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bars we consider static and oscilation problems. We analyze peculiarities of nonclassical setting
boundary conditions.
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Preface

The present paper is devoted to static and oscillation problems of hierarchical
models of piezoelectric transversely isotropic cusped bars in (0,0) approximation.
A special attention is given to analysis peculiarities of nonclassical setting bound-
ary conditions (BCs). Namely, the criteria are established when on one end or on
both ends of the bar no data need be prescribed. Weighted BCs are set as well On
the face surfaces of the bar under consideration stress vectors and outward normal
components of the electric displacement vectors are prescribed, while at the ends
of the bar all the admissible [in sense of well posedness of boundary value prob-
lems(BVPs)| BCs, including mixed ones, with respect to weighted (0, 0) moments of
the components of the mechanical displacement vectors and electric potential, and
(0,0) moments of the components of the stress and electric displacement vectors
are prescribed.

The paper is organized as follows. In Section 1 we compile auxiliary materials
concerning geometry of cusped, in general, prismatic bars with rectangular cross-
sections and double mathematical moments of functions. In section 2 we briefly
sketch field equations of the transversaly isotropic elastic piezoelectric materials. In
Section 3 we derive governing equations of (0, 0) hierarchical model. In Section 4 we
deduce governing equations of one-dimensional particular case of three-dimensional
model. In Section 5 we study BVPs which are solved in the explicit forms. In Section
6 mechanical interpretation of results of analysis of peculiarities of setting BCs for
cusped bars is given. In Section 7 we make some bibliographical remarks.
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1. Introductory section

Let the closure of a domain of R3, occupied by a piezoelectric elastic bar V with
rectangular cross-sections (see [1], [2]) be:

_ \ ) (+)
V= {(56173327333) € R°:0< 23 <L; ha(x3) < 20 < ha(x3),

a=12; L:const} (1.1)

with

(+) (=)
2ha(1‘3) = hg (333) — ha (.’L’g) >0, 0<z3<L, (1 2)

2ha(0) >0, 2ha(L) >0, he € C([0,L])NC*0,L]), a=1,2.

C([0, L)) and C*(]0, L) denote classes of continuous and continuously differentiable
functions on the indicated intervals, respectively. Let 2h; and 2hs conventionally
be the thickness and the width of the bar and their maxima be significantly less
than the length L of the bar (see Figure 1.1).

X3

()
X3 = ha(x3)

X2

X1

Figure 1.1. An example of a cusped prismatic bar with rectangular cross-sections

Since

(£) (£)
r1 = h1 (3}3) and To = h2 (1'3) (1.3)

+
are the face surfaces, clearly, ((1/02 )i, « = 1,2, 4 = 1,2, mean the projections of the
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()
|

() .
normals v, to the face surfaces h, on z;-axis

<(Ijt1)) = i = COS((Ij:]_),CC]_), (].4)
1 (&)
1+ (h13)?
(hi) (*)
+
((Vil)>2 = :Fl’(i) = COS((I/l),:EQ) = (0 since h172 =0,
1+ (h13)?
(1.5)
(£)
@\ . Fhg O (H)
<V1> = ———— =cos(v,x3),
3 (&)
1+ (h13)?
whence, in view of (1.2)-(1.5),
) @)
+1 = 1+(h173)2<V1>1,
() TSy
0=Thio =\/1+ (hs (Vl) , (1.6)
) TSI
Fhiz=\14+( 1,3)2(7/1) ;
(hi) (£)
<(lj:2)> S L Y- 0 since hg1 =0, (1.7)
1 (£)
1+ (ho3)?
1 @) [
(+) + Fhogs
= —— =% 1.8
<V2>2 (:t) ) (1/2)3 (i) ) ( )
1+ (hog3)? 1+ (h23)?

hence, by virtue of (1.2), (1.3), (1.7), (1.8),
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(£) (£) +
0= Fho1 =\ 14 (ho3)? <(V2))1,
() +
+1=\1+ (h273)2 ((1/2))2, (1.9)

(£) (£) (+)
:Fh2’3: 1+(h )2<I/2>3.

+
Note, that also geometrically ((1/62 =0, a#p, o =12
Let further

f(mb €2, l’g) S Cl (V)a
and at points z3, where both the thickness and the width of the bar do not vanish,

i.e. the area of the cross-section does not vanish, we define (0,0) double moment
of the function f and its first derivatives as follows:

(+) (+)
hl (xg) hg (Z‘g)
fo(](.’Eg) = / / f(:Cl,CL‘Q,CL‘g)dCL‘ldIQ, (110)

(=) (=)
hl (1'3) hz (1'5)

(+) (+) (+) (+)
hy (x3) ha (x3) by (3) 9 ha (xs)
3.foo(3) iZ/ /f,3($1,332,363)d$1d962= / dwl[a = /f(361,962,$3)d$2
(=) (=) (—)
ha (x3) h2 (23) hi (x3) hl (z3)
(+) (+) (-) (=)
—f(z1, ha,z3)ha3 + f(x1, ho, x3)he, 3]
(+) (+)
Pa o) S (-)
= foo,3(x3) / f( h1,$2,$3 d$2h13+/ f(h1,x2, x3)dxohy 3
h2($3 h2(x3)
(h“< ) e (z5)
W o -) -)
f(x1he,x3)dx1ho3 + / f(x1, ho,x3)dx1ho3
]’Ll(l'g) hl ((E&)
(3)
= f0073(.733) + f(1'3), (1.11)

where
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) )
h2(373) h2(x3)
(3) (+) (+) (=) (=)
f(x3) ==~ / f(h1, 22, x3)dxohy1 3 + / f(hi, 29, 23)dxohy 3
- )
hz(ﬂ?g) hz(it3)
) oy (2s)
W & -) (-)
- / f(x1ho,x3)dz1he 3 + / f(x1, ho,x3)dx1hy 3, (1.12)
- )
hl(l'3) hl(xd)
W@

hl (Z‘g) hz (l‘g)

1foo(ws) := / /f,1($1,$2,$3)d1?1d932

(=) (=)
h1 (1'3) h2 (1'3)

(ﬁ;(xs) - o )

= / [f<h1,$2,$3> —f<h1,5627333>}d952 = f(x3), (1.13)
(h_2)(903)
C TS

hl (333) h2 (£E3)

2 foo(x3) = / /f72($1,$2,583)d961d$2

-) -)
hi (z3) h2 (23)

+)
hy (z3)
= / [f(xl,(f:;),w:s) - f<332,(h_2),x3>}dx1 =: (J%)(mg). (1.14)
(=)
hy (993)

At the point x3, where the area of the cross-section vanishes, the (0,0) double
moment we define as limit of the (0,0) double moments from points, where the
area of cross-sections do not vanish.

