 2 (T, — o) has the normal limiting
distribution (A(p),03), where

uoz(p—l)/KQ(u)du, 0(2):2(p—1)/K3(u)du.
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Let us introduce

S
3

Theorem 3.7: Let the condition (1)—(iv) be fulfilled. If o, = n~2al/" and
n_lag/2 Inn — 0 as n — oo, then random variable a}/2(fn — o) for the hypothesis

Hy has the normal limiting distribution (A(p),03).

Corollary 3.8: Let the conditions (i), (ii) and (iv) be fulfilled. If n"1a3 Inn— 0,
then the random variable a}/g(fn — o) for the hypothesis Hy has normal distribu-

tion (0,03).

This corollary allows us to construct the asymptotic test of the hypothesis testing
for Hy : fi(z) =--- = fp(x); the critical domain is established by the inequality

~

Tn >

S

w(@) = po + a2 X\ ,00, (4)

where )\, is a quantile of the level 1 — « of the standard normal distribution ®(z).

Corollary 3.9: In conditions of Theorem 3.7 the local behaviour of the power

Py, (T, > En(a)) is as follows

Py, (To > dp(0)) —+ 1 — @()\a - A(‘P)). (5)

00

Remark 2:

(a) The test (2) of testing hypothesis H|, against alternative Hy : fi(z) =

fo(z), fi(z) = fo(x) + anpj(x), j = 2,...,p, is asymptotically strictly
unbased, since A(¢) > 0 and equals 0 if and only if, when ¢;(z) = 0,
j=2,...,p.

(b) The tests (3) and (4) of testing hypothesis Hy against H; is asymptotically
strictly unbased, since A(¢) > 0 and equals 0 if and only if, when ¢;(z) =
pj(x),i#j,4,5=1,...,p.

4. Proofs of Theorems 3.1, 3.4, 3.7

Proof of Theorem 3.1: Let us represent T}, as the sum

Tn = T'y(Ll) + Aln + AZna



30 Bulletin of TICMI

where
n — 1 ~ 2
T — - Zkz/ [fl(a:) Efi(x) — ?Zk] (fi(z) — Ef](:v))] r(z) da,
™ i=1 j=1
n <& ~ 1 .
Aip=2— Z kz/ [fi(x) — Efi(x)] [Efz(l‘) -z Z kjEfj(@}T(iB) de,
" i=1 J=1
Aoy, = " Zkz/ {Eﬁ(x) — ]i Zk:]EfJ (.f(})] 27’(3:) dx
" oi=1 j=1

Here and in what follows E(-) is a mathematical expectation with respect to the
hypothesis H;.
It is not difficult to see that

1
~ n t
Efi(a:):an/K(an(a:—u))fo(u) du+ancpi(x)+:/tK(t)/gpl(-1) (x—a—z) dz dt.
n 0 n
This relation implies
nao? nao?
Aon = n An(¢)+0( a? )
Hence, since \"/Z—Z = 1, we obtain
na? 1
n A n — A T =A — )
VA = Ale) + O(755 ) = Ate) +0( ) (6)

where
p 1 p 2
46) =30 [ o)~ Lieso)] riarde

Now let us show that a}/ 2A1n — 0 in probability. For this it suffices to show that
a,lh/2E\A1n| — 0 as n — co. We have

E|Ay,| < (BAT)V? =
P 2 1/2
—2 BE( | (fiz) - Efi(2)) Ai(z)r(z) dz } ,
e/ i) )
where

~

Ai(z) = Ef(z) — ; S KBS (2).
j=1
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Further, it is easy to calculate that

E[/Uﬁm—Eﬁ@»Axmmmd4 < [/mex X! )A()()d%%

Therefore

Bl < cw{ Zk [ st [ Kt - ) de] }/ )

Since sup |4;(z)] < coay, for all i = 1,...,p and r(z) is bounded, from (7) we

obtain

n Oy, 1
a%ﬂ&ﬂ§@¢;2:0(w)
an an

Hence
at/? Ay, = 0,(1). (8)

Let us now proceed to the calculation of the limiting distribution of the functional
T7(L1):

E_jk/[ - Bfie) = 4 S k(B Efj())r()dar, (9)

J=1

whereE:k1+~~+k:p.
After performing some simple transformation in (9), we obtain

1= [Z(\f (Fia)— Eﬁ<x>))2— (ZafT @(x)—EEm)ﬂr(x) d,

=1

2 __ ki
where o = FFTh, -
Let

Then
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where |a| is the length of the vector a = (a1,...,ap).
There exists an orthogonal matrix C = ||¢;l|, 4,5 = 1,...,p, depending only on
k1, ko, ..., kp, for which

== | ———— i=1,...,p.
CPZ Q5 k1+"'+kp, ? ) D

Since under orthogonal transformation the vector length does not change, we
have

p 2
Tél) = / [\CZ!Z — (jz:;aij(x)) }r(m) dx
p—1 P 9
i=1 j=1

Let F;(x) be a distribution function of the random variable X fi) and let ﬁn (x)
be an empirical distribution function of the sample X = (X fz), e XT(J ).

