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Abstract We determine the third cohomology of Alexander quandles of
the form F,[T]/(T —w), where F, denotes the finite field of order ¢ and w
is an element of [, which is neither 0 nor 1. As a result, we obtain many
concrete examples of non-trivial 3—cocycles.
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1 Introduction

1.1 Aims

Interest in quandles has been growing recently, particularly because of their
applications to the study of classical knots and 2-knots. A quandle is a set
X equipped with a binary operation *: X x X — X satisfying the following
conditions:

(Idempotency) For any a € X, axa=a.

(Right-Invertibility) For any a,b € X, there exists a unique ¢ € X such
that a = c*b.

(Self-Distributivity) The identity (a *b) * ¢ = (a * ¢) % (b * ¢) holds for all
a,b,ce X.

Quandle cohomology H*(X, A) is defined for any quandle X and any abelian
group A, and may be used (see [1, 2, 7] for details) to construct isotopy invari-
ants of classical knots and links, and also of higher-dimensional embeddings.
In particular, such invariants obtained from 3—cocycles play an interesting role
in the study of 2-knots (see [8, 9] for example). However, there are not very
many concrete examples of nontrivial 3—cocycles, and so it would be useful to
find a systematic method of constructing nontrivial 3—cocycles with calculable
forms for some classes of quandles.
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184 Takuro Mochizuki

In this paper, we discuss the third cohomology group of Alexander quandles.
Let R be a commutative ring with a unit element, and let M be an R—module.
For any invertible element w of R, a binary operation x: M x M — M may
be defined by

axb=w-a+ (1 —w)-b.

It is easy to check that (M, ) satisfies the three quandle axioms, and we call a
quandle of this type an Alexander quandle. In this paper, we restrict ourselves
to the case R = M = F,, where ¢ is a power of a prime p and I, denotes
a finite field of order ¢, and denote the resulting quandle F,[T]/(T —w). We
ignore the case w = 1, which yields a trivial quandle, and the case w = 0, which
is forbidden by the right-invertibility axiom.

Quandle cohomology groups are well understood in the case where A is a field
of characteristic 0 (see [4, 6]), and do not typically give rise to interesting
cocycles. However, we may expect interesting examples to arise from the case
where A is a field of positive characteristic. For example, the third quandle
cohomology group H?(F,[T]/(T — w),F,) was calculated in [6], and the case
w = —1 gives rise to a particular nontrivial 3—cocycle which has been used by
Satoh and Shima in their study of 2-knots.

By generalizing our previous work, we will determine the third quandle coho-
mology group H®(F,[T]/(T — w), A) where A is an algebraic closure k of Fy,
(this includes the case where A is a field of characteristic p). In doing so (see
subsections 2.3 and 2.4), we obtain many examples of nontrivial 3—cocycles,
which we hope will be useful in the study of 2-knots.

1.2 Outline

In subsection 2.1, we recall the definition of the quandle cohomology groups and
explain our description of the cocycles, which is slightly different to the descrip-
tion in [6]. In subsection 2.2, we give some concrete examples. Subsection 2.3
contains Theorem 2.11, the main result of this paper, which we apply to certain
quandles in subsection 2.4. The proof of the theorem is given in Section 3.
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2 The main result

2.1 Preliminaries
2.1.1 Quandle cohomology groups

Let (X,*) be a quandle, and let A be an abelian group. We define a complex
C*(X, A) with cochain groups

C”(X, A) = {f: X" — A ‘ f(x1,...,2,) =0 when z; = 2,11 for some ’L}
and differential §: C™(X, A) — C"T1(X, A) defined as follows:

n+1
0(f)(x1,. ., 2pg1) = Z(—l)z_lf(l“l K Ly Tl * Ly Tigds - Tgl)
i—1
n+1

- Z(—l)iilf(l‘l, e L1, LT e ,.Z‘n_|_1)
=1

The cohomology of this complex is denoted H*(X, A), and called the quandle
cohomology of X (with coefficient group A).

Let g be a power of a prime p, let F, denote a finite field of order ¢, and let
w be a non-zero element of F,. We wish to calculate H?(Fy[T]/(T — w),k),
where F,[T]/(T — w) is the Alexander quandle discussed in section 1, and & is
an algebraic closure of F,. It is obvious that the differential map is trivial in
the case w =1, so we will consider only the cases w # 0, 1.

2.1.2 The quandle complex

Let k be a field, and w an element of k which is neither 0 nor 1. (Later k
will denote an algebraic closure of F,, but for the moment we consider arbi-
trary fields.) Let k[Uy,...,U,] be the polynomial ring over k& with n variables
Up,...,Uy, and set Q, 1 :=[[}2] U; and C™ := Q,,_y - k[Uy,...,U,)].
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For any element f € C™, we define 6(f) € C™*! as follows:

5(f)(U1,...,Un+1) =

n

Z(—l)i_lf(w Uty oyw Ui, w - Ui + Uip1, Uiy, ..., Upya)
=1

n—1
= DT (O Ui, Ui + Uit Uigas - Ungat)
i=1

We thus obtain a homomorphism 6: C™ — C™*!. A routine calculation verifies
that 6 o6 = 0, and so we have a complex C* = (@20:1 C’”,é), which we call
the quandle complex associated with k and w.