2. Field equations

Let us now consider the transversely isotropic elastic piezoelectric material in the
case when the poling axis coincides with one of the material symmetry axes [3]. Let
it be z3-axis. A material behavior is said to be transversely isotropic if it is invariant
with respect to an arbitrary rotation about a given axis. This material behavior
is of special importance in the modelling of fibre-reinforced composite materials
with a coordinate axis in the fibre direction and assumed isotropic in cross-sections
orthogonal to fibre direction [4] (in our case to poling axis as well, since in the case
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under consideration they coincide, see Figures 2.1, 2.2). The transverse isotropic
model is also suitable for biological applications because it adequately describes
the elastic properties of bundled fibers aligned in one direction [5] (see also [6]).

Us = Ezzpa

_ Ei1111 — Eqnpz

Hr 2

N

X1
X1

Figure 2.2. A bundle of fiber aligned parallel

Figure 2.1. Transverselly isotropic material :
to x3-axis

with the fibers parallel to z3-axis

It is well-known [3] that the electric field that develops in piezoelectrics can be
assumed to be quasi-static because the velocity of the elastic waves is much smaller
than the velocity of electromagnetic waves. Therefore, the magnetic field due to
the elastic waves is negligible and the vector of magnetic induction B ~ 0. This
fact implies that

oB
a =0

So one of Maxwell’s equations of electrodynamics becomes

0B
tE=—~0
"o ot
hence the vector of the electric field
E=—gradX,

where X is the electric potential.

Consequently, considering transversely isotropic piezoelectric continuum, it will
be based on the governing equations of elastodynamics in the case of small de-
formations and quasi-electrostatic fields. Note that piezoelectric materials show in
most cases a crystal structure with a symmetry of hexagonal 6 mm class. In the
case when the poling axis coincides with one of the material symmetry axes these
materials become transversely isotropic. Restricting to the case of time-harmonic
motion with frequency o, i.e., all the sought quantities, s.c. free members of gov-
erning equations, and boundary data are represented as the products of e and
of the same quantities (to avoid redundant indices and symbols we leave the same
notation) depending only on the space variables, we get the following governing
equations (see [7], [3], and also [8], [9])
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(2.1)

(note that the motion equation in the general dynamical case has the form

o aQUZ‘
P o

Xijij

Dj ;= fe

El = *X}i, 1=1
X1 e11
Xoo €22
X33 €33
Xo3 2eo3
X31 = C 2631
X12 2e12
Dy Eq
Dy By
D3 Es
with (see [3])
E1111 E1122 E1izs 0 0 0
E1122 Er111 E11zs 0 0 0
FEi133 E1133 F3333 0 0 0
0 0 0 FE2323 O 0
C = 0 0 0 0  FEo303 0
0 0 0 0 0 %(Enu — E1122)
0 0 0 0  pus 0
0 0 0  pis 0 0
0

p311 p3i1 p3sz O 0

=, i=T3);

=

SO O 00O

w

=

b

oOn OO oL OO0

w

.

(2.2)
(2.3)
(2.4)
(2.5)
p311
p311
P333
0
0 b (2'6)
0
0
0
—G33

where X;; and e;; are the mechanical stress and strain second rank tensors, u;
are the mechanical displacements, ®; are components of the volume force, D; are
components of the vector of electric displacement, p is the mass density, f. is the
free electric volume charge, F;;; are the elastic stiffness constants, p;;; are the
piezoelectric constants, ¢;; are the dielectric permittivity constants.

From (2.5), (2.6) we have

X11 = Friinenn + Erioezs + Eii3zess — p311 b,

(2.7)
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Xoo = Er122e11 + Eriniea2 + Eri3zess — p3i1 B3, (2.8)

X33 = Eiizsenn + Erizsean + Essszess — pagsEs, (2.9)

X39 = Xo3 = 2Fa393€23 — p113F2, Xi3 = X31 = 2Fa303e31 — prisEr,  (2.10)

Xo1 = X2 = (En11 — Eriz2)eis, (2.11)
D1 = 2p113e13 + 11 E1, Do = 2pri3eas + <113, (2.12)
D3 = p311€e11 + p3i1e22 + p33zess + 33 Fs. (2.13)

The following reciprocal symmetries hold
Eijii = Ejirt = Exiijs Dijk = Pikjs Sij = Sji-
In the case of transversely isotropic solids it is known that [10]

E1111 > |Fri22|, (Eiinn + Er122) F3333 > 2E733, Fasaz > 0,

ci1 >0, ¢3>0,

i.e.,
Ei111 + E1122 >0
and
2F?
F3333 > L33 > 0.
Ei111 + B2
3. Construction of (0,0) hierarchical model
Let
1 1 -
(ui, X) (w1, 2, 23, 1) = ——— (w00, X00)(23,t) =: —(vio0, Xoo)(x3,1). (3.1)
4hyhy 4

Let further constitutive coefficients depend only on x3.
(=) () (=) ()
After integrating on Ay, ha[X]hy, ho| for fixed z3 € [0, L] [see (1.1)],
(i) from (2.1), taking into account (1.10), (1.11), (1.13), (1.14), we obtain (on the
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face surfaces we assume prescribed stress vectors)

3 .
(4)
Xi300,3 + po°uioo = —Pigo — E Xij, 1=
i=1

1,3; (3.2)

(ii) from (2.2) taking into account (1.10), (1.11), (1.13), (1.14), we obtain (on the
face surfaces we assume prescribed electric displacements)

3 .
()
Dso0,3 = feoo — > Dj; (33)

j=1

(iii) from (2.3), taking into account (1.10), (1.11), (1.13), (1.14), because of (3.1)
[as values of w;(x1,x9,x3,t) and X(x1,x9,23,t) on the face surfaces we take the
approximate values (3.1)], we have

a)

