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In this chapter we study well-posedness and the asymptotic behaviour of solu-
tions to a class of abstract nonlinear parabolic equations. A typical representative of
this class is the nonlinear heat equation

d 2
%—% = vzg}% +f(2, w)
=1 ?

considered in a bounded domain Q of R? with appropriate boundary conditions on
the border 0 Q. However, the class also contains a number of nonlinear partial dif-
ferential equations arising in Mechanics and Physics that are interesting from the
applied point of view. The main feature of this class of equations lies in the fact that
the corresponding dynamical systems possess a compact absorbing set.

The first three sections of this chapter are devoted to the questions of existence
and uniqueness of solutions and a brief description of examples. They are indepen-
dent of the results of Chapter 1. In the other sections containing the discussion of
asymptotic properties of solutions we use general results on the existence and pro-
perties of global attractors proved in Chapter 1. In Sections 6 and 7 we present two
quite simple infinite-dimensional systems for which the asymptotic behaviour of the
trajectories can be explicitly described. In Section 8 we consider a class of systems
generated by infinite-dimensional retarded equations.

The list of references at the end of the chapter consists only of the books re-
commended for further reading.

§ 1 Positive Operators
with Discrete Spectrum

This section contains some auxiliary facts that play an important role in the subse-
quent considerations related to the study of the asymptotic properties of solutions
to abstract semilinear parabolic equations.

Assume that H is a separable Hilbert space with the inner product ( ., ) and
the norm | .| . Let A be a selfadjoint positive linear operator with the domain D (A).
An operator A is said to have a discrete spectrum if in the space H there exists
an orthonormal basis {e, } of the eigenvectors:

(e ej)z Skj, Ae, = Me,, k,j=1,2, ..., (1.1
such that
O<A <Ay<..., lim 2, = oo (1.2)

k — oo
The following exercise contains a simple example of an operator with discrete spec-
trum.
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Exercise 1.1 Let H=L2 (0, 1) and let A be an operator defined by the
equation Au = —u" with the domain D(A) which consists of conti-
nuously differentiable functions w(x) such that (a) «(0)=u(1)=0,
(b) u'(x) is absolutely continuous and (c) u" € L2(0, 1). Show
that A is a positive operator with discrete spectrum. Find its eigen-
vectors and eigenvalues.

The above-mentioned structure of the operator A enables us to define an operator
f(A) for a wide class of functions f(A) defined on the positive semiaxis. It can be
done by supposing that

DU)= (1= epey e 1: 3 FRIL < o).
k=1 k=1
F(A)h = ickf(kk)ek, h e D(f(A)). (1.3)
k=1

In particular, one can define operators A* with oo € R. For @ = —f3 < 0 these ope-
rators are bounded. However, in this case it is also convenient to introduce the line-
als D(A%) if we regard D (A~P) as a completion of the space H with respect to the
norm AP .| .

Exercise 1.2 Show that the space % g = D(A~P) with B > 0 can be identi-
fied with the space of formal series Zc 1€} such that

o0

Zc%kgzﬁ< o0 .

k=1

Exercise 1.3 Show that for any B € R the operator AP can be defined on
every space D(A%) as a bounded mapping from D(A%) into
D(A%~PB) such that

ABD(A®) = pac-By,  AP1Pa_ pPr 4Pz, (1.4)

Exercise 1.4 Show that for all a € R the space %, = D(A%) is a sepa-
rable Hilbert space with the inner product (u, v), = (A%u, A%v)
and the norm ||, = A% .

Exercise 1.5 The operator A with the domain 9’1 + o 1s a positive operator
with discrete spectrum in each space 9’6 .

Exercise 1.6 Prove the continuity of the embedding of the space ga into
%ﬁ for oo > 3, i.e. verify that %, 9’5 and ||u||5 < Clul,, -

Exercise 1.7 Provethat %, is dense in % for any o > B.
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Exercise 1.8 Let fe %, for 6 > 0.Show that the linear functional F'(g) =
= (f, g) can be continuously extended from the space H to %
and |(f, g)l < fls-lgl_g forany fe F  and g € F

Exercise 1.9 Show that any continuous linear functional /' on % has the
form: F(f)=(f, g), where g € ¥ . Thus, ¥, is the space
of continuous linear functionals on % .