Remark 2.1 The complex C* was discussed in [6] in the case where k is a
field of characteristic 0, and was shown to be acyclic. The above definition
looks slightly different, due to a different choice of coordinates in k™.

2.1.3 A convenient description of the complex C*(F,[T]/(T — w), k)

Let F, denote a finite field of order ¢. In the following, £ is an algebraic
closure of [y, and w an element of F, such that w # 0,1. Let C* be the
complex described in subsection 2.1.2. Then an element f = f(Uy,...,U,) of
C" = k[Uy,...,U,] induces a k—valued function on Fy, given by

FZ > (mla--wxn) = f(ml —X2,T2 — X35, Tn-1 _mnawn) € kv

and so we obtain a map ¢: C" — C™(F[T]/(T — w),k) for any n. The
following lemma can be checked by a direct calculation.

Lemma 2.2 The homomorphism ¢ is compatible with the differentials (that

is, pod = § o) and so we obtain a morphism of the cochain complexes
C* — C*(F [T)/(T — w), k).

We now define
o™(q) = {Zaih,,,,in UM U e Om ‘ 0<i;<q— 1}.

It is easy to check that 6(C"(¢q)) € C"*'(q). Thus, we obtain the subcomplex
C*(q) := (@ C™(q),0). The following lemma can be checked easily.

Lemma 2.3 The induced morphism C*(q) — C*(F,[T]/(T — w),k) is an
isomorphism.
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2.2 Some 3—cocycles of the complex C*

We now give some concrete examples of 3—cocycles in the complex C*. The
last variable U, for any element f(Uy,...,U,) of C™ is denoted by T, in the
following argument, and will be useful for specific calculations.

2.2.1 The cocycles ¥, Fy and E;

For positive integers a and b set puq,(x,y) := (z +y)* — x* — y* and define the
polynomial ¥(a,b) € k[Uy,Us, T3] as follows:

(a,0) i= (pta(w- U1, 02) = 1o (U1, 02) ) - T

- ((w UL+ Uo)" = (U + Un) + (1 — w?) .Ug) T
Lemma 2.4 If w*?" =1, then ¥(a,p®) is a quandle 3—cocycle.

Proof Set h(Uy,T3) := pg(w - Uy, Ts) — pa(Ur,T2). Then from the relation
(5(T1a) = (W'Ul +T2)a—(U1 +T2)a, we see that h(Ul,Tg) = (5(T1a)+(1—wa)'Uf,
and so

§(h)(Uy,Us, T3) = (1 — w®) - §(UL) = (1 — w®) - h(Uy, Us).
Then
5(¥(a,p%)) = (1 —w?) - (U, Us) - TV
* (wa h(UL, Us) - (w - U + Tu)" = h(Uy,Us) - (Us + T4)ps) =0,

so U(a,p®) is a quandle cocycle. O

We now introduce the following polynomials with Z/pZ coefficients:

p—1
X(@,y) = ;(—1)“1 cTheaP Tyl = %((ﬂﬁ +y)P —aP — yp) (mod p)

For positive integers a and b, we define the polynomial FEy (a - D, b) (Ur,Us,T5)
to be:

Eo(a-p,b) = (X(w U1, Uz) — x(Un, U2))a Ty

Lemma 2.5 Ifw?*?" =1 and s > 0, then Ey(p®,p") is a quandle 3—cocycle.
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Proof This can be verified by an argument similar to that used in the proof
of Lemma 2.4. O

For positive integers a and b, we define the polynomial F; (a, b'p) € k[Uy, Us, T3]
as

b
Ex(a,b-p) = UF - (x(Ua,T5) = x(Ua, ™" - 1) ) .
Lemma 2.6 If w? 7" =1 and s > 0, then F; (pt, p®) is a quandle 3—cocycle.

Proof Set h(Us,T3) := x(Us, T3) — x(Uz,w™! - T3). Then

t

S(E (' p) = ((w U1+ Ua) = (U1 +03) )" - h(Us, 7)™
— U (W b Us + U3, T = (U + Us, )" )

s—1 s—1
07 (PR Vs w- U+ 1) = (U2, Us + 1)),
By using the relation wP' = w™P" | the right hand side can be rewritten

U{)t . (—(1 — wip) . h(U3,T4) —w™P. h(ng + U3,T4) + h(UQ + U3,T4)
s—1

WP (WU wUs + i) — h(Uz, U + T4) )

It can be directly shown that this expression is zero, and so Ej(pt,p®) is a
quandle 3—cocycle. m]

2.2.2 The set Q and the cocycles F' and I

In the following, let ¢; be powers of the prime p. For any non-negative integers
a,b,c and d, we define polynomials F(a,b,c) € k[U;,Us, T3] and G(a,b,c,d) €
k[Ula UQ» U37 T4] as