€aald = ng = 0, o = 1, 2, (34)

(3) U
3300 = u300,3 + u3 = (h1h2v300),3 —4h310;;2 (2h22h1 3 + 2h12ha3) = h1havs0,3,(3.5)

1 (3) (2
€3200 = €2300 = §(U200,3 + ug + u3)

(3.6)
= %[(hlh2v200)73 —%(hlhﬂ@ +0} = %h1h20200,37
€1300 = €3100 = %(UIOO,ZS + gj)1) + 533) = %hthUIOO,& (3.7)
€2100 = €1200 = %(&21) + “(u12)) =0, (3.8)
(iv) from (2.4), taking into account (1.10), (1.11), (1.13), (1.14), we have
Faoo =0, a=1,2. (3.9)
E300 = —h1haX300,3- (3.10)

Substituting (3.4)-(3.10) into (2.7)-(2.13), we get

X100 = E1133h1hav300,3 + p311hihaXoo 3, (3.11)
X2200 = F1133h1h2v300,3 + p311h1haXoo 3, (3.12)
X3300 = E3333h1h2v300,3 + p3sshihaXoos, (3.13)

X3200 = X2300 = Fa323h1hav200,3, (3.14)
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X1300 = X3100 = Fa323h1h2v100,3, (3.15)
X2100 = X1200 = 0, (3.16)

Dioo = p113h1havieos, (3.17)

Dago = p113h1havaoo 3, (3.18)

D300 = p33zh1havsoo s — s33h1haXoo3- (3.19)

If we substitute (3.13)-(3.15) and (3.19) into (3.2) and (3.3), respectively, we derive

()
(E2323P1h2000.3),3 +00°h1havaoo = —Pao — Y  Xaj, a=1,2,  (3.20)

3
J=1

3 )
- (9)
(E333301h2v300,3),3 +(P33sh1h2Xoo,3),3 +p0”hihavsoo = —P300 — § X35,(3.21)

=1
3 .
- ()
(p3sshihavsen,3).s —(ssshihaXoos).s = feoo — > Dj, (3.22)
i=1
where
(4)
> X (3.23)
=1
(+)

ho
(+) (+) (=) (=)
:/[ 1+(h1,3)2X<V+1>i(h1,$2,$3,t)+ 1+(h1,3)2X<l;l>i(h17$27953,t)}d332
(=)

2

(+)

" +) +) o) (-)
+/ [ 1+ (h2,3)2X<V+2>Z.($1, ha,x3,t) +\/ 1+ (h2,3)2X<I;2>1.(901, ha, x3, t)]dfﬂb

(=)

(+)
ha
() (+) (+)
ZDJ-:/[ 1+ (h1,3)* D (b, w2, 3, 1) (3.24)
j=1 - 1
ha

(-) (=)

+\ 1+ (h1,3)2D<V—>(h1 , T2, 903,?5)} dxo

(+)

hy

(+) (+) (=) (=)

+/ { 1+ (h2’3)2D(J; (x1, ho,zs3,t) +\[ 1+ (h2,3)2D<52> (x1, h1,2x3,t)|dz1,
(=)
hq
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(£)

where Dy, := D;( vy )i, @« = 1,2, mean the projections of the vector of electric
Vo

+
displacement D := (Dy, Dy, D3) on the directions (u(l .
Indeed,

(1) () (=)
X = / [Xi1(h1,56275€3775) - Xil(hl,m,ﬂ?s?t)}d@,

ho
(+)
hy
2) (+) (=)
Xio = [Xi2(3717 ha,x3,t) — X (21, h2,$3,t)}d$1,
(=)
(+)
(3) (+) (=)
Xig = —/Xz‘s(hl,wz,%:a, dx2h13+/Xz3 h1733273337 t)dxahy 3
(=)
ho
+) <+>

(+) (-) (-)
—/X¢3(96‘1,h2,1‘3, )diﬂlhzs-l- Xig(x1, ho,x3,t)dx1ho 3.

) (=)
1 hl

Therefore, by virtue of (1.6), (1.9),

(+)
ha
() (+) ()
S Xy = / a2, D 1+ ()2
=1
® O ) ) ) )
+Xi1(h1, 2, 3, t) (v )1\ 1+ (h13)? + Xio(h1, z2, @3, t) (v1)2 |/ 1+ (h13)?
(=) (-) (=) (-+) (+) (+H)
+Xio(hi,x2, 3, t)(v1)2\ 1+ (h13)? + Xis(hi1, 2, 3, t)(v1)3\/ 1+ (h13)?
(=) (-) (=)
+Xz3(h1 l’Q,.’L‘g,t)( ) (hl 3) ]d$2
(+)
hy
) ) )
+ [Xi1($1,h2,$3,t)(1/2) + (h2,3)?
)
hy

(=) (-) (=) () (+) (+)
+Xi1(z1, ho,x3,t)(v2)1\ 1+ (he3)? + Xio(z1, ha, x3,t)(v2)2\/ 1 + (ho3)?
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(=) (-) (=)
+Xio(x1, ho, x3,t)(v2)2\[ 1+ (ha3)?

() (+) ()
+Xi3(x1, ho, x3,t)(1v2)3\/ 1 + (h3)?

) ( ©)
+Xi3(w1, ha,23,t)(v2)3\/ 1 + (he3)?dr
(+)

ho
(+) (+)
:/{ 1+(h13)2X<+> (h1,1’2,$37 h13 X<> h1,962,3337 )}dm

(=)
2

(+)
hi
(+) (+) (=) (=)
+/ |: 1 + (h2,3)2X(Z;r2)Z.($17 h2 , L3, t) + 1 + <h2,3)2X(I;2)i(x17 h? y L3, t):| dxlu

(=)
hy

1=1,3,
since
(&) () )
X(S:)i(xla h27x37t) :in(VQ )]7 1= 1737 (325)
(£) () )
X(g:)i(hlyl.ny?)’t) :in(l/l )J: 1= 173 (326)

We similarly derive (3.24).

