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Abstract The purpose of this paper is to study how small orbits of peri-
odic homemorphisms of spheres can be.
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1 Introduction

A well known theorem of Newman [4],[3] states that periodic homeomorphisms
of manifolds cannot have all orbits arbitrarily small. The purpose of this paper
is to make this theorem precise for the case of spheres by exploring how small
orbits of periodic homeomorphisms of spheres can be.

Throughout this paper, we will denote by S" the unit sphere of euclidean
(n + 1)-dimensional space R"*!: Let h : S" ¥ S" pe a homeomorphism, we
will denote by h' : S? ¥ SN the i-th iteration of h and we will suppose that
h% = id: A homeomorphism h:S™ ¥ S" is called periodic if h" = id for some
integer n > 1: The minimal integer n > 1 for which h" = id is called the
period of h: For every x 2 S™; the set fhi(x)gi=o is called the orbit of x and is
denoted by h (x): The shift, khk; of a homeomorphism h : S" ¥ S": is de ned
as its distance from the identity, that is, khk = Supkh(x) — xk; and the orbital
diameter, (h); of h is de ned as the maximal diameter of its orbits. We will
be mainly interested in lower estimations of these two metric characteristics of
periodic homeomorphisms.

Let us denote by |, the length of the side of a planar regular n-gon inscribed
in the unit circle St; and by d,, its diameter. Finally, let us denote by t, the
length of the edge of a regular (n + 1)-simplex inscribed in S":

Our main results are the following:
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Theorem 1.1 For any periodic homeomorphism h : S™ ¥ S™ of prime period
P;
khk  p:

Furthermore, if khk = ,; then there exists a point x 2 S"; such that the orbit
h (x) consists of the vertices of a planar regular convex p-gon.

The next theorem gives a bound for the orbital diameter of a periodic homeo-
morphism in terms of the dimension of the n-sphere.

Theorem 1.2 For any periodic homeomorphism h: S" 1 S";

(h) tq:
Furthermore, if n& 1;3;7;
(1) I P

It is well known, and in fact it is easy to see, that any homeomorphism of period
two has an orbit consisting of a pair of antipodal points. This implies that the
orbital diameter of a homeomorphism of period two coincides with the diameter
of the sphere. In this direction we have the following results.

Theorem 1.3 For any periodic homeomorphism h: S™ ¥ S"; of period 3;

(h) ds3= p§:

Theorem 1.4 For any periodic homeomorphism h : S ¥ St of period p;
(h) dp:
Our conjecture is that the orbital diameter of a homeomorphism h:S" ¥ S™;

of prime period p, is at least dy: We shall show that the conjecture is true for
p =2;3, for n =1 and for isometries.

2 Some preliminary results

Let h:S™ ¥ S™ be a homeomorphism of period p: An orbit h (x) is balanced
if its baricentre coincides with the centre of the sphere, that is, if

h'(x) = 0:
1
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On periodic homeomorphisms of spheres 437

For every periodic homeomorphism h without balanced orbits we de ne its
baricentric mapping :S"™ ¥ S" as:
P, .
ko Phix)k’
for every x 2 S™: Note that by hypothesis is well-de ned and continuous.

Our next step is to estimate the degree of : For that purpose, the following
technical lemma will be useful.

Lemma 2.1 Let X be a n-dimensional compact space, let U X be an open
subset which is a topological n-manifold and let ¥ : X ¥ M be a continuous
map into a n-dimensional manifold M. Suppose that there is p 2 M such
that f~1(p) U: Then, we can approximate f arbitrarily close by mappings
g : X ¥ M with the property that the restriction gj:g~(vV) ¥ V isa nite
covering map, where V.~ M is a neighborhood of p:

Proof We may assume, without loss of generality, that f is a light map because
every continuous map of a n-dimensional compact space into a n-dimensional
manifold can by approximated by light mappings [2]. Since the preimage f~(p)
is a zero dimensional compact set, then it has neighborhoods whose connected
components are very small. All these su ciently small neighborhoods are em-
beddable in euclidean space and hence, we may assume that there is an open
neighborhood V of f~1(p) with a smooth structure. Then, we can approximate
T arbitrarily close by mappings g : X ¥ M that coincide with f outside V
and are smooth on V:

If W =M —g(X —V); we have that for every x 2 W; f73(x) V: So, if
Po 2 W is a regular value of the restriction of g to V, then g~ (po) is a nite
set contained in V and furthermore, there is a small neighborhood of pg in
W with the property that the restriction gj: g~%( ) ¥ is a covering map. To
conclude the proof, we consider the composition of g with an automorphism of
M which sends po to p: The composition has all promised properties and also
can be chosen arbitrarily close to f: O

Lemma 2.2 Let h:S" ¥ S" be a periodic homeomorphism of prime period

p; without balanced orbits and let : S"™ ¥ S" be its baricentric mapping.
Then, the degree of is divisible by p:

Proof Let us denote by S"=h the orbit space of h and by :S" ¥ S"=h
the natural projection. Because p is prime, all non xed points of h have orbits
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consisting of p elements. Hence, the complement to the set of xed points, in
the orbit space, is a topological n-manifold.