F(a,b,c) := UL UL - T,
G(a,b,c,d) :== UL -UE - US - T4

The following lemma is helpful for our later calculations.
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Lemma 2.7 We have the following identities.
§(F(q1,q2,q3)) = (w?t et —1) - G(q1,q2,43,0)

S(Flgi +q2,03,q4)) = (0B —1)-G Q1aQqu3 q4)
+(w? —1) - Glg2, q1, 43, q4)
wiiTaetaz+aa _ 1) G(Q1 + ¢o, Q3,(J47O)

Wit —1) - G(q1, 3, 42, 94)
wq1+¢m+q3+q4 — 1) G(Qh q2 + 43,44, O)

_l’_

E

0(F(q,q2 +q3,04)) = —(wnt% — 1) - Gla1, g2, 43, 04)
E
(

wq1+Q2+Q3 — ) G(QL 42,43, q4)
(wrtete —1) . G(q1, g2, 44, g3)
(wq1+q2+q:3+q4 — 1) G(q1,92,93 + qa)

§(F(q1,q2,q3 + qu)) =

+ +

Proof These identities may be verified by direct calculation. O

Corollary 2.8 Let ¢q1,q2 and g3 be powers of a prime p. Then

(1) F(q1,q2,q3) is a quandle 3—cocycle if wBT21T4 =1 and
(2) F(q1,q2,0) is a quandle 3—cocycle if w?19%2 =1.

Let Q denote the set of quadruples (¢1, 42,93, qs4) satisfying the following con-
ditions:

Condition 2.9

o ¢ <gq3, 1 <q3, @2 <q,and WNTB = PTH =1,

e One of the following holds:
Case 1 wit®2 =1,
Case 2 w?7®2 #£1 and ¢3 > qq4.
Case 3 (p#2) wi't® #£1 and q3 = q4.
Case 4 (p#2) Wit #£1, g0 < q1 < q3 < qq, and w? = w®.
Case 5 (p=2) whT®2 #£1, o< q <q3 < qq, and W = W?2.

The polynomial T'(q1,¢2,q3,q4) is defined for any element (q1,¢2,q3,q4) of Q
as follows: Case 1

T'(q1,92,93,q4) == F(q1,92 + g3, q4).
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Case 2

I'(q1,92,93,94) :== F(q1,q2 + g3, 1) — F(q2,q1 + qu,q3)
—1
—(w”?—=1)"" - (1 —wBte). (F(q1792793 +qu) — Fq1 + q27fJ47q3)).
Case 3

L(q1,q2,q3.q4) == Fq1,q2 + q3,q4) =27 - (1 —w ™ B) - F(q1, g2, 43 + qa)-
Case 4 and Case 5

I'(q1, 92,93, 94) := Fq1,92 + g3, q4) + F (g2, 1 + g3, q4)
— (W =17 (L= w™) - F(q1 + g2, 43, 94)-
The next lemma follows from Lemma 2.7 together with a direct calculation.

Lemma 2.10 The polynomials I'(q1, g2, q3,q4) are quandle 3—cocycles for any
quadruple (g1, q2,q3,q4) € Q.

We define Q(q) = {(¢1,92,93,94) € Q| ¢; < ¢} and, for d a positive integer,
Qd(q) = {(Q17q27q37q4) S Q(q) | qu = d} .

2.3 Statement of the main theorem

As before let ¢; denote a power of a prime p, and define:

I(q) :=={F(q1,q2,q3) | w"TETB =1, ¢ <o < g3 <q}
U {F(QIanvo) | wa+q2 = 17 N1 < g2 < q}

atq _
Y {\If(a, @) ‘ (;J;é 0 (mﬁd(;;, aa<isq1’10%c zg(l)v:erq’ofp } (1)
U{Eo(p-q1,q2) | P2 =1, 1 < g2 < ¢}
U{Ei(q1,p- @) | wBP2 =1, 1 <qo < q}
U{l(q1,92,93,94) | (q1,92,93,94) € Q(q)}

Let H3(q) denote the subspace of C3(q) generated by I(¢). The following
theorem is the main result of this paper, and will be proved in Section 3.

Theorem 2.11 The natural map H*(q) — H*(C*(q)) is an isomorphism.

Remark 2.12 It will also turn out that the cocycles given in (1) are linearly
independent, and hence form a basis for H3(q).
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2.4 Examples
2.4.1 The case w= -1

Let p be an odd prime, and let w = —1. Then:

o WNT®RTEB £ 1 50 we have no quandle 3—cocycles of the form F(q1,qo,q3).
o Wi = —)® and so the identity w®T% = 1 implies that a is odd.

e wit® =1 for any powers ¢; of p. Hence the polynomials F(q1,qs,0),
Eo(p . ql,q2) and FE (ql,p . q2) are quandle 3—cocycles. In addition,
Qq) = {(¢1,92:93,91) | @2 < g3, @1 < g3, g2 < qu}, and WBH® = 1 for
any (q1,q2,93,q4) € Q(q)-

Thus we obtain the following 3—cocycles, which form a basis for the cohomology
group H?(F,[T/(T + 1), k):