Remark 1: Note that in the general dynamical case the governing system has
the form

821) 00 3 ()
(E2323Nh1h2v000,3),3 —phihe 8; = P00 — »_ Xaj, a=1,2,
=1

- 0% J
(E3333h1h2v300,3),3 +(p333hihaXoo,3),3 —phihs atz;oo = —®300 — »_ Xaj,

- LE)
(pssshihavso0a),s —(ssshihaXoos),s = feoo — > Dj.
=1
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4. One-dimensional case

In the present section we consider a piezoelectric elastic infinite layer (see Figures
2.1, 2.2)

V= {(z1,20,23) e R®*:0< 23 < L, —00 < 2o < +00, a = 1,2}

with the thickness L = const.
Let all the quantities of three-dimensional model under consideration depend
only on z3 €]0, L[, then from (2.1)-(2.4), (2.7)-(2.13) it follows that

Xiz3 + potu; = ®;, i=1,3, (4.1)

D33 = fe, (4.2)

eag =0, a,8=1,2; e33=1u33, €3 = %uzg, €3] = %ulyg, (4.3)
Bo=0, Bsy=—Xg, (4.4)

and, with regard to (4.3), (4.4),

X11 = Fii33us 3 — p3i1Es, (4.5)

Xoo = Fi133u33 — p311E3, (4.6)

X33 = FE3333u33 — p333 ks, (4.7)

Xog = Easogua 3, (4.8)

X31 = Fazasu 3, (4.9)

X12 =10, (4.10)

D1 = prigu 3, (4.11)

D3y = p113us 3, (4.12)

D3 = p333u3 3 + c33E3. (4.13)
Substituting (4.5)-(4.10) into (4.1) we have

(Baso3u13) 3 + pouy = — 1, (4.14)

(B33t 3) 3 + pouy = —Po, (4.15)
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taking into account (4.4),
(BEs333u3,3),3 — (p333Fs) 3 + pous = — 3, (4.16)
If we substitute (4.13) into (4.2) we get
(p333us3),3 + (s33E3) 3 = fe- (4.17)
We rewrite (4.16) and (4.17), by virtue of (4.4), as follows
(Es333us3) 3 + (p333X 3) 3 + po’ug = —P3 (4.18)
and
(p333us3)3 — (S33X,3),3 = fe, (4.19)

respectively.

5. Boundary value problems

Let us consider the static case. Then from (3.20)-(3.22), assuming o = 0, we get
the following governing system

LIE)
(E2323h1h2va00,3) 3 = —Paoo — ZXaj, a=12, (5.1)
=1
3 )
- ()
(Esssah1havs00,3) 3 + (pssshihaXoos).s = —®s00 — _ Xs;, (5.2)
=1
3 .
- ()
(pssshihavso03) 3 — (ssahihaXoo3) s = feoo — > Dj. (5.3)
=1

Equations (5.1) are independent of each other and of system (5.2), (5.3). Their
general solutions have the form

T3 T

o (4)
Va00(T3) = — /(E2323h1h2) (T)dT/[q’aoo(t) + ZXaj(t)]dt
L* L* Jj=1
—l—ci + Cé /(E2323h1h2)1(7')d7', a=1,2, x3 6]0, L[, (54)
L*

L*,cl, 2 = const, L* €0, L]

tite S i)
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provided the integrals exist; e.g., they exist if integrands are continuous on [0, L].
Since we allow

Ea393h1h2 =0,

IE3:0,L

the integrals may exist as improper ones for x3 — 0+, L—, in general.

Statement 5.1. If

L*
/ E2323h1h2 (T)dT < 400 (55)
0
and
L
/(E2323h1h2)1(7')d7 < 400, (5.6)
L*

then the BVP (Problem D) under BCs

va00(0) = ¢g, ¢ =const, a=1,2, (5.7)
and

vaoo(L) = ¢§, ¢f =const, a=1,2, (5.8)
for solutions vao0 € CU[0, L], Fasashihavaoos € CH(J0, L) of equations (5.1) is well

posed. Unique explicit solutions have the form (5.4). Constants cg, a,6=1,2, we
easily calculate from BCs (5.7), (5.8).

Statement 5.2. If Fasoshihovacos € CL([0,L]), then a mizved weighted BVP is
well-posed when either BCs (5.7) or BCs (5.8) are replaced by BCs

lim Xgaoo(l‘g) lin(l)+(E2323h1hgva0073)($3) = dg, d% = const, o = 1, 2,
4)

x3—0+
(5.9)
or
lim Xgaoo(xg) = lim (E2323h1h2va00,3)($3) = da, d% = COTLSt, o = 1, 2,
r3—L— r3—L—
(5.10)
respectively.

Constants c., we easily find from the weighted Neumann BCs (5.9), (5.10), while
constants c¢2 we easily calculate from the Dirichlet conditions (5.7), (5.8). Namely,
under BCs (5.7), (5.10),

L 3
J)
ch =dg + / )+ Xoj(®)dt, a=1,2, (5.11)
L* i=1
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/ P 5.0)
=cf —I—/ (E2s23h1ha)” (T)dT/[(I)a(t) +ZXaj(t)]dt
L L* J=1
L 3 j) 0
{ g+/ () + ) Xaj( }/(Egggghlhg)_l(T)dT, a=1,2; (512)
L i=1 L

under BCs (5.8), (5.9) we similarly calculate A oa,B8=1,2.

It is easily seen from (5.4) that on both the ends of the bar we can not set the
weighted Neumann conditions, since after differentiation disappears ¢, a = 1,2,
and by two constants c., a = 1,2, we are not able to satisfy four BCs.

The above mixed BVP will be called the Dirichlet — Weighted Neumann Problem.

Statement 5.3. If (5.5) is fulfilled but

L
/(E2323h1h2)_1(7)d7' = +o00, (5.13)
L*

then the BVP (Problem E) under BCs (5.7) and condition (“O” is the Landau
symbol)

Vaoo(z3) = 0(1); z3 = L—, a=1,2, (5.14)

for bounded, solutions vago € C([0, L]), E2z23h1havacos € C1(J0, L[ of equations
(5.1) is well posed. Unique explicit solutions have the form (5.4), where ¢} = 0,
a = 1,2 (otherwise solutions will be unbounded and some conditions of Uamshmg
of <I>a, X(i) as xo — L— are required as well), while 2, o = 1,2, we easily

calculate from BCs (5.7). If Eaga3hi1havaco,s € C(]0, L)), (5 14) we can replace by
the weighted Neumann BCs (5.10).