Further, by Theorem 3 in [5] we can write that

B, (x) — Fi(z) = n; PWOF) + W (a), (11)
Inn
MW — of 7.
—oosilf<o<> |€n ($)| O( n >7

W2(t),i=1,...,p, are the independent Brownian bridges depending only on X (@),
Using (11), it is easy to establish ([4], [8]) that

Zila) = \/7T (@) - Efi(@)) = &(2) + P (2), (12)

sup (e )] = 0y (),

—oo<r <00 na;l

where
() = alf? / K(an(z —w) dWO(Fi(w)), i=1,....p,

then by virtue of (12) we can write

Y ciiZie) =) ciéx) + e (@), (13)
j=1 j=1

swp [0 = 0y ().

—oo<r<o0 \/ na,r_L
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Further, &;(x) can be represented as

() = af? [Kmn(x —0) = [ Klante = w) ary()| ay (),

where Wj(t), j =1,...,p are independent standard Wiener processes on [0, 1].
From this representation it follows that

sup Efjg(:):) <oo, j=1,2,...,p.

—oo<r<oo

From this we have

p—1 P
A, = Z;/X;CU &i(x)r(x) dz

is uniformly bounded in probability, i.e. P{|A,| > M} — 0 as M — oo uniformly
with respect to n.
Therefore

= op(1), (14)

. . a9/2
since, by assumption, =2— — 0.

Thus, from representations (10) and (13), and also from relation (14), we find

a3/2 In’n
Var (T = T) = 0,(1) + 0, (7). (15)
where
p—1 D
7@ = Z / (Zcijgj(t))zr(t) dt.
i=1 j=1
Denote
() = alf? [ K(anlt - ) aWi(Fi(w).
p—1 P 9
T® — Zl/ <J21 iy (1)) r(e)d,
ei(t) = al/?Ww;(1) / K(an(t —u))fi(u) du.
Then

ay/* (T2 — T3) = 0,(1). (16)
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Indeed,
p—1 p P
EIT® -1 <2)° E’ / > eimi ) ciren(t)|r(t) dt
i=1 j=1 r=1
p—1 P 9
+ ZE/ (Zcijej (t)) r(t)dt = B{) + B®. (17)
i=1 7j=1
It is easy to check that
B?) < caayt

Let us now estimate B7(11). We have

B <2pzl [Ep]cijcmmwruﬂv [/\I/T(t)K(an(t—u))r(t) dt] AW, (F))
i=1 L jr

s2§f§3§fww%~{/(/wxwxnmu—u»mwdﬁzdﬂ@o}wzs%%f,

i=1j=1r=1

where
U, (t) = /K(z)fr(t — za;Y) dz.

So, substituting the estimators of the expressions B,(f) and B,(f) into (17), we obtain
statement (16).
Denote

00 = alf? [ K(an(t = ) awi(r),
where Fy(z) is a distribution function with density fo(x). Since F;(x) = Fo(z) +
anUi(z), Ui(l)(m) = @i(z) and, by assumption, @;(x) is bounded and KM (z) €

Li(—00,00), we have

E(n;(t) —12(£))* = Oanam),

(18)
E(n;(1))* = O(1),

uniformly with respect to t € (—o0,00) and j, j = 1,...,p. Indeed, we have

E(n(t) - n)(1))*

=%E(/O%wx%a—w»—wwmmawﬂwOKmmeQ
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San/‘Fj(an(t—a:))—Fo(an(t—x)) KW (2)| da ./yKU)(x) dx < Cen i,
and also
BORO = an [ K¥anlt ) fole) do < max fo(o) - [ K(w)do
Further, using (18) and the Cauchy—Schwarz inequality we establish that

Van E|TY = TW| = O(an/an ) + 0(a3?ay,), (19)

where
p—1 p 9
10 =3 [ (Y o) sy ar
i=1 j=1

Let us now study the limiting distribution of the functional TT(L4).

The processes n?(t), j =1,...,p, are independent and Gaussian and therefore
P

the new processes Y cl-jn?(t), 1 = 1,...,p, are also independent and Gaussian
j=1

by virtue of the orthogonality of the matrix ||c;j||. Therefore to find the limiting

distribution TT(L4) it remains to establish the limiting distribution of the functional

Uéi) - / (Zp: cijn]Q(t))QT(t) dt
j=1

for every fixed ¢, i =1,...,p— 1.