{F(ql,q2,0)|0 <q<q@<q}
U{Eo(p-q1,42) | @1 < @2 < q}

U{E(q1,p @) | @1 <2 <q} (2)
aodd,0<a<gq, ¢ <q,
U {\IJ(G,QI) a # 0 (modgqy), a is not a power of p

U{F(q1,92 +43:94) | a2 < a3, @1 <3, g2 < @1, ¢ < q}
If ¢ = p? then the basis in (2) is:
{F(1>p)7 EO(pvp)a El(lvp)a E1(17p2)> El(p7p2)> F(1>p+17p)}
U {\If(a,p) | a odd, a < p?, a#0 (modp), a# 1}

If ¢ = p then the basis in (2) is simply {E1(1,p)}, and so H?(F,[T]/(T +1),k)
is 1-dimensional, as previously noted in [6].

2.4.2 Some other examples

Example 2.13 If F, = Zs[w]/(1 + w +w?), then ¢ = 4 = 2%, and the order of
wis 3=2+1. Then:
e We have no triples (q1,q2, q3) of powers of 2 satisfying ¢1 < ¢2 < g3 < 2°.

e If a pair (g1,q2) of powers of 2 satisfies 1 < g2 < 22, then we have ¢; = 1
and ¢o = 2. In this case, W% = w3 = 1, and so we have a cocycle
F(1,2,0).
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e The identity w2 = 1 implies a = 1 (mod3), and a cannot be a power
of 2 because of the definition of I(g) in (1), hence cocycles of the form
U(b-pt,p*) do not occur.

o If (q1,42) = (1,2), then w?9¥% =4 2 1.

o If (q1,q2) = (1,2), then w2 = ° # 1. On the other hand, if
(q1,92) = (1,1) or (2,2), then w729 = 3% = 1 and so we have the
cocycles F1(1,2) and E1(2,4).

e The set Q(q) is empty.

Thus we have cocycles

{F(1¢2)) E1(172)7 E1(274)}
which form a basis for the cohomology group H?(F,[T]/(T +1),k).
Example 2.14 If F, = Z3[w]/(w?+1), then ¢ = 3%, w has order 8, and Q(q) =
{(1,1,3,3)}, so we have a cocycle I'(1,1,3,3) = F(1,4,3)—2"! (1-w)-F(1,1,6).
If w3 =1 and 0 < a < 9, then we have a = 1,5. Hence we have the cocycles
{F(la 3> 0)7 \Ij(5? 3)? F(l’ 17 37 3)7 El(lv 3)7 El (37 9)}
which form a basis for the third quandle cohomology group.

Example 2.15 If F, = Z3[w]/(w? + w — 1), then ¢ = 3?, w has order 8, and
so H3(F,[T]/(T — w)) is generated by the cocycle ¥(5,3).

Example 2.16 If F, = Zsw]/(w® + w? + 1), then ¢ = 23 and w has order 7.
We have the triple (1,2,4) of powers of 2 satisfying 1 < 2 < 4, and thus have
a cocycle F(1,2,4). Note that w? 79 #£ 1 in the case where g; are powers of 2
satisfying ¢; < 8. Hence the cocycles

{(F(1,2,4), ¥(5,2), (3,4)}

form a basis for H*(F,[T]/(T — w)).
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3 Proof of Theorem 2.11

3.1 Preliminaries
3.1.1 A decomposition of the complex C"

We may decompose C™ by the total degree, as follows:

n—1

Cg = {Z Qiq,..in H U;Lh . Tfln eCcm

h=1

Zih:d}

Cilg) == Cq NC"(q)

Then C™(q) = @,C%(q), and it is easy to see that §(C%(q)) C C7T(g). We
denote the complex (5 C%(q),d) by Ci(q).

The following easy lemma follows by a standard argument (see [6]).
Lemma 3.1 In the case w® # 1, the complex C’(q) is acyclic.

The next lemma shows the relationship between this decomposition and the
differential §.

Lemma 3.2 Let f =3, fo(Ui,...,Uy—1) T} be an element of C}}(q). Then

5(f)(U1a cee Uann-f—l) = Z(S(fa)(Ula sy Un) : Tngl
+ (D" LU, U (wd (Un + 0™ 1) = (U, + Tnﬂ)a).

Example 3.3 Let \y(7}) :=T{ € C}. Then
S(A) (U1, Ty) = (w- Ur + To)* = (Ur + Tp)"
=W (U +w™t Ty — (U + Ty)?.

Example 3.4 For an element f(U1,15) = Y. fo(Ur) - T§ € C3,
SN U, Ty) = - (fulwls + V) = fulUy + Un) ) - Ty

=3 1) (WU + 7T — (U + T)?)
= 3(fa)(Un,Us) - T4

- Zfa(Ul) : (wd(UQ + w—ng)a - (UQ + T3)a).
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Example 3.5 If f =" f,(U1,Us) - T, then
S(f) (UL, Uz, Us, Ty) = Y 6(fa) (U1, U, Us) - T
+§:ﬁamU@.@ﬂa@+w—ﬁ@a—a@+79ﬂ.