We analogously prove the following

Statement 5.4 If (5.6) is fulfilled but

(Easashihe) ™! (1)dr = 400, (5.15)

O\h

then the BVP (Problem E) under BCs (5.8) and

Uaoo(xg) = O(l); 3 — 04+, a=1,2, (516)

for bounded solutions vago € C([0,L]), Eazazhihavsoos € C1(]0, L]) of equations
(5.1) is well posed. If Eazazhihavaoos € C([0,L]), (5.16) we can replace by the
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weighted Neumann BCs (5.9).

We solve all the BVPs in the explicit forms (5.4). Here we omit simple calculations

of constants cg, af =1,2.
Now we proceed to studing of system (5.2), (5.3). Let

pass(x3) = Ke3(x3), K = const. (5.17)

If ps33 and ¢33 are constants, such a constant K always exists.
Multiplying (5.3) by K and summing the obtained equation and equation (5.2),
by virtue of (5.17), we get

5. G) ()
(Essss + Kpsss)hihavsoosls = —®3 — > Xaj + K(feo — »_Dj),  (5.18)
i=1 i=1

which contains only one unknown function vsgy and we investigate BVPs for equa-
tion (5.18) similarly to equations (5.1). After having the solutions vzgg(x3) of BVPs
in the explicit forms, we substitute them into (5.3) and obtain the following equa-
tion

5 3.0()
(s33h1h2X00,3),3 = (P333h1h2ov300,3),3 — feoo + Z D;
j=1

(5.19)

with respect to Xgg(x3) with the known right-hand side. We investigate BVPs for
equation (5.19) similarly to equations (5.1) and construct their solutions in the
explicit form.

Here we confine ourselves to formulation of statements concerning well posed
BVPs for system (5.2), (5.3), which we have reduced to successive consideration of
equation (5.18) and equation (5.19).

Peculiarities of setting BCs for vsgy and Xoo depend on the conditions:

.-
/[(E3333 + Kpss3)hiho) L (1)dr < +o0, (5.20)
0

-
/[(E3333 + Kpasz)hihe] ' (7)dr = +o0, (5.21)
0

L
/[(E3333 + Kpssz)hiho] L (1)dr < +00, (5.22)
L*
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L
/[(E3333 + Kpggg)hlhg]_l(T)dT = +00,
Lx

(s33hih2)™ " (T)dT < 400,

o\q o\h

L

/(<33h1h2)_1(7')d7 < 400,

L*

L

/((33h1h2)1(7')d7' = +00.

L*

(§33h1h2)_1(7')d7' = +OO,

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

Statement 5.5. If (5.20), (5.22), (5.24), and (5.26) are fulfilled, then Problem D

for system (5.2), (5.3) under BCs

3

vsoo(L) = ¢}, ¢} = const,

Xoo(L) = ¢}, ¢} = const,

in the class of functions v, Xoo € C[0, L],

(E3333 + Kp3s3)h1havsoos, sszhihaXoos € C(]0,

L[)?

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)
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is well posed.

Statement 5.6. If either

(Es333 + Kpsss)hihavsoo,s), ssshihaXoos € C*([0, L])
or
(E3333 + Kp3a3)hihavsoos, ssshihaXoos € C(J0, L)),

then the Dirichlet — weighted Neumann problem for system (5.2), (5.3) is well
posed when either BCs (5.28), (5.29) {provided (5.22), (5.26) are fulfilled and v3o,
Xoo € C(]0,L])} or (5.30), (5.31) {provided (5.20), (5.24) are fulfilled and vsno,
Xoo € C([0, L)} are replaced by BC's

mli_{%Jr[(E:ﬂ:ss?) + Kpszs)hihavsoo 3] (x3) = diy, df = const, (5.33)
xli_r)l(l)_i_(ggghthXOo,g(.fcg) = dé, dé = const, (534)
and
N ILHII/,[(E%B?’ + Kp333)h1h21)30073](.7}3) = d%, d:z = const, (5.35)
lim (cs3hihzXoos(x3) = di, di = const, (5.36)
respectively.

Statement 5.7. If (5.20), (5.24), (5.23), (5.27) are fulfilled, then Problem E for
system (5.2), (5.3) under BCs (5.28), (5.29) and conditions

vsoo(z3) = O(1), x5 — L—, (5.37)

5(00(.%'3) = 0(1), xr3 — L—, (5.38)
in the class of bounded functions
w300, Xoo € C°([0, L)

with (5.32) are well posed.
If

(Es333 + Kpss3)h1havsoo,s, ssshiheXoos € C(J0, L)),
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conditions (5.37), (5.38) we can replace by the weighted Neumann BCs (5.35),
(5.36).

Statement 5.8. If (5.21), (5.25), (5.22), (5.26) are fulfilled, then Problem E for
system (5.2), (5.3) under BCs (5.30), (5.31) and

vzo0(23) = O(1), x5 — 0+, (5.39)

5(00(.%3) = O(l), r3 — 0+, (540)
in the class of bounded functions
v300, Xoo € C(]0, L))

with (5.32) are well posed.
If

(Es333 + Kpss3)h1havsoo,s; ssshiheXoos € C([0, L)),

we can replace conditions (5.39), (5.40) by the weighted Neumann BCs (5.33),
(5.34).

In the last case from (5.18), clearly

T3 T

. N0
v300(73) = — /[(E3333 + Kp3s3)hiho (T)dT/ {‘I)S(t) + ZXj(t)
7 4 j=1
[feoo Z B) } }dt +c3 /[(E3333 + Kpss)hiho] 7 (T)dr 4¢3 (5.41)
b

After integration from (5.19) we obtain

T3 3 .
- ( )
G33h1h2X00,3 = p33zhihavsoo,s + / (Z i feoo> t)dt + L. (5.42)
7j=1
Hence
(4)
X003 = S35 033303003 + (s33h1ha) (3 / <Z Dj— eoo> dt
L =1

+ci(s33hihe) " (23)
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and
- 7 _ dv
Xoo = /§331 (T)p333(7') d300 dr
T
L*
T3 T 3 () X3 B ,
+/(§33h1h2 7' /(Z j f,300> dt +C4/(§33h1h2) (T)d’i‘ + cj. (5.43)
L L~ J=t L+
After differentiation of to (5.41), we have
L F ()
v300,3 = —[(£3333 + Kp3g3)hiha]™ " (23) /{ )+ ZX
L*
3 (*)
[feoo - Dyl } }dt + c3[(Eszas + Kpazs)hiha ™ (z3). (5.44)
7j=1
Substituting (5.44) into (5.43), we get
Xoo = — / <<3§1(T)p333(7)[(E3333 + Kpss3)hiha)1(7) /{@3(15)
L* L*
) 3.0)
+ 30 X0 = K[ feolt) = > Dy(0)] fat
j=1 =1
— 863 (T)p3ss (7) [(Essss + Kp333)h1h2]_1(7)>d7
7 2 G) 7 1 9
+/(§33h1h2 /(ZD] feoo) dt+C4/(§33h1h2) (T)dT+C4. (5.45)
L* L* L*

B

We omit simple but long calculation of constants 03,65 , B = 1,2, from the

corresponding BCs.

