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2. p-primary part of the Milnor K -groups and
Galois cohomologies of fields of characteristic p

Oleg Izhboldin

2.0. Introduction

Let I beafield and F° be the separable closure of F. Let F® be the maximal
abelian extension of F'. Clearly the Galois group G® = Gal(F®/F) is canonically
isomorphic to the quotient of the absolute Galois group G = Gal(F%*/F) modulo the
closure of its commutant. By Pontryagin duality, a description of G is equivalent to
a description of

Hom gont (G, Z/m) = Homcont (G, Z/m) = HY(F, Z/m).

where m runsover all positive integers. Clearly, it sufficesto consider the case where
m is apower of aprime, say m = p’. The main cohomological tool to compute the
group H(F,Z/m) isapairing

(, Vo HYF, Z/m) @ Ko (F)/m — HEY(F)

where the right hand side is a certain conomological group discussed below.
Here K, (F) for afield F' isthe nth Milnor K-group K, (F) = KM (F) defined
as
(F)o" )T

where J isthe subgroup generated by the elements of theform ¢ ® ... ® a,, suchthat
a; +a; =1 forsome ¢ # j. Wedenote by {as,...,a,} theclassof a1 ® ... ® a,,.
Namely, K, (F) isthe abelian group defined by the following
generators: symbols {ay, ..., a, } with a1,...,a, € F*
and relations:

{a1,...,a;a}, ...an} ={a1,...,a;,...an} +{a1, ..., a,..an}

{a1,...,an,} =0 ifa; +a; = 1for somei: and j withi 7 j.
We write the group law additively.
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20 O. Izhboldin

Consider the following example (definitions of the groupswill be given later).

Example. Let F' be afield and let p be a prime integer. Assume that there is an
integer n with the following properties:
(i) thegroup Hg*l(F) isisomorphicto Z/p,
(ii) the pairing
(, )t HA(F.Z/p) © Ku(F)/p — Hy™(F) ~ Z/p

is non-degenerate in a certain sense.
Then the Z/p-linear space H(F,Z/p) is obviously dual to the Z/p-linear space
K,(F)/p. On the other hand, H(F,Z/p) is dual to the Z/p-space G®/(G¥)».
Therefore there is an isomorphism

Wpp Kn(F)/p =~ G®/(GP)P.

It turnsout that this example can be applied to computations of thegroup G2 /(G®)?
for multidimensional local fields. Moreover, it is possible to show that the homomor-
phism W, can be naturally extended to a homomorphism Wr: K, (F) — G® (the
so called reciprocity map). Since G isaprofinite group, it follows that the homomor-
phism Wp: K, (F) — G factors through the homomorphism K,,(F)/DK,(F) —
G® wherethe group DK, (F) consists of all divisible elements:

DK, (F) = Np>1mIG,(F).
This observation makes natural the following notation:

Definition (cf. section 6 of Part ). For afield F' andinteger n > 0 set
K, (F) = K,(F)/DK(F),
where DK, (F) := (1,51 MK (F).

The group K (F) for ahigher local field F' endowed with a certain topology (cf.
section 6 of this part of the volume) is called a topological Milnor K -group K'"°P(F)
of F.

The example shows that computing the group G is closely related to computing
the groups K, (F), K!(F), and H**'(F). The main purpose of this section is to
explain some basic properties of these groups and discuss several classical conjectures.
Among the problems, we point out the following:

e discuss p-torsion and cotorsion of the groups K,,(F) and K (F),
e study an analogue of Satz 90 for the groups K,,(F) and K:(F),
e computethegroup H:*(F) intwo “classical” caseswhere F iseither the rational

function field in one variable F' = k(t) or the formal power series F' = k((t)).

We shall consider in detail the case (so called “non-classical case”) of afield F' of
characteristic p and m = p.
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Part |. Section 2. K -groups and Galois cohomologies of fields of characteristic p 21

2.1. Definition of H**1(F) and pairing ( , )m

To define the group H;*(F) we consider three cases depending on the characteristic
of thefield F'.

Case 1 (Classical). Either char (F') =0 or char (F) = p isprimeto m.
In this case we set
HYY(F) = HYNYE, p5).
The Kummer theory gives rise to the well known natural isomorphism F*/F*™ —

HY(F, iu,,). Denote theimage of an element a € F* under this isomorphism by ().
The cup product gives the homomorphism

F*®®F*_>Hn(F7:U’%n7 al®"'®an_>(a17"'7an)
—_————
where (a1, -..,a,) = (a)U ---U(ay,). Itiswell knownthat theelement (a1, ..., a,)

iszeroif a; +a; =1 for some i 7 j. From the definition of the Milnor K -group we
get the homomorphism

Nm: KM(F)/m — H™(F, "), {at, ...,an} — (a1, ..., am).