3.1.2 The filtration and the derivatives

Let
) {Zﬁmw. )T e cpl

i) =0y “q Ci(a),
and let

CZ(OO {fo(Ul,... Un—1) € Cl(q } ﬂcn(s

s>0
™ (q) = ™ n ).

It is easy to see that 5(03 (S)(q)) is contained in C"+1(s)(

Z3(q) = Ker(5) 1 O (a), Bi(a) = 8(Ci @),
2{g) =Kex(9)n 03V 0).  B}Y(0) = 5(C;7V(@).

q), and we define

There is a homomorphism DY o (S)(q) — Cg_(;)s (¢) defined as follows:
D£S)<Zfa'Tgps) :Z( “Ja) T, éa be

The kernel ker D) = C™ (5+1)(g), and the relation & o DY) = Déﬁl o4 can be
checked easily. Where the meaning is clear, we may omit the subscript n.

Let s be a positive integer such that p® < ¢, and define
P(s,q) := {pt |0<t< S}U{b-ps |0<b-p®<q, b# —1 (modp) or b :p—l}.
For any positive integer d < ¢, set \g(Ty) := T{ € Cé.

Lemma 3.6 Let s and d be integers such that p® < q and 0 < d < q. If
5(\a) € C2(q) is contained in the subset Im(D®)) C Cj (S)(q), then d € P(s,q).
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Proof We note that §(\g) = (wU; +T3)?— (U1 +T3)?, and consider the integers
dy such that d =Y dyp' and 0 < d; < p — 1 for any non-negative integer t. Set
i := min{t|d; > 0}, then (WU + T2)4 P — (U + T)% P =0 for i < s, and
hence d — p' = 0.

If ¢ > s, then d is of the form b-p® for some positive integer b. We will suppose
that b = ap — 1 for some a > 1, and show that this leads to a contradiction.
Consider the partition a = ),~, a -p' such that 0 < a; <p—1.1f Yay =1,
then ap = p" for some h > 1, and so

<a'l;_1>;¢_O(modp)f0rwp—1750.

Thus the coefficient of (U? - T3P7P~1P* in §()\g) is nonzero.

Now consider the case > a; > 1, and set j := max{t | a; > 0}. Then

(a-p—l ) # 0 (modp) forij+l—17é0,

P
and so the coefficient of (U i wp=l-p Hl)p " is nonzero, hence §()\g) cannot
be contained in Im(D()), O

On the other hand, if d € P(s,q), then §(\;) is contained in Im(Dgs)). For
example,

S - p5
6o 1p) = D8 [p7 - (W1 + T2 = (U1 + o) + (1 = w?) - U7 )

when b= (p — 1)p®. Note that \,_1),s € Im(DéS)) even in the case p*t! = gq.

The other cases can be checked more easily.

3.1.3 The 2—cocycles
A routine calculation proves the following lemma.

Lemma 3.7 If s and t are non-negative integers such that wP TP =1 then
t s
UP - TV is a quandle 2—cocycle.

Let d be a positive integer such that w? = 1, then for any s such that p* < ¢,
we consider the following sets of 2—cocycles:

Jés)(q) = {Uft ~T2ps ‘t <s, pP+pt=d, p°< q}
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Remark 3.8 Clearly the order of J és) (¢) is at most 1.

Let Hj (S)(q) denote the subspace of C’j (S)(q) generated by st) (q)-
Lemma 3.9 If w? =1, then
2, (@) = Hy" (@) & (Bi(a) N 03 (a) + 2, (@)
and 72> (q) = 0.
Proof By an argument similar to the proof of Lemma 3.11 below,
2,(q) = H; " (@) ® (Bi(a) 0 03" (0) + 23"V (q).
If §(U) =0 for Uf € Cfl (w)(q), then d = p* for some s, and so w? # 1. O

Note that B3(q) N C>"(g) n 22 (g) is contained in B2(q) N €3¢ (q).
Then we obtain, as one of the simplest special cases, the following proposition,
originally stated and proved in [6].

Proposition 3.10 We have a decomposition Z3(q) = @, H, 2(s )( ) B3(q).
In particular, the natural map @H2 (¢) (q) — H?*(C3(q)) is an isomorphism.
3.1.4 Preliminaries for 3—coboundaries

Lemma 3.11 If w? = 1, then B?’(S)( ) = B3(g) N Cg(s)(q) and Bg(w)(q) =
Bia)n G (0).

Proof Let f be an element of 02 ) such that f = S, Japs(U1) - 3% . Then

Zéf“p (U1, U2)- Zfap (Ur) (U2+w_1T3)“PS—(U2+T3)aps>.