Clearly, we easily formulate statements similar to above statements 5.5-5.8 under

the following BCs:
(i) (5.28), (5.40), (5.30), (5.31);
(ii) (5.28), (5.29), (5.37), (5.31);
(iii) (5.28), (5.29), (5.30), (5.38);
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iv) (5.39), (5.29), (5.30), (5.31);

v) (5.39), (5.29), (5.37), (5.31);

vi) (5.39), (5.29), (5.30), (5.38);

vii) (5.39), (5.40), (5.30), (5.38);

(viii) (5.33), (5.29), (5.30), (5.36), etc.

All the above BVPs we solve in the explicit forms.

Remark 2: If we compare equations (3.20) for « = 1,2 with (4.14) and (4.15),
respectively, and equations (3.21) and (3.22) with equations (4.18) and (4.19),
respectively, we easily see that system (4.14), (4.15), (4.18), (4.19) and system
(3.20)-(3.22) coincide if we remove hihs in the left-hand sides and sums in the
right-hand sides of equations (3.20)-(3.22) and replace v;oo and ®;00, @ = 1,3, by
u; and ®;, ¢+ = 1,3, respectively. Thus all results obtained in the present section
concerning equations (3.20)-(3.22) with o = 0, i.e. in the static case, we easily
reformulate for equations (4.14), (4.15), (4.18), (4.19), with o = 0.

NN AN N

Let us now consider the particular case of cusped, in general, prismatic piezo-
electric prismatic bars with

Es393hi1hy = Egzs' (L — x3)51, Ey = const >0, k1,01 = const >0; (5.46)
Es333h1hg = Em? (L— xg)gl, Eo = const >0, ki, 31 = const > 0; (5.47)
p33zhihe = poxs® (L — 1‘3)62, po = const > 0, ko, 0y = const > 0; (5.48)
s33h1hy = g (L — 1‘3)53, gop = const > 0, k3,03 = const > 0; (5.49)
Eo393 = Eol‘gl(L — xg)gl, Ey = const > 0, %1,51 = const > 0; (5.50)
E3333 = ng?(L — 373)31, Eo = const > 0, 7/51,/5\1 = const > 0; (5.51)
D333 = 5()%52 (L — x3)52, po = const > 0, Ka,09 = const > 0; (5.52)
G33 = Eb:ngs(L — 333)53, So = const > 0, 753,53 = const > 0; (5.53)
ha = hgng(L —23)%, hd = const >0, k§,05 = const > 0, (5.54)

a=1,2.

Then

Eo = Eoh$hY, k1 =R+ ki+K3, 0 =061 +0)+ 0% (5.55)
EO = th?hg, /I%l = 7;\1 + 1@11 + 143421, 3\1 = 8\1 + 541 + 52, (5.56)
333 = pohdhS, ko = Fo + ki + K3, 02 =0y + 0} + 0% (5.57)
G33 = §0h(1)h8, K3 = K3 + I@ll + /ii, 03 = 53 + 5i + (SZ (5.58)

In this case, on account of (5.46)-(5.58), we express criteria (5.5), (5.6), (5.13),
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1, 2(, m = 1,4. Namely, it follows that
K1 =R+ K+ KT <1
from (5.5), (5.46), (5.55);
51 =0 +0j+03<1
from (5.6), (5.46), (5.55);
S1=0,405+67>1
from (5.13), (5.46), (5.55);
K1 =Rl +rL4+rI>1
from (5.15), (5.46), (5.55);
max{k :z\l—l—:‘i}l—l-/ﬁ}i, Ko = R + Ky + K3} < 1
from (5.20), (5.47), (5.48), (5.56), (5.57);
min{Ri,ke} > 1orky <1l,ke>1lork; > 1,k <1
from (5.21), (5.47), (5.48), (5.56), (5.57)
max{gl :§1+H}1+Ki, P 2524—/@11—1—%121} <1
from (5.22), (5.47), (5.48), (5.56), (5.57);
min{gl,ég} >1or ;5\1 <1,60 >1or 31 >1,00<1
from (5.23), (5.47), (5.48), (5.56), (5.57);
Ky =R3 +Ky+ KT <1
from (5.24), (5.49), (5.58);
K3 =R3 + Ky + K] >1
from (5.25), (5.49), (5.58);
b3 =03 +05 +03 <1
from (5.26), (5.49), (5.58);

b3 =03 +06) +03>1

5.15), (5.20)-(5.27) of the well posedness of BVPs by means of exponents «

57

e} 50&

m> Y m?

(5.59)

(5.60)

(5.61)

(5.62)

(5.63)

(5.64)

(5.65)

(5.66)

(5.67)

(5.68)

(5.69)

(5.70)
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from (5.27), (5.49), (5.58);

So, for the case (5.50)-(5.54) in statements 5.1-5.8 conditions (5.5), (5.6), (5.13),
(5.15), (5.20)-(5.27) we replace by (5.59)-(5.70), respectively.

kg and 0, o = 1,2, specify geometry of tapering at the cusped ends z3 = 0
and z3 = L, respectively (see Figures 5.1-5.3, where some examples of longitudinal

(£)
sections by the plane x3 = 0 (or 1 = 0) of the cusped bars are shown. T

are tangents at the point O to the curves obtained by longitudinal sections by the

()

+
above plane of the face surfaces z3 = hy() (z3); we have the similar picture at the
end x3 = L of the bar depending on ¢, a = 1,2).