Now, we define the pairing ( , ),. asthefollowing composite

HYF,Z/m) @ Kp(F)/m 220 gYF,2,/m) © H"(F, y&") 2 H2YE, 580,

m

Case2. char(F)=p#0 and m isapower of p.
To simplify the exposition we start with the case m = p. Set

H*Y(F) = coker (Qf: 2 Q /dQp )
where
d(adba A -+ Adbp) =da Adby A -+ A db,
dbs dby, , dby dby, 1
_ = ) = — _ = 4+ dO"
p(abl/\ Abn) (a a)bl/\ /\bn dQp

(p = C1—1 where C ! is the inverse Cartier operator defined in subsection 4.2).
Thepairing (, ), isdefined asfollows:
()i F/o(F) x Ko(F)/p — Hy™(F),

(@ b1, - by o a2 p g G
b1 by,

where F/o(F) isidentified with H(F,Z/p) via Artin-Schreier theory.
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; n+l i ; n+l
Todefinethegroup H () foranarbitrary 7 > 1 wenotethat thegroup H**(F)

is the quotient group of Q7. In particular, generators of the group H;”(F) can be
written in the form adb; A --- A db,,. Clearly, the natura homomorphism

db db,,
FRF'® - @ F — H"Y(F), a®bl®~-®anab—1A~-/\b—
ﬁf_/ 1 n

n

is surjective. Therefore the group Hg*l(F) is naturally identified with the quotient
group F@ F*® ---@ F*/J. Itisnot difficult to show that the subgroup J isgenerated
by the following elements:
(@’ —a)@b1® -+ ® by,
a®Ra®@by® - R by,
a®b® ---®by,, where b; = b; for some i 7 j.
Thisdescription of the group Hg”(F) can be easily generalized to define H;;Ll(F)

for an arbitrary i > 1. Namely, we define the group H gfl(F) as the quotient group

Wi(F)QF*® ---QF*/J
where W;(F) is the group of Witt vectors of length < and J is the subgroup of
Wi(F)® F* ® --- ® F* generated by the following elements:
Fw) —w) @b & -+ R by,
(@,0, ....0)®a®@by® -+ R by,
Wb ® -+ ® by, where b; = b; forsome i 7 j.
Thepairing ( , ),: isdefined asfollows:

()t WilB)/p(Wi(F) x Kn(F)/p" — HpH(F),

('Z,U,{b]_, ,bn})'—>’UJ®b1® ®bn
where p = F —id: W;(F) — W;(F) and the group W;(F)/o(W;(F)) is identified
with HY(F,Z/p") viaWitt theory. This completes definitions in Case 2.

Case3. char(F)=p#0 and m =m'p’ where m’ > 1 isaninteger primeto p and
12> 1.

The groups H,"7}(F) and H]:"(F) are already defined (see Cases 1 and 2). We

m/’

define the group H:*(F) by the following formula:
HPY(F) = HWNF) @ HPHF)

m/’

Since HY(F,Z/m) ~ HY(F,Z/m') ® HYF,Z/p") and K, (F)/m ~ K,(F)/m’ ®
K,.(F)/p*, we can define the pairing ( , ), asthe direct sum of the pairings (, ),
and (, ),:. This completes the definition of the group H™Y(F) and of the pairing

¢ -
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Remark 1. Inthecase n = 1 or n = 2 the group H. (F) can be determined as
follows:

HY(F)~ HYF,Z/m) and  H2(F)~,,Br(F).

Remark 2. Thegroup H”*}(F) isoften denoted by H"*1(F,Z/m (n)).

2.2. Thegroup H"Y(F)

In the previous subsection we defined the group H™*1(F) and the pairing (, ), for
an arbitrary m. Now, let m and m’ be positive integers such that m’ isdivisible by
m. Inthis case there exists a canonical homomorphism

i HEPYEF) — HEY(F).
To define the homomorphism i,, ..,/ it sufficesto consider the following two cases:

Casel. Either char(F) =0 or char(F) =p isprimeto m and m’.
This case corresponds to Case 1 in the definition of the group H™*(F) (see sub-
section 2.1). We identify the homomorphism i,,, ,,,» with the homomorphism

H"HE, p") — HHE, g
induced by the natural embedding 1,,, C fty-

Case2. m and m' arepowersof p = char (F).