Assume that d(f) € C} (SH)(q). By comparing coefficients of Té’s, we find that

6(fps)(U1,Uz) — Zfaps(Ul) ca - USTIP w1y =,

50 O(fps) + (1 — WP D(s)(f) =0, and hence (d — p®) € P(s,q).

If d—p® = p' for some t > 0, then f(Uy,Tx) = A - Uft 'TQPS + h for some
Ackand heC20(g). Tt d—p* =b-p* for some b # —1 mod p, then

Algebraic € Geometric Topology, Volume 5 (2005)



The 3—cocycles of the Alexander quandles Fy[T]/(T—w) 197

f=A-6(\g) +h for some A € k and some h € Cfl (SH)(q). We can exclude

the possibility b = p — 1, since in that case d = p* + (p — 1) - p* = p°T!, and so

wt #£1.

Hence we see that 5( ) o(h ), and so Bz( )( )N Cy (SH)( ) = Bz(sﬂ)(q),

which implies that B *(¢) = B3(q) N Cs’ (S)( ) for any finite s, and also that
)-

B} (q) = Bi(g) N 03> (q D

3.2 Reductions
3.2.1 Subsets of cocycles

Let s and ¢ be non-negative integers such that p' < p* < ¢. Then the subsets
Ic(ls’t) (¢) and Ifls’s)(q) of I;(q) are defined as follows:

199(q) == {Fla,p',p*) a1+ +p° = d, 1 < p'}
U{w(®b-p'p®) | b-p'+p°=d, b#0 (modp), b#1}
U{Es(p-p',p°) | P! +p° = d}

U{T(q1,0" ¢3,0°) | (q1,9",43,0°) € Qa(q)}

159(q) = {Ei(qi,p-p°) | @ <p° a1 + 9 = d)

Set 157(q) = U,, 15" (g), and

15(q) = {F (g1, 42,0) i+ a=d,0<q <q<q}.

Let H(S’t)( ) denote the subspace of 03 (S)(q) generated by Ic(ls’ )( ), let H3 (S)( )
denote P, H, (s t)( ), and let H3 (OO)( ) denote the subspace of C’d( )( ) gen-
erated by IC(IOO)( ).

It is easy to see that I(¢) and H3(q) decompose as follows:

1g) = [T (15 o1 15)
d s
1 (q) = P (1 (@) o B ;¥ (0))

d

3.2.2 First reduction

The following theorem implies Theorem 2.11.
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Theorem 3.12 We have the following decomposition:
3 3
Zia) = (@ H; ¥ @ @ 7;*(0) @ Bi(a)
In particular, the natural homomorphism

(D @) @ 1y ™ (a) — HA(C(q))

is an isomorphism.

Proof This follows directly from Lemma 3.13 and Lemma 3.14 below. O

3.2.3 Second reduction
Lemma 3.13 If w? =1, then

73 (q) = H2 ™) (g) & B3 (g).

Proof Let f(Uy,Us,T3) = fo(U1,Uz) be an element of Zz(oo)(q). Then the
polynomial f; is an element of Z3(g). We have a decomposition fo = g+3(A\g),

where g is an element of @, Hfl (®) (q), which gives the required decomposition
of Z5)(q). O

Lemma 3.14 There is a decomposition

73 q) = H3® (q) @ (B3 (q) + 23V (q)).

Proof This follows from Lemma 3.16 and Lemma 3.17 below. D

3.2.4 Third reduction

Let s denote a non-negative integer such that p* < ¢, and let f € ZZ’ ) Such
that f =3, faps (U1, Uz)TSP" . Then

Zé(faps)(Ula UQ» U3)Tzfps

3 Fapr (U, U) (Us + w0 )™ — (U + To)7") = 0.
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By considering the coefficients of 77 S, we find that

S(fp) (U1, Uz, Us) + (0 = 1) Y fupe (U1, U2) -a- UL =0, (3)

Hence §(fps) + (w™P —1)- D:(gs)f =0, and so f,s is contained in 6~ (Im D:(gs))7
where we denote DT(IS) (C’; () (q)) by Im D,(f) for simplicity. We thus obtain
a map ¢: ZS(S)(q) — 5_1(ImD§S)) given by ¢(f) = fps. It is clear that
(23 (@) = 0.

Lemma 3.15 If g € C’j(s)(q) such that g =3 gaps (U1) - T9¥", then

6(3(9)) = 8gpe) + (L —w™") - Dy (g).
Proof This follows by direct calculation. O

We thus obtain a homomorphism:

_ 73%)(q) 5 Y(m D)
By g+ 2"V mDY +B.(q)

Lemma 3.16 The homomorphism ¢ is injective.

Proof Let f € Z;’(S)(q). If 6(f) = 0, then f,s = §(h) + D®)(g) for some
d(h) € B;E“;)s(q) and g € Cg (S)(q). Let f denote f — (1 —w™)~1.6(g). Then
DO(F) =0, and so f € Z5C(g). O

We denote by s the composition:

1O () 759 (q) 6 (DY)
d B3 (s) 73 (s+1) I D(s) B2 (s)
4 (@) +Z, (9) mDy "+ 5y (9)

Lemma 3.17 The map s is an isomorphism.