X3 " .Xa“ X3
\\ /
Y 2
=) 6]

) 6] Tiz) Ti(z)

Tiz) Tiz)
O 01 @ x(x,) 0 "y () 0l [

1\t2 Xq(X
Ti(2) Ti(2) 1\t2 1(x3)
Figure 5.1. 0 < k}(k3) < 1 Figure 5.2. x}(x2) =1 Figure 5.3. k3 (k3) > 1

Remark 3: We now come back to time-harmonic motion. We consider as an
example BVPs for equation (3.20). For the sake of simplicity we assume

Paoo =0, XY =0, a=1,2. j=T3.
Let further
F1=0, 6,=0, 6$=0
in (5.50), (5.54) and
ho :=hYhY, k4 := Ky + ki, p= pori*.

Then from (3.20) we ontain the following Euler equation

x%vaoagg + K4Z3Va00,3 + Eo_lhalpoo%aoo =0, a=1,2 (5.71)
Introducing new independent variable
t=Inzs (z3=¢e"), (5.72)
we rewrite (5.71) as

2
d“va00 dvaoo

i (ke = 1)) =+ Eythgtpoo*vao = 0, a=1,2 (5.73)
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The characteristic algebraic equation of equation (5.73) has the form
M (kg — DX+ Eo_lhalpooQ = 0.

Its solutions are

) 1—k4+vVD
i R

for D >0, ie., 0®< :
4po

(ks = 1)°Eohs.

for D=0, ie., 0®=
4po

® _1-mtiv=D _

for D <0, i.e. 02>m.

where the discriminant
D = (kg — 1)2 — 4E*1h0—1p002
and

(k1 — 1)2Egho (> 0if ky #1,
4p0 :OZf R4 = 1.

59

(5.74)

(5.75)

(5.76)

(5.77)

(5.78)

Correspondingly, we have the general solutions of equation (5.73) in the form of

+ )
Va00 :Clekt—i—Cge)‘t for D >0,

Vago = C1eM + Cote™ for D >0,

va00 = C1e™ cos(Bt) + Cae™ sin(Bt) for D <0,

C1 and Cy are arbitrary constants.

(5.79)
(5.80)
(5.81)
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Substituting (5.72) into (5.78)-(5.80) we get the general solutions of equation
(5.71) in the following forms

(+) (-

)
Va0 = Clmg)‘ + ng?;\ for D >0, (5.82)
Va0 = C123 + CoxyInzs for D >0, (5.83)
Va00 = C125 cos(flnzg) + Cox§ sin(Blnxs) for D <0, (5.84)

respectively.

Let us now analyze which BCs can be satisfied by means of solutions (5.81)-
(5.83).

From (5.81)-(5.83), taking into account (5.74)-(5.76), it is easily seen that:

(i) the Dirichlet type BVP [see BCs (5.7), (5.8)] is well posed
if 0<ks=1-VD for D >0,

a unique solution has the form

@ )
vaoo(z3) = L™ A (c§ — 08‘)333/\ + ¢

(ii) the Keldysh type BVP [see BCs (5.16), (5.8)] in the class of bounded functions
is well posed

if 1=VD < k4 <1+VD for D>0,

a unique solution has the form

(+) +)

Va0 = L™ A C%J:S’\

and has a unique solution up to the summand

4 [cos(ﬁln z3) — cot(81n L) sin(1n xg)}

{or Cs [sin(ﬁ Inzz) — tan(f1n L) cos(S In xg)] }
Cy (or Cy) is an arbitrary constant,

if kg=1 for D <0;

(iii) the Keldysh type BVP [see BC (5.8)] in the class of unbounded as z3 — 04
functions is solvable

if ky>1++vVD for D >0
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and

if kg>1 for D=0 and D <0

and a solution is defined up to the summand

(+) ) (o) (D

1
C’1(:1c3A —L)‘_)‘x:f‘), C’wé(l— L3

InL

), and

Crx§ {COS(B Inz3) — cot(B1In L) sin(B1n 333)} ,

(' is an arbitrary constant [or

(=) (=) (+) B A\ T3
02<x3A — LA A g ) ng3(lnf), and

Coxy [Sin(ﬁ Inz3) — tan(81In L) cos(B1n azg)] ,

(5 is an arbitrary constant], respectively;

(iv) If 0 < kg = 1 — /D for D > 0, then the Dirichlet-weighted Neumann mixed
BVP [see BCs (5.9, 5.8] is well posed. In the case under consideration BC (5.9) has
the following form

lim X = lim (Eghgzi*v z3)=d, a=12.
pm  A3a00 :chﬁOJr( 0hox5" va00,3)(23) 0> )

A unique solution looks like
-1
Vaoo = VD Ealhaldoo‘(mg@ — L‘/B) + 7

We investigate BVPs for system (3.21), (3.22) and the system corresponding to
the case (5.46)-(5.54) in the same way and construct solutions in the explicit forms.

6. Mechanical interpretations
We first note that

Xaa00 = Er133h1hovsoo s + psiihihaXoos, o« =1,2,

X3300 = E3333h1h2v300,3 + P33sh1h2Xo0.3,

are the integrated total stress tensor components, depending on electric and me-
chanical displacements;

X3200 = X2300 = E2323h1h2v200 3,
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X1300 = X3100 = Ea323h1h2v100,3,

X2100 = X1200 = 0

are the integrated mechanical stress tensor components depending on mechanical
displacement and independing of electric displacements;

1
4hiho

(X3200 = X2300, X1300 = X3100, X1200 = 0) (x3,1)

are the mechanical stresses in (0,0) model, while

1
= (Xpn00, X ) —1,2
4h1h2< aa005 %3300 |, & s

are the total stress tensor components in (0,0) model;

1 .
u; = 1%’00(553,15), 1=1,3,

are the displacement vector components in (0,0) model;

1
-——— D
4hyhy

D; io0(x3,t), i=1,3,

are the electric displacement vector components in (0,0) model;

1~
X:Z 00({1}3,t>, i:1737

is the electric potential in (0,0) model;

E; = Eioo(xs,t), i=1,3,

N
4hihs
are the electric field vector components in (0,0) model.