We can assume that m = p* and m’ = p' with i < i/. This case corresponds to
Case 2 in the definition of the group HZ;*Y(F). Wedefine 4., ,,,» asthe homomorphism
induced by

Wi(F)QF*"® ...F* > Wy(F)Q F*® ...F*,
(al7“‘?ai)®bl® "'®bn'_>(07"'703a13"'7ai)®b1® ®bn

The maps i, ,,» (Wwhere m and m' run over all integers such that m’ is divisible
by m ) determine the inductive system of the groups.

Definition. For afield F' and an integer n set
n+l — I n+l
H N (E) =lim,, H(E).

Conjecture 1. The natural homomorphism H"*(F) — H"*1(F) isinjective and the
image of this homomor phism coincideswith the m-torsion part of the group H"*1(F).
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This conjecture follows easily from the Milnor-Bloch—K ato conjecture (see subsec-
tion 4.1) in degree n. In particular, it isproved for n < 2. For fields of characteristic
p we have the following theorem.

Theorem 1. Conjecture 1 istrueif char (F) =p and m = p’.

2.3. Computing thegroup H»*'(F) for somefields

We start with the following well known result.

Theorem 2 (classical). Let ' bea perfect field. Supposethat char (F) = 0 or char (F)
isprimeto m. Then

HPHF (1) ~ Hy™N(F) © Hp(F)
HYYF@) ~HYY e [ HL(FI/FE).

monicirred f(t)

It is known that we cannot omit the conditions on F' and m in the statement of
Theorem 2. To generalize the theorem to the arbitrary case we need the following nota-
tion. For acomplete discrete valuation field & and its maximal unramified extension
Ky definethe groups Hy, (K) and H, (K) asfollows:

H (K)=ker (HL(K) — HA(Kw))  and  HP(K) = H(K)/HE ((K).

Notethat for afield K = F((t)) weobviously have K = FP((t)). We aso note that
under the hypotheses of Theorem 2 we have H"(K) = Hy, ,(K) and H"(K) = 0.
The following theorem is due to Kato.

Theorem 3 (Kato, [K1, Th. 3§0]). Let K be a complete discrete valuation field with
residuefield k. Then

m

In particular, H2'5 (F (1)) ~ HEPH(F) @ H(F).

HM(K) ~ HE (k) @ H (k).

m

This theorem plays a key role in Kato's approach to class field theory of multidi-
mensional local fields (see section 5 of this part).

To generalizethe second isomorphism of Theorem 2 we need the following notation.
Set

Hi'so(F (1)) = ker (HpH(F () — Hy™H(FS(1))) and

HRHE @) = Hy M (F )/ Hygn(F ().
If thefield I satisfies the hypotheses of Theorem 2, we have
H2' (P (1) = Hi NP (1) and HJEPH(E(#)) = 0.
In the general case we have the following statement.
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Theorem 4 (I1zhboldin, [12, Introduction]).

Hi'so(FO) =~ Hy (e [ Hy (FIO/F0),

monicirred f(t)

Hyt (F @) = [T H M F@))
where v runs over all normalized discrete valuations of the field F'(t) and F(t),
denotes the v-completion of F'(t).

2.4. Onthegroup K,(F)

In this subsection we discuss the structure of the torsion and cotorsion in Milnor
K -theory. For simplicity, we consider the case of prime m = p. We start with the
following fundamental theorem concerning the quotient group K,,(F')/p for fields of
characteristic p.

Theorem 5 (Bloch—-K ato—Gabber, [BK, Th. 2.1]). Let F' beafield of characteristic p.
Then the differential symbol

d day,
At Ko(F)/p— Qf. {ar o an} = =2 A =0
1

isinjective and itsimage coincides with the kernel v,,(F") of the homomorphism g (for
the definition see Case 2 of 2.1). In other words, the sequence

dp

0 —— K.(F)/p Qp —— Qp/dQpt

iS exact.

This theorem relates the Milnor K -group modulo p of afield of characteristic p
with a submodule of the differential module whose structure is easier to understand.
The theorem is important for Kato's approach to higher local class field theory. For a
sketch of its proof see subsection A2 in the appendix to this section.

There exists a natural generalization of the above theorem for the quotient groups
K, (F)/p* by using De Rham-Witt complex ([BK, Cor. 2.8]).

Now, we recall well known Tate's conjecture concerning the torsion subgroup of the
Milnor K -groups.

Conjecture 2 (Tate). Let F' beafield and p bea primeinteger.
(i) If char(F)Zp and ¢, € F, then ,K,,(F)={(} - Kp—1(F).
(ii) If char (F) =p then ,K,(F)=0.

This conjecture is trivial in the case where n < 1. In the other cases we have the
following theorem.
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Theorem 6. Let F' beafield and n bea positive integer.