Proof This follows immediately from Proposition 3.18 below. O
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3.2.5 Fourth reduction

We define
KO = 571(Im(D§s))) N C’jﬁt)s(q) for t <s,
K6 = DY) + B (g).
Then

K6 « k&) ... c gO)
It can be easily checked that the image @bs(Hz (s’t)) is contained in K® and
that ws(Hj (S’S)) is contained in K(*). There is an induced homomorphism
ot H — KO RO

for all 0 <t <s.
Proposition 3.18 The homomorphisms 4 are isomorphisms.

We now define

a1 < g3, g2 <p'<gs<pt, whtB =1, .
{(Q1an7Q3) ‘ whta # 17 if Wi = w2 then ¢ < g2 lfp 7é 2)

A(s,t) ==
G < q3, g2 <pt <qs <p°, whtis =1, o
{((I1,(I27QB) ’ witaz 75 1, if W = w2 then @ < g 1fp =92

and consider the condition

5g)— > aggue U UP TP € (DY) (4)
(q1,92,93)€A(s,t)

for any element g € C’;EQS (q).

Proposition 3.19 If there exists an element g € ngs

all of the coefficients ag, 4,45 are zero.

(q) satisfying (4), then

We will prove propositions 3.18 and 3.19 later, by descending induction on t.
Before going into the proof, we give some remarks:

e If p>2 and s =1t, then Proposition 3.19 is trivial.
o If p > 2, then either ag, g, =0 OF agy,41,45 = 0.

o If p=2and ¢ # q2, then either ag, ¢, 45 =0 OF gy 41,45 = 0.
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3.2.6 The case t=s

Let us consider Proposition 3.19 in the case p = 2 and s = ¢. By taking the
coefficients of T} in (4), we see that

8(gp ) (U1, Uz) + (1 = w ") - DY (g) (U1, Us) = 3 agy g - UP - U2 = 0. (5)

— . S .
We have ag, ¢,ps = 0 unless ¢; < p®. We also know that either aq, g, s or
Qgy,q1,p¢ Vanishes if ¢ # ¢o, and so (5) has no solution if one of ag g, ps is
nonzero.

Let us consider Proposition 3.18 for general p. We remark that h(Uy) - T. ap

5)

is contained in the image of Dg if a Z —1 mod p, and thus we con51der an

2(s)

element g € C e of the form

9(U1,T») Zg (ap—1)p TZSGP—I);DS7
to obtain
5( ) U17U2,T3 25 Y(ap—1)p Ul,Ug) (ap—l)ps
=3 Gappr () (7 (U 4 0T )T — (U + Ty ()

If 6(g) € Im(D:(.f))7 then the coefficients in the right hand side of (6) sum to

zero. Taking the terms in T3(ap —bp° TB(pfl)pS

s+1
Z(S 9(ap—1)p U17U2) (a R

- Z%p—l)ps (Uh)- (w‘p Uz 4w Ty P (0 +T3)(“_1)PS“) —0.
(7)

and dividing by , we see that

Substituting T3 = 0 gives
s+1

5(9(13 p? )(Uh UZ) 1 N w_PS-H Zg (ap—1)p Ul Uz(a Lp = 07

which shows that g(U1,T2) = (w™ — 1)~ - gg,_1yps (U1, T2) - TQ(p—l)pS’ and
also that dg,—1)s € CS (sfﬂ(q). Thus the degree deg(g(—1)ps) = d — p*tt

either p (for 0 < h < s) or b-p*t! (see the first half of the proof of Lemma
3.6). In the case deg(gps(p—1)) = b - p°T1, the polynomial g is of the form

(WP = 1) 6(Appesr ) (U1, To) - TP VP" Then
(5(/\(b+1)ps+1_ps) - (5(/\bps+1) -TQ(]Dil)p5 € Im(Dés)),

and so the term 5(/\bps+1) : TQ(pfl)ps can be killed.
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On the other hand,
E s h C1).mS
%bs( 1(ph7P'Ps)) =1-w?)- Ut - Zg(p Dy )

and so the term in 5(/\ph) -TQ(pfl)ps can be killed by E;(p",p - p*®). Thus we
conclude that 1, ) is surjective.

We remark that p" + p*(p — 1) # 0 (mod p®) if h < s, and thus the injectivity
of 1) can be checked easily.

3.2.7 The case t < s

We assume that the claims of the propositions 3.18 and 3.19 hold for larger
than ¢ + 1, and we will prove the claims for ¢.

Let g € 037(25 be an element satisfying (4). Then, comparing coefficients of

t
T:.f’ , we find that

5(D(t)g)(U17 U27 T3)|T3=0 = Z Qqy,q2,pt U{h : UQqQ' (8)

T3 = 0” means the substitution T35 = 0. If we decompose g as

t
g = Zgapt(Ul) : T2ap s

then it is easy to see from (8) that

5(gpt)(Ula Us) — Z Qq1,q2,pt U{h ) UgQ

Here “|

is contained in Im(Dg)). Recall that we have ag, 4, ,+ = 0 unless ¢; < p'. If
p>2,orif p=2 and q1 # g2, then either ay, 4, ,+ O ag, 4, ¢ is zero, and so
we can conclude that all of the ay, 4, ¢ are zero in both cases, by using

