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4. Cohomological symbol
for hensdlian discrete valuation fields
of mixed characteristic

Jinya Nakamura

4.1. Cohomological symbol map

Let K beafield. If m isprimetothecharacteristic of K, there existsan isomorphism
hl,K: K*/m - Hl(K7 /~Lm)
supplied by Kummer theory. Taking the cup product we get
(K™ /m)! — HYK, Z/m(q))
and this factors through (by [T])
hg ikt Kq(K)/m — HY(K, Z/m(q)).
Thisis called the cohomological symbol or norm residue homomorphism.

Milnor-Bloch—-Kato Conjecture. For every field K and every positive integer m
which is primeto the characteristic of K the homomorphism %, x isanisomorphism.

This conjecture is shown to be truein the following cases:
(i) K isanalgebraic number field or afunction field of one variable over afinitefield
and g = 2, by Tate[T].
(ii) Arbitrary K and ¢ = 2, by Merkur’ev and Suslin [MS1].
(iii) ¢ = 3 and m is a power of 2, by Rost [R], independently by Merkur’'ev and
Sudlin[MS2].
(iv) K isahenselian discrete valuation field of mixed characteristic (0,p) and m isa
power of p, by Bloch and Kato [BK].
(v) (K, q)arbitrary and m isapower of 2, by Voevodsky [V].
For higher dimensional local fields theory Bloch—-Kato's theorem is very important
and the aim of thistext isto review its proof.
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44 J. Nakamura

Theorem (Bloch—Kato). Let K be a henselian discrete valuation fields of mixed char-
acteristic (0, p) (i.e, the characteristic of K iszero and that of the residuefield of K
is p > 0), then

hg it Ko(K)/p" — HYK,Z/p"(q))
isan isomorphismfor all n.

Till the end of this section let K be as above, k = ki theresiduefield of K.

4.2. Filtration on Ky(K)

Fix aprime element 7 of K.

Definition.

K (K), m=0
({1+Mp} - Ko1(K)) m > 0.
Put gr, K (K) = Up, Ky(K)/Up+1K4(K).

U K () = {

Then we get an isomorphism by [FV, Ch. IX sect. 2]
Kq(k) ® Ky-a(k) 2 groK (k)
po ({21, -+ wg} {yns s yg-1}) = {71, - Tt + {01, - 01,7}
where z isalifting of x. Thismap po dependson the choice of aprime element 7 of
K.
For m > 1 thereisasurjection
QI e Q172 L gr, K (K)
defined by

d dy,_
<mﬂ/\---/\ Yg—1

Y1 Yg—-1

,0> SRS Tt

d dy,— -~ —
<0,mﬂ/\ RN M) — {1+ 72, Y1, ., Yg2, T}
U1 Yq—2

Definition.
kqo(K) = Ky(K)/p, he(K) = HY(K, Z/p(q)),
Unka(K) = imUnn Ko(K)) inky(K),  Upnh9(K) = hy i (Un kg(K)),
I h(K) = Unh1(K)/Uppar h1(K).
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Part . Section 4. Cohomological symbol for henselian discrete valuation field 45

-1
Proposition. Denote v, (k) = ker(Q? =S Q7 /dQ¢~1) where c1 is the inverse
Cartier operator:

d d d d
xﬂ/\...Aﬁ,_)mPﬂ/\.../\ﬂ‘

Y1 Yq Y1 Yq
Put ¢’ = pe/(p — 1), where e = vk (p).

(i) There exist isomorphisms v,(k) — kq(k) for any ¢; and the composite map
denoted by pg

po: Vg(k) ® vg_1(k) = kq(k) @ kq_1(k) = drok,(K)

is also an isomor phism.
(i) If 1< m < e and ptm, then p,,, inducesa surjection

P2 QI g kg (K).
(iii) If 1< m < €' and p | m, then p,, factorsthrough
P QU287 0 Q172 ) 7872 gr, ko (K)

and p,, isasurjection. Herewe denote Z{ = Z1Qf = ker(d: Q} — QZ”).
(iv) If m=¢’ € Z, then p.. factorsthrough
P QI A+a0) 2t 6 QI /(1 +aC) 282 — greky(K)

and p., isasurjection.
Here a istheresidueclassof pr—¢, and C isthe Cartier operator

d d d d
mpﬂ/\.../\ﬂ,_)xﬂ/\.../\ﬁ’

U1 Yq U1 Yq
(v) If m > ¢, then Ormkq(K) =0.

Qi — 0.