Problem 6.1 Let at the end x3 = 0 of the bar BCs (5.9) and

X3300(0) = $.li_r>%+ <E3333h1h20300,3 +p333h1h29~<00,3> = d3, (6.1)
D3pp(0) = lim (p333h1h2v300,3 - §33h1h2%00,3> = 6787 (6.2)
x3—0+

along with BCs (5.8), (5.30), (5.31) at another end x3 = L of the bar are prescribed,
provided (5.6), (5.22), (5.26) hold. Clearly, by virtue of (5.17),

X3300(0) + K D300(0) = wli_{%Jr (E3333h1h271300,3 + Kp333h1h2v300,3> =d3+ ch%.
3
(6.3)
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Solution of Problem 6.1. We first find solution wvsgy of equation (5.18) under
BC (6.3) (see Statement 5.6). We substitute the solution obtained into the right-
hand side of equation (5.19) and into BC (6.2). Therefore, from the last we get the
following BC for Xoo:

li hihoXoos = i hih —d3 6.4
ngrOlJr%g 112X00,3 zgg%+p333 112Y300,3 0 ( )

with known
lim  p333h1h2v300,3-
T3 —0+

Note that now the right-hand side of equation (5.19) is known as well. Solving
the last BVP, taking into account BC (5.31), we thus construct X00- Clearly, con-
structed v3g and Xgo satisfy (6.4). Therefore (6.2) is valid. Substracting from (6.3)
multiplied by K (6.2), we conclude that (6.1) is valid.

Adding explicit solutions v,0g, constructed in Statement 5.2, we arrive at the
explicit solution of the BVP when at the end z3 = L of the bar the mechanical
displacements u; = ivioo, i = 1,3 and electric potential X = %)NCOO are prescribed,
while at the end x3 = 0 (0,0) moment Dsgy of the electric displacement D3 and
(0,0) moments X300, ¢ = 1,3, of the stress vector (Xs1, X392, X33) [which in the
case of the cusped end is concentrated along the segment (if either 2h;(0) = 0,
2h2(0) # 0 or 2h1(0) # 0, 2h2(0) = 0) or at the point x3 = 0 (if 2h1(0) = 0,
2h2(0) = 0) force| are prescribed.

Remark 4: Applying Statement 5.1 and Statement 5.5, we construct the explicit
solution of BVP for the system (5.1)-(5.3) when at the ends 3 = 0 and x3 = L
of the bar displacements u; = %’Uz‘oo, i = 1,3, and electric potential X = %%00 are
prescribed.

We solve similarly other well posed BVPs and give corresponding mechanical
interpretation (meaning).

Remark 5: Since equations (5.1)-(5.3) contain the product hjhg, characterizing
tapering of the ends of the cusped bars with the rectangular cross-sections, and
the constitutive coefficients

E5323, FE3333, D333, $33

only as products
Ea303h1ha, Eszszhiho, p3sshiha, <33hiho,

the peculiarities of setting BCs caused by the cusped ends of the bar, provided the
constitutive coefficients are constants, we may attain for the bar of the constant
cross-section by appropriate choice of the variable constitutive coefficients and
vice versa. In other words, in the case of bars of the constant cross-section we
may achieve the intrinsic effect of peculiarities of setting BCs for cusped bars by
appropriate selection of the non-homogeneous material.
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Remark 6: In the case of the infinite layer considered in Section 4 the stress-
strain state along every fiber parallel to x3-axis is the same.

7. Some bibliographical remarks

Section 1. contains well-known materials on geometry of cusped, in general, pris-
matic bars with rectangular cross-sections and on double mathematical moments
of functions. For more details in this connection we refer to [1], [2], [11], [12].

Section 2. For the basics of piezoelectricity see, e.g., [13]-[15], [8], [9]; from the
physical point of view see, e.g., a review in [3] and the references given there.

Section 3. For 1. Vekua’s dimension reduction method of constructing of differen-
tial hierarchical models for elastic shells and plates and its generalization for elastic
bars see [16], [1], [2], [17]-[19]; for hierarchical models of piezoelectric viscoelastic
Kelvin-Voight, in particular cusped, prismatic shells see [7]; piezoelectric plates are
studied in [20]-[35]; (0,0) hierarchical model of similarly constructed differential hi-
erarchical models for piezoelectric bars is presented and investigated in the present
paper in the case of piezoelectric transversely isotropic, in particular cusped, bars
(see, sections 3, 5, 6); piezoelectric bars and beams are studied in [36]-[42].

8. Conclusions

(1) Differential hierarchical (0,0) model for the transversely isotropic elastic
piezoelectric bar in the case when the poling axis coincides with one of the
material symmetry axis is constructed. In the case of cusped bars peculiari-
ties of non-classical, in general, setting of BCs are fully investigated and all
the Dirichlet, the Keldysh, the weighted, and the mixed BVPs are solved
in the explicit form. Using a generalization of I. Vekua’s dimension reduc-
tion method (see [16], [12], [2]), (N1, N2) hierarchical models (N, =0, 1, ...,
a = 1,2) can be constructed and investigation of similar to (0,0) model
non-classical BVPs can be carried out.

(2) Depending on the character of tapering of the bar, at the cusped end dis-
placements and electric potential may be prescribed or not. In the last case
we have no BCs at such an end of the bar.

(3) Forces applied at cusped ends of the bars are concentrated either at a line or
at a point forces depending on that the cross-section of the bar degenerates
into a segment of the line or into the point.

(4) Since governing equations contain the product hjhg, characterizing tapering
of the ends of the cusped bars with the rectangular cross-sections, and the
constitutive coefficients

E9393, E3333, D333, $33
only as products
Eo323h1ha, Essz33hihg, psszshiha, <33hiha,

the peculiarities of setting BCs caused by the cusped ends of the bar, pro-
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vided the constitutive coeflicients are constants, we may attain for the bar of
the constant cross-section by appropriate choice of the variable constitutive
coefficients and vice versa. In other words, in the case of bars of the constant
cross-section we may achieve the intrinsic effect of peculiarities of setting
BCs for cusped bars by appropriate selection of the non-homogeneous ma-
terial.

(5) As far as the constitutive coefficients are functions of z3, in general (in
particular, power functions), the elastic piezo-electric bars under consid-
eration are functionally graded ones (for elastic orthotropic and isotropic
functionally graded beams see, e.g., [6]).
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