By Lemma 2.1, we can approximate  ~!:S"=h ¥ S" arbitrarily close by
mappings g : S"=h ¥ S" with the property that the restriction gj : g~ (V) ¥
V isa nite covering map, where V is an open subset of S" in the complement
of the set of xed points of h:

If g issu ciently close to ~ ~1; then is homotopic to g and hence we can
use g and the fact that the restriction g j: ~(g7'(V)) ¥ V isa nite
covering map to calculate the degree of : Note that the degree of g is the
sum of the signs of the preimages of a point in V; where the sign of a preimage
is +1 if the orientation is locally preserved and -1 if the orientation is locally
reversed. If h is an orientation preserving homeomorphism, the corresponding
sum for the nite covering map j: ~Yg~1(V)) ¥ g~(V) is p, because all
elements of the same orbit have the same sign, therefore the whole sum for g

is a multiple of p. This implies that, in this case, the degree of is divisible

by p:

If p > 2; then h is an orientation preserving homeomorphism and hence the
degree of s divisible by p: If p =2 and h is an orientation reversing home-
omorphism, then h has a balanced orbit, otherwise h is homotopic to the
identity. This concludes the proof of the lemma. m|

An application of Lemma 2.2 is the following well known fact [3].

Corollary 2.3 Let h:S" ¥ S" be a periodic homeomorphism of period 2:
Then there exists an x 2 S" such that h(x) = —x:

Proof Suppose that h(x) & —x; for all x 2 S™: Then, the baricentric mapping

for h can be de ned and, by Lemma 2.2, has degree divisible by 2: On the
other hand  is homotopic to the identity, because (x) & —Xx; for all x 2 S™:
This is a contradiction because, in this case, the degree of is 1: m|

Lemma 2.4 Let h:S" ¥ S" be a periodic homeomorphism of prime period
p: Then there exists an x 2 S" and 1 such that:

L
x+ h'(x)=0:
1
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Proof Suppose not. Hence, PE hi(x) & 0; for every x 2 S" and therefore,
by Lemma 2.2, the baricentric mapping of h is well de ned and has degree
divisible by p. In particular, is not homotopic to the identity. Cogeqqently,
there exists an x 2 S" with the property that (x) = —x; thatis, {hi(x) =
— x; for >0; but hence, 1+ )x+ P thi(x)=o0: O

Corollary 2.5 Let h: S"™ ¥ S" be a periodic homeomorphism. Then there
exists an x 2 S" such that the origin lies in the convex hull of h (x):

The following geometric lemma will be used in the proof of Theorem 1.1.

P
Lemma 2.6 Let fxg;:::;%pg S" be such that x; + gxi = 0; for some
Lyandforl i p; kXj+1—Xik p; Where Xp+1 = X1: Then fXg;:::;Xp0
are the vertices of a planar regular convex p-gon.

Proof Let fg;;:::;0p0 S1  S" be the ordered vertices of a regular convex
p-gon: Suppose rst that p = 2k: Assume without loss of generality that x; =
pr = (1;0;:::;0): Let : R"™1 & R! pe the orthogonal projection. Since

kXj+1 — Xk p, for every i = 1;:::;p; and X1 = p1 = (1;0;:::;0); we
have that (gp—1) (Xp—1) and  (02) (xzﬁ By the same rpgson, (ai)
(xi); for i = 1;:::;p. Since, by hypothesis,  § (xj) 0= "1 (qi); then
@) = (xi); i =1;:::;p: Consequently kxj+1 —Xik = p; for i = 1;:::;p:
Furthermore, we also have that fxi;:::;Xk+19 lies in a plane and similarly
Xk+1;:00;%Xokg also lies in a plane. Finally, in order to show that the set
TX1;:::;Xpg is planar, note that its baricentre lies in RY: Thecase p=2k +1
is similar. O

Next, we have the following Jung’s Theorem [1] for spheres.

Lemma 2.7 Let F S" be a set with diameter smaller than t,: Then, F
is contained in a spherical n-disk of radius n; 3+ t3 = 4: In particular, the
convex hull of F does not contain the origin.