Proof. (i) follows from Bloch—-Gabber—Kato's theorem (subsection 2.4). The other
claims follow from calculations of symbols. 0

Definition. Denote the left hand side in the definition of p,, by G%,. We denote

hq, K

the composite map G, L, O kq(K) —— or,hi(K) by p,,; the latter is also
surjective.
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4.3

In this and next section we outline the proof of Bloch—Kato's theorem.

4.3.1. Norm argument.

We may assume ¢, € K to prove Bloch—-Kato's theorem.
Indeed, |K () : K| isadivisor of p — 1 and thereforeis primeto p. There exists
a norm homomorphism Ny, x: Kq(L) — K4 (K) (see [BT, Sect. 5]) such that the
following diagram is commutative:

Nr/x

K(K)/p"  ——  Ky(L)/p" Ky(K)/p"

lhq,]{ lhq,L lhq,K

HYK,Z/p"(q)) ——— HYL,Z/p"(q)) —— HUEK,Z/p"(q))

where the left horizontal arrow of the top row is the natural map, and res (resp. cor)
is the restriction (resp. the corestriction). The top row and the bottom row are both
multiplication by |L : K|, thus they are isomorphisms. Hence the bijectivity of h, x
follows from the bijectivity of h, ; and we may assume ¢, € K.

4.3.2. Tate'sargument.
To prove Bloch—Kato’s theorem we may assumethat n = 1.
Indeed, consider the cohomological long exact sequence
< — HYK, Z/p(q) > HUK, Z/p" q)) B> HUK, Z/p"(@)) — ...
which comes from the Bockstein sequence

mod p

0—2Z/p" 5 Z/p" — Z/p — 0.

We may assume ¢, € K, so H*"Y(K,Z/p(q)) ~ he—1(K) and the following diagram
is commutative (cf. [T, §2]):

{*7Cp} mod p

kgo1(K) —25 K (K)/p"~t  —L—  K(K)/p" kg (K)
J/hqfl,K hq,Kl hq,Kl hq,Kl
ha-Y(K) — HU(K, Z/pYq) —2— HIK, Z/p"(q) 22 hi(K).

Thetop row is exact except at K ,(K)/p"~! and the bottom row is exact. By induction
on n, we have only to show the bijectivity of h, x: k,(K) — h9(K) forall ¢ inorder
to prove Bloch—Kato's theorem.
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4.4. Bloch—-Kato's Theorem

We review the proof of Bloch—Kato's theorem in the following four steps.
[ P Ormkq(KC) — gr,, h4(K) isinjectivefor 1 < m < €’.

[l Ppo:groky(K) — groh?(K) isinjective.

I h9(K) = Ughd(K) if k isseparably closed.

IV hi(K) = Uphi(K) for genera k.

44.1. Step .

Injectivity of p,, ispreserved by taking inductive limit of k. Thuswe may assume
k is finitely generated over I, of transcendence degree » < oo. We also assume
¢p € K. Thenwe get

Oreh™3(K) = U h"™(K) 7 0.

For instance, if » = 0, then K isalocal field and U, h?(K) = ,Br(K) = Z/p. If
r > 1, one can use a cohomological residue to reduce to the case of » = 0. For more
details see [K 1, Sect. 1.4] and [K2, Sect. 3].

For 1 < m < €', consider the following diagram:

Gy, x GLZt D g () @ g2 (E)
wml cup productl
Qp/dQi—t - qrr2 P, gro h2(K)

where ,,, is, if ptm, induced by the wedge product QZ~* x Q774 —, Q7 /dQr 1,
andif p | m,
ot ar? oyt o
Zq—l Zq—2 X Zr+1—q 7r=4q
1 1 1 1
(21,22, Y1, y2) ¥ 1 A dy2 + 22 A dys,

m 71
£ Q1 4oy

and thefirst horizontal arrow of the bottom row is the projection
Q1/dQI™t — QF /(1+aC)Z} = GIF?
since Q7*1 =0 and dQ? ' € (1+aC)Z]. Thediagram is commutative, Qf /dQr~*

is a one-dimensional kP-vector space and ¢,, is a perfect pairing, the arrows in the
bottom row are both surjectiveand gr.. h"*2(K) # 0, thus we get the injectivity of p,,.
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44.2. Step 1.

Let K’ be a henselian discrete valuation field such that K ¢ K’, e(K'|K) =1
and k- = k(t) where ¢ isanindeterminate. Consider

grohq(K) “25 grihT ().
Theright hand sideis equal to Qz(t) by (1). Let ¢ bethe composite

Ul+rt

va(K) & vg_1(K) 2% groh()) 2% grin*i(K') = QY.
Then

¢<%/\ .../\%’0> :t%/\ .../\%7
1 Tq T Tq

d dzx,— d dzx,—
@Z)(O,ﬂ/\-"/\ ql):idt/\ﬂ/\.../\ ql.
1 Tg—1 1 Tg—1

Since t istranscendental over k, v isan injection and hence po isalso aninjection.