(1) Tate'sConjecture holdsif n < 2 (Sudin, [9)]),
(2) Part (ii) of Tate's Conjecture holds for all n (I1zhboldin, [11]).

The proof of this theorem is closely related to the proof of Satz 90 for K -groups.
Let usrecall two basic conjectures on this subject.

Conjecture 3 (Satz 90 for K,,). If L/F is a cyclic extension of degree p with the
Galoisgroup G = (o) then the sequence

. N
Ko(L) =% K, (L) =25 K, (F)
iS exact.

Thereis an analogue of the above conjecture for the quotient group K,,(F)/p. Fix
the following notation till the end of this section:

Definition. For afield F' set

kn(F) = Kn(F)/p.
Conjecture 4 (Small Satz 90 for k,,). If L/F isa cyclic extension of degree p with
the Galois group G = (o), then the sequence

ZF/L@(].—O’
_

kn(F) & k(D) L k(L) 2ET k()

is exact.
The conjectures 2,3 and 4 are not independent:

Lemma (Suslin). Fix a prime integer p and integer n. Then in the category of all
fields (of a given characteristic) we have

(Small Satz90 for k,,) + (Tate conjecturefor ,K,,) <= (Satz90for K, ).
Moreover, for a given field F' we have
(Small Satz 90 for k,,) + (Tate conjecturefor ,K,,) = (Satz90for K,,)
and

(Satz90for K,,) = (small Satz90for k., ).

Satz 90 conjectures are proved for n < 2 (Merkurev-Suslin, [MSL1]). If p = 2,
n = 3, and char (F) # 2, the conjectures were proved by Merkurev and Suslin [MS]
and Rost. For p = 2 the conjecturesfollow from recent results of Voevodsky. For fields
of characteristic p the conjectures are proved for all n:
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Theorem 7 (Izhboldin, [11]). Let F' beafield of characteristic p and L/F beacyclic
extension of degree p. Then the following sequenceis exact:

0 — Ko (F) = (L) 2% K,(L) 25 K, (F) — H™(F) — H™Y(L)

2.5. Onthegroup K!(F)
In this subsection we discuss the same issues, as in the previous subsection, for the
group K (F).
Definition. Let ' beafield and p beaprimeinteger. We set
DE,(F)= (| mKn(F) and D,K,(F)=()p K.(F).

m>1 >0

We define the group K (F') asthe quotient group:
K,(F) = Ko(F)/DE,(F) = Ko(F)/ (1) mE,(F).

m>1

Thegroup K (F) isof specia interest for higher classfield theory (see sections 6,
7 and 10). We have the following evident isomorphism (see also 2.0):

Kt(F) ~im (Kn(F) —lim,, Kn(F)/m> :

The quotient group K (F)/m is obviously isomorphic to the group K, (F)/m. As
for the torsion subgroup of K (F), itisquite natural to state the same questions as for
the group K, (F).

Question 1. Arethe K*-analogue of Tate's conjecture and Satz 90 Conjecture true for
the group K (F)?

If weknow the (positive) answer to the corresponding question for thegroup K,,(F),
then the previous question is equivalent to the following:

Question 2. Isthegroup DK, (F) divisible?

At first sight this question looks trivial because the group DK,,(F") consists of all
divisible elements of K, (F). However, the following theorem shows that the group
DK, (F) isnot necessarily adivisible group!

Theorem 8 (Izhboldin, [13]). For every n > 2 and prime p thereis a field ' such
that char (F)) Zp, ¢, € F and
(1) Thegroup DK, (F) isnotdivisible, and the group D,K>(F) isnot p-divisible,
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(2) The K'-analogue of Tate's conjectureisfalsefor K!:
PG (F) 7{Gp} - K, 1 (F).
(3) The K*-analogue of Hilbert 90 conjectureis false for group K (F).

Remark 1. Thefield I satisfying the conditions of Theorem 8 can be constructed as
the function field of some infinite dimensional variety over any field of characteristic
zero whose group of roots of unity isfinite.

Quiteadifferent constructionfor irregular primenumbers p and F' = Q(,,) follows
from works of G. Banaszak [B].

Remark 2. If F isafield of characteristic p thenthegroups D, K,,(F) and DK, (F)
are p-divisible. This easily implies that , K/ (F) = 0. Moreover, Satz 90 theorem
holdsfor K inthe case of cyclic p-extensions.

Remark 3. If F isamultidimensional local fieldsthenthegroup K (F) isstudiedin
section 6 of this volume. In particular, Fesenko (see subsections 6.3-6.8 of section 6)
gives positive answers to Questions 1 and 2 for multidimensional local fields.
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