. p
The covariant function R (t1,t2) of the Gaussian process Y cijn? (t) is equal to
j=1

p
B (t1,t2) = ) el Enj(t)n] (t2).
j=1

However,
En}(t)n; (t2) = /K(U)K(an(tl — ) +u) foltr — a; ') du
= fo(t1)Ko(an(t1 — t2)) + O(a, '), (20)

where the estimator O( -) is uniform with respect to t1, to and Ky = K * K.
From (20) it follows that

R (t1,12) = fo(t) Ko(an(ts —t2)) + O(a, ). (21)
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A semi-invariant Xff)(s) of order s of the random variable U}\” is defined by the
formula [3]

XV (s) = - 2°7 1/ / R (21, 22) R (2, 3) - - - R (w5, 1)

x r(xy)r(zg) - -r(xs)dry deg - - - dxs. (22)

Using (21) and (22) it is not difficult to establish that

(23)
Var U = x(2) = 2R(Kp)a 1/f0 (z) da + o(a, "),

and the s-th semi-invariant Xff)(s) is equal, with an accuracy of terms of higher
order smallness, to [3]:

(s = 1127 (g, ) K « K]®(0) /fc?(w)rs(fc) dz, (24)

where [K * K]®)(0) means an s-fold convolution of Ko(z) with itself.
From relations (23) and (24) it follows [3] (see also [8]) that

(0 -t [ o)

has a normal limiting distribution with mathematical expectation 0 and dispersion
R(E) [ i@ du, Rg) = [ (o)

and therefore \/a, (T7(L4) — 1) has a normal limiting distribution (0, 0?).
Finally, taking into account (6), (8), (15), (16), (19) and the representation

ay/ (Lo = w) = a2 — ) + Alp) + O ?) + 0,(1)
a2 1n?n 3/2
0, () 4 0y (an/an) + 0@ ). (25)

we conclude that a}/ 2(Tn — ) has a mnormal limiting distribution

(A(p),0?). O
Proof of Theorem 3.4: It is obvious that

a2 (T =)o, = (T — o™ (o0, ") + ay/* (1 — pn)o, "
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Therefore it suffices to show that

al/? <un - / Fol)r(2) dm) — o,(1)

and

- / f2 (@) (@) dz = 0y(1).

37

(26)

(27)

But (27) immediately follows from Theorem 2.1 of Bhattacharyya G. K., Rous-

sas G. G. [2] (see also [8], [6]).
Let us prove (26). We have

1”E‘/f 2)ds ~ [ foayr(

< ai/QE' / (f2() — Ef2(0))r(x) da| + a/? / Ef2(2) — fol@)|r(e) de

= Aln + A2n-

It is not difficult to check that

Aoy < cr(ap 2 4 Vfan ay,).

Further, we have

A < ai/QEW( / (fi(x) = Efp(2))r(x) d:c)2

9y 1/2 N1
<08a lrilaz{p{ /f] du(/K u—)dt) } ch(?) .

Therefore

1/2
A1n+A2n§610< 1/2+\/anan (i:) > — 0. O

Proof of Theorem 3.7: For proving it is enough to state that /a, (Tn—fn)
in probability. We have

Van | T, = T, < L . L2,

1) = var sw 1260) — fo@)l( nk | (i)

—0
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Considering, that Efj (z) — fo(x) = O(a, ') + O(a,) uniformly in , we obtain
Van sup | fo(x) = fo(x)]

< Z ki/ansup |i(a) = Efiw)] + O(a; /%) + O(aw an).

=1

Further, from inequality (2) in [9] (see also [8, p. 43]) it follows that

~ ~ ~ a3 lnny\1/2
Varsup|fj(@) = EJj(@)] < Voa3/” sup |Fj(x) - Fy(a)| = O =7)

n
o0 2
with probability 1, where Vj = \/ (K). From this and by condition % Inn — 0
—00
it follows that
Van sup | f(z) — fo(z)] — 0 (28)
x

with probability 1.
Further, since

inf fo(2)fr(z) = Ao _inf fi(z), Ag= inf fo(z)>0

0<z<1 0<z<1 0<z<1

and

0<z<1

inf fr(z) > Ag— sup |fp(x)— fo(x)],
0<z<1

then from the last and from (28) it follows that L\’ — 0 with probability 1.
Further, we have

ELY = nikz/\/arf, ) dw+— Zk/[Efz ZkEf] } dr. (29)

=1

It is easity to see that

/IVar filz)dx = O(%),
0

Efn(z) = an/K(an(x —u)) fo(u) du + O(aw,).
Because from (29) we establish that

2 n 9 —1/2
EL%) <ci2+ci3 o Qn =12 + c13a, /
mn
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(by condition :z/z% = 1). This means that Lg) is bounded by probability. Therefore,

Van (T, = T,,) = 0 in probability. O
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