4.4.3. Step 1.
Denote sh?(K) = Upgh4(K) (theletter s means the symbolic part) and put

C(K) = h9(K)/sh(K).

Assume g > 2. The purpose of thisstep isto show C'(K) =0. Let K beahenselian
discrete valuation field with algebraically closed residue field % suchthat K C K,
k C k- and the valuation of K is the induced valuation from K. By Lang[L], K
isa Cy-field in the terminology of [S]. This means that the cohomological dimension
of K isone, hence C(K) = 0. If therestriction C(K) — C(K) isinjective then we
get C(K) = 0. To prove this, we only have to show the injectivity of the restriction
C(K) — C(L) forany L = K(b'/?) suchthat b € O% and b ¢ k..
We need the following lemmas.

Lemma 1. Let K and L be as above. Let G = Gal(L/K) and let sh?(L)¢ (resp.
shi(L)g ) be G-invariants (resp. G-coinvariants). Then
() shi(K) = shi(L)¢ =% shi(K) isexact.

cor

(i) shi(K) <= shi(L)e =5 shi(K) isexact.

Proof. A nontrivial calculation with symbols, for more details see ([BK, Prop. 5.4].

Lemma2. Let K and L be asabove. The following conditions are equivalent:
() hTYEK) = b YL)g <5 ht LK) is exact.
(i) he=Y(K) L ho(K) " pa(L) isexact.
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Proof. Thisis a property of the cup product of Galois cohomologies for L/K. For
more details see [BK, Lemma 3.2]. 0

By induction on ¢ we assume sh?~1(K) = h?1(K). Consider the following
diagram with exact rows:

ht~YK)
ub

0 —— shi(K) —— h{(K) —— C(K) —— 0

r&sl res resl

0 —— shi(L)¢ —— hI(L)* —— C)°

cor l cor

0 —— shi(K) —— hi(K).

By Lemma 1 (i) the left column is exact. Furthermore, due to the exactness of the
sequence of Lemma 1 (ii) and the inductional assumption we have an exact sequence

RIYEK) L& Y (L) — hIY(K).
So by Lemma 2
h=Y (k) L hy(K) " pa(r)

is exact. Thus, the upper half of the middle column is exact. Note that the lower half of
the middle column s at least a complex because the composite map cor o res isequal to
multiplication by |L : K| = p. Chasing the diagram, one can deduce that all elements
of the kernel of C(K) — C(L)¢ comefrom h?~1(K) of the top group of the middle
column. Now h9~1(K) = sh?~1(K), and theimage of

sha= 1K) 2% h(K)

is also included in the symbolic part sh9(K) in h9(K). Hence C(K) — C(L)¢ isan
injection. The claimis proved.

4.44. Step 1V.
We use the Hochschild—Serre spectral sequence
H"(Gy, h(Ky)) = h7"(K).
For any ¢,
Qlep >~ Qf @ kP, Z1Q% e ~ Z1Q% @pp (K5P)P.
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Thus, gr,,,h9(Ky) =~ gr,h1(K) Qe (K5P)? for 1 < m < ¢’. Thisisadirect sum of
copiesof k5P, hence we have

HYGy, 1h"(Kyr)) ~ Urh4(K) /U hY(K),
H" (G, Urh?(Ky)) =0

for r > 1 because H" (G, k=) = 0 for » > 1. Furthermore, taking cohomologies of
the following two exact sequences

0 — U1h?(Ky) — h¥(EKy) — Vie & VZ;pl — 0,

l* —1
0 — Vs & Z1 Qs —— Qjser — 0,

we have
HOGy,, h'(Ky)) 2 sh(K) /U hY(K) ~ kUK)/Ua k9(K),
HY Gy, hi(Ky)) ~ HYGr, Vs & visg)
~ (Qf/(1-C)Z1Q)) & (QF /(1 — 02108,
H"(Gy, h"(Ku)) =0

for r > 2, sincethe cohomological p-dimension of GG, islessthan or equal to one(cf.
[S, 11-2.2]). By the above spectral sequence, we have the following exact sequence

0— (@ 1/1-0z{ He @ ?/1-0z %) — h(K)
— ky(K)/Ueky(K) — O.
Multiplication by the residue class of (1 — ¢,)” /7r€' gives an isomorphism
@ /a-ozi e @ /a- 0z
— QY /(L+aQ)Z{ ) @ (QF /(L +aQ)Z{?) = grerky(K),
hence we get h9(K) ~ k,(K).
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