Proof Suppose rstthat F isa nite set with at most (n + 1) points. Then,
exactly as in the euclidean version of Jung’s Theorem [1], there is a spherical
n-disk of radius n containing F:

Let now Xg 2 F and suppose without loss of generality that F is compact.
Let  be the spherical n-disk of radius t, centered at Xg and let be the
complementary spherical n-disk of radius  centered at —xg: Clearly F
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int : For every point x 2 F; let Dy be the spherical n-disk of radius
centered at x: Note that Dy ~ S" — f—xpg; for every x 2 F: By the rst
paragraph of this proof, for every subset F F with at most (n + 1) points,
\fDy j x 2 F'g & ;: Using stereographic projection from —xg and Helly’s
Theorem, we conclude that \fDx j X 2 Fg & ;; and hence that there is a
spherical n-disk of radius |, containing F: O

3 The proof of the theorems

Theorem 1.1 follows immediately from Lemmas 2.4 and 2.6.

Proof of Theorem 1.2 The proof of the rst part of the theorem follows
from Corollary 2.5 and Lemma 2.7. Let n & 1;3;7; and let h: S" ¥ S" be a
periodic homeomorphism with the property that (h) < t,—1:

Let x2S" and let ' h (x); be a set of at most (n + 1) points: Let H be a
hyperplane through the origin containing I and suppose S"~* = H\ S": Since

(h) < th—1; then the diameter of I" is smaller than t,—1 and by Lemma 2.7,
the origin is not in the convex hull of T:

On the other hand, by Corollary 2.5, there exists an xg 2 S" such that the
origin lies in the convex hull of h (Xp): If the period p of h is smaller than or
equal to n + 1; this is a contradiction. Suppose hence that p n+2:

By Caratheodory’s Theorem and the above, let o = fh'o(xg);:::; hin+1(x)g
h (Xp) be a set of at most (n + 2) points with the property that the origin lies
in the interior of the convex hull of . Hence, for every x 2 S"; the set
x = Fhio(x);:::;hinv1(x)g  h (X) has the property that the origin lies in the
interior of the convex hull of ; otherwise, by continuity, there should be a
point X*2 S"and " h (x?); a set of at most (n+1) points, with the property
that the origin lies in the convex hull of I'’; which is a contradiction. By making
y = hiO(x); we have that there are n+1 integers 0 < j; <::: < jp+1 <Pp; such
that for every y 2 S™; the set fy; hl1(y);::::hn+1(y)g h (y) has the property

perpendicular to y; gives rise to a trivialization of the tangent space of S";
which implies that S™ is parallelizable. This is a contradiction because n &
1,3, 7: m
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Proof of Theorem 1.3 Let h: S"™ ¥ S" be a periodic homeomorphism of
period 3: By Lemma 2.4 there is a point x of the sphere such that the convex
hull of its orbit represents a triangle containing the origin. Therefore, all angles
of the triangle are less than =2 and there is one of them which is greater or
equal to =3. Then the distance between vertices corresponding to this angle

is greater or equal to © 3 =d3: O

Proof of Theorem 1.4 If the period of h is 2 or 3; the proof follows from
Corollary 2.3 and Theorem 1.3. If the period p = 2k; then h¥ is a homeomor-
phism of period 2 and therefore, by Corollary 2.3, there exists an x 2 S such
that h*(x) = —x, but then (h) =2 > dp: Consequently, we shall assume that

p=2k+1; k 2: Finally, we may assume that for 0 i 2k; h'(x) & —x;
otherwise there is nothing to prove. For any natural number r 0, de ne
Xr = h'(X); if r=1imod(n) and 0 i 2k. Note that Xi;:::;Xok+1 are the

vertices of a convex polygon inscribed in S*: Let us de ne A(r) as the length
of the circular arc between x, and X;+; that does not contain any other vertex
of the polygon.

We start proving that for every x 2 S!; there exists 1 i 2k + 1; such that

AG+j) 2
j=0

K+1

For that purpose, let us consider the following sum:
Albsd
A@+j):
i=1 j=0

i . . . . i P .
In this sum, each arc is consider k times, so this sum is equal to k 1221 A() =

2 k: Therefore, one of its 2k +1 summands is greater or equal than 2 Tkﬂz

Next, we shall prove that for every x 2 St,

ksd
A() <
j=0
P P
If we suppose that ~ KZ3A(j) > ; then ~ S TA(j) < : So, for some y 2 SY;
between x and h¥(x); one gets the equality f;& A() = , for the sum that

corresponds to the orbit h (y); but this means that hX(x) = —x, which is a
contradiction.
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Therefore, for every x 2 S'; there exists 1 i 2k + 1; such that:
wA i+] 2 a
> + :
(i+]) K+ 1

j=0

These two inequalities implies that for every x 2 S1; khi(x)—h"*K(x)k  doya1;
because the diameter of a regular (2k+1) polygon inscribed in S? is equal to the
length of the chord joining the endpoints of the circular arc of length 2 ﬁ:

O

Our conjecture is that the orbital diameter of a homeomorphism h:S" ¥ S™;
of prime period p, is at least d,: For example, the conjecture holds for isometries
(linear homeomorphisms) on S" due to the following result.