(5()\q1+Q2) (Uy,Us) = (waJrqz _1) 'Uf1+q2+ (wa _1) 'Uih .ng + (qu _1) 'U{D -Ugl.
Hence §(D®g) =0, and so D®g is of the form
DWg(Uy,To) = A+ 6(Ag_ps_pt) (U1, To) + B - UP* - TS, (9)

Here we have p; < po and p' < py. If B # 0, then wP1 P2 =1,

Lemma 3.20 If p =2 and p' = py, then B = 0.
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Proof Assume that B # 0. Since the terms in D®)g are of the form a - up-
TQC'QtH, it follows that A # 0. We have

5 192) = (- U1 )" — (U 4 15)"
= (wpl — 1) . Uﬁfl -T;Q + (wpz _ 1) . U{n . T2pl-

Note that p; < pa = p', and so the right hand side of (9) cannot be contained
in Im(D®), a contradiction. O

Thus B-UP*-T2? € Tm(D®). Tt follows from Lemma 3.6 that d—p*—p* € P(t,q)
it A+ 6(Agpe_pt) £ 0.

Lemma 3.21 We can kill A§(\;_ps_pt) by using one of DOy (F(p, pt, p®)),
DOy (Eo(p-p',p°)) or DD (U (b p',p%)).

Proof The following may be easily verified by routine calculation.

h t
Vs (F",p',p%)) = U7 - T3,

Us(Eo(p-p',p°%)) = (% ((wU1 + 1) — (Uh +To)" — (w? —1) - Uf))pt ,

t

@DS(\I/(b 'pt,ps)) = (wU1 + Tg)b.pt - (U1 + Tz)b'pt - (wb'pt - 1) . Uf.p .

As an immediate consequence, we obtain the following.

h

DOy (P, pf,p*)) = UF" = (" = 1) - 5(A),
DOy (Bo(p-pt,p%)) = (w- Uh + 1) P07 — (U + 1) "0
=0 (Apt-p-1)) (U1, ), (10)
D(t)l/)s(\lf(b .pt’ps)) —b- ((w U +T2)(b71)~pi _ (U1 +T2)(b71)-pi)
=b- 5(/\(b—1)pt)'

Then the claim of the lemma follows immediately. O

We now consider the case B # 0.

Lemma 3.22 If (p1,p', p2,p®) € Qu(q), then we can kill the term B - UY'T5?
by using DUy (C(p1,p', p2, p°)).-
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Proof In cases 1-3 of Condition 2.9, ¢ (T (p1,p", p2,p*)) = U ,T§t+p27 and
so Dy, (F(pbpt,p%ps)) = UP' - TP*. In cases 4 and 5 of Condition 2.9,

G (D(pr,p'spa,p®)) = UP - T8 P2 yP' e
— (W —1) 7" (1 =) Pt T,
and so
Ut - 137, if (p* <m),

D(t)¢s (F(plaptvp%pS)) =
2'U1pl'T§27 if(pt:ph p#2)7

and the claim of the lemma follows immediately. m]

Lemma 3.23 g — C - v,(f) satisties (4) for any f € Hés’t) and any C € k.

Proof Since §(f) =0 for f € H(gs’t), we have 09s(f) € Ings) due to (3),
and the lemma follows immediately. m]

Lemma 3.24 If (p1,p', p2,p°) & Qa(q), then (p1,p',p2) € A(s, t +1).

Proof We remark that p; < pg, p! < p'*l, p! < py and wPP2 = 1.

The possibility wP1 P = 1 is removed by case 1 of Condition 2.9. We remark
that wP?™" £ 1 and wP*P2 = 1 imply that p' # po, and so pi™! < po. If
p # 2, then cases 2 and 3 remove the possibility p® < po. Case 4 removes the
possibility that both p' < p; and wP' = WP simultaneously, and so we see that
(p1,pt,p2) € A(s,t +1) if p # 2. If p = 2, then the claim follows by a similar
argument. D

We can choose a constant C' € k such that we can kill the term B-UY* - T5? by
using DO (C-UP*-TPP") | Then ¢ = g—C-UP* - TP satisfies DY) (¢ —g) =
0,ie ¢ € C2+D) Then we obtain
t
3(g') (U1, Us, Ty) = 8(g)(Ur, U, T3) — C - 6(UT* - T3> ™)
4 t
= > gy UPUPT = C- (1 =P ) - UPUS T 41
q3>p*

for some h € Im(Dés)). We conclude that all of the ay, ¢,4, and C are zero, by
Proposition 3.19 for ¢ + 1 and Lemma 3.24, and so Proposition 3.19 is true for
t as well.
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Let g be an element of K. Then d(g) € Im(D:(gS)). By the argument above,
it can be shown that g — ¥,(f) € Kt for some suitable f € Hés’t)(q). The
linear independence of {¢(f)|f € IV (q)} in K®/KUHD follows by the
argument above, and (10). Thus Proposition 3.18 holds for ¢, and so the proof
of propositions 3.18 and 3.19 is complete.
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