Let h : R" ¥ R" be an isometry of prime period p & 2: Then there are
linear subspla_ces, Ho;Hi i H ;I_with dimH; = 2; i = 1;:::; ; such that
R" = H, 1 Hi and h =id 1 hi; where h; : H; ¥ H; is an isometry of

—1
R? ¥ R? be the rotation with angle 2 i=p: Let us consider RP™1 = L;T R?
andlet r= r;j:RP71 ¥ RP™L: Then, itis not di cult to see that the orbit of
the point a = (1;01;0;:::;1;0) 2 RP~! is a regular (p — 1)-simplex. That is, if
al = hi(a); then, for i & j; ka' —alk = cte agd fal;::::aPg is aregular (p—1)-

simplex inscribed in SP~2 with baricenter = [ al = 0: Note that fal;:::;aP g
is a pasis of Rp_l:lg\/loreover, every x 2 lgp_l can be uniquely expressed as
x=Pxal; with  [x;=1;and r(x) = {xa*™:

Suppose rst that h : R" ¥ R" is an isometry of prirE;a period p & 2; with
the property that there exists an x 2 R" such that = §hi(x) = 0 and the

are Iin?Er subspaces, Hg; H1;:::;H ; with dimH; = 2; 1 =1;:::;m; such that
R" = "T'Hj and h = —; hj; where h; : H;j ¥ H; is an isometry of period p
di erent from id.

For that purpose, let ~ : RP-1 1 " by }Qe epimorphism given by @) =

hi(x); for i = 1;:::;p—1: Since  fa' = §hi(x) =0; then ~(aP) = hP(x):

Note that h” = ”r : RP™1 ¥ R™ Let now H; = ~(R?): Remember that
Lpt

RP-1= "2 R?andr= ri:RP? & RP"L: Hence, h” = ”r; : R? ¥ H;:

Consequently, hj : H; ¥ H; is an isometry of period p: Furthermore, since

h” =~ri:R? ¥ H;; hj:H; ¥ H; is not the identity and by the same reason,
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since p & 2; dimH; & 1: Finally, just note that for i & j; either H; \ H; = f0g
or Hj = Hj:

Next assume that h: R" ¥ R" is 1y isometry of prime period p & 2; with the
property that for every x 2 R", Ehi(x) = 0: We shall prove that n = 2m
and there are Iin?ilr subspaces, Hg; Hq;:::;H ; with dimH; =2; i=1;:::;m;
such that R" = 1 H; and h = —; hj; where h; : Hj ¥ H; is an isometry of
period p.

For that purpose, let fxy;:::;Xng be a basis for R" an<il_let I be th?_linear
subspace of R" generated by h (xi): By the above I'i = Hj.i; hj = hji;
where hjn;; = hj;i : Hj;i ¥ Hj;i is an isometry of period p di erent from the
identity. Therefore, either Hj;i \ Hy, = f0g or Hj.i = Hy.:

The result follows immediately by considering the following two linear sub-
spgces: = fz2R"jh(z) =zg and =1z 2R"jz = h(x)— xg; for which
=R™

For example, the isometries of S® of period ve are basically the rotations
around a plane, the product with the quaternionics and the homeomorphism
produced by a cyclic permutation of a 4-simplex.

Corollary 3.1 Let h:S"™ ¥ S" be an isometry of prime period p di erent
from the identity. Then (h) =d,:

Proof We know that (h) dp: We shall prove that for every x 2 S";the
diameter of h (x) is at most dp: Suppose khi(x) — xk > dp, for some 1 <
i < P21 Since h is an isometry and hP7i(hi(x) — x) = x — hP~i(x), then
kh'(x) — xk = khP™!(x) — xk: Let H be the plane containing fx;h'(x); hP™'g:
Then the circle H \ S™ contains the isosceles triangle x;h'(x); hP~'g and has
radius at most 1. Therefore, b = kh'(x) — hP~I(x)k = khP=2/(x) —xk < o,
which is a contradiction to Lemma 2.6, because if j = p — 2i and xx = h* (X);
k=1;:::;p; then kxx — Xk+1K=b < O

Question Does there exist a periodic homeomorphism of S® of period 5 such
that the convex hull of any orbit represents a nondegenerate 4-simplex contain-
ing the origin in its interior?
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