The collection of Hilbert spaces with the properties mentioned in Exercises 1.7-1.9
is frequently called a scale of Hilbert spaces. The following assertion on the com-
pactness of embedding is valid for the scale of spaces {9’6} .

Theorem 1.1.

Let 6, > cy. Then the space 9701 is compactly embedded into 9762, i.e.
every sequence bounded in 9%'01 is compact in 9’62.

Proof.

It is well known that every bounded set in a separable Hilbert space is weakly
compact, i.e. it contains a weakly convergent sequence. Therefore, it is sufficient to
prove that any sequence weakly tending to zero in 9701 converges to zero with re-
spect to the norm of the space 970 We remind that a sequence { fn} in 970 weakly
converges to an element f € &% 1f forallg € ¥,

nlgnoo(fn’ g)g = (f9 g)c'

Let the sequence { f,, } be weakly convergent to zero in 9701 and let
o, <€ m=L2 (1.5)

Then for any N we have

20 20
[£alo, < Zk * (o ) + 2(61 62)2 Yfen) . (16)

Here we applied the fact that for k¥ > N

20 1 20
A —— A
k 2(c,—0y) "k

}LN
Equations (1.5) and (1.6) imply that

1]

H

N-1
20 -2(c,—0C
< SR e+ 0ay T
k=1
We fix € > 0 and choose N such that

502, < Zﬁog foee ) HE. .n
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Let us fix the number N . The weak convergence of f,, to zero gives us

lim (f,, e,)=0, k=1,2,..,N-1.

1 —> oo
Therefore, it follows from (1.7) that
g, <

By virtue of the arbitrariness of € we have

im |5l

n —> oo

Thus, Theorem 1.1 is proved.

Exercise 1.10 Show that the resolvent R;(A)= (A-1)H, A= Ay, i
a compact operator in each space 9% .

We point out several properties of the scale of spaces {9%} that are important for
further considerations.

Exercise 1.11 Show that in each space 970 the equation
l
Plu:Z(u, e)ey ue%;, —0<G<®

k=1
defines an orthoprojector onto the finite-dimensional subspace ge-
nerated by the set of elements {ek, k=1, 2, ..., l}. Moreover,

for each ¢ we have

lim ||Plu —u|| =0
| > o0 o

Exercise 1.12 Using the Holder inequality

1/p 1/q
P q 1.1
EakkaLEakJ [Ebkj , 25+a=1, ay, b, >0,
k k

k
prove the interpolation inequality

1492 < JAu)® Jul=?, 0<0<1, uweD().

Exercise 1.13 Relying on the result of the previous exercise verify that
for any 6, 64 € R the following interpolation estimate holds:
17
il gy < lulg Tuls®

where ¢(0) = 9(51"'(1—9)627 0<0<1,and ue gmax(cl oy)°
Prove the inequality

A
0

2 2 — 2
el gy < sl +Coe IOl

where 0 < 0 < 1 and ¢ is a positive number.
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Equations (1.3) enable us to define an exponential operator exp(—tA), t > 0, in
the scale {#_}. Some of its properties are given in exercises 1.14-1.17.

Exercise 1.14 For any a € R and ¢ >0 the linear operator exp(—tA)
maps %, into

; %, and possesses the property ”e‘mu”a <
—t
<e M, -

G >0

Exercise 1.15 The following semigroup property holds:
exp(—t;A)-exp(—tyA) = exp(—(t;+1t5)A), 1}, t520.

Exercise /.16 Forany u € ¥, and 6 € R the following equation is valid:

lim [e~ 42 —e T4 u|s = 0. (1.8)

t—>T

Exercise 1.17 For any ¢ € R the exponential operator e ?4 defines a dissi-
pative compact dynamical system (?76, e_tA) . What can you say
about its global attractor?

Let us introduce the following notations. Let C(a, b; 970() be the space of strongly
continuous functions on the segment [a, b] with the values in 7 , i.e. they are con-
tinuous with respect to the norm | - |, = |A® .| . In particular, Exercise 1.16 means
that e~'4u e C(R,, #%,) ifue%,. By Cl(a, b; %,) we denote the subspace of
C(a, b; #,) that consists of the functions f(¢) which possess strong (in %, ) deri-
vatives f'(t) lying in C(a, b; F,). The space C¥(a, b; %,) is defined similarly
for any natural k£ . We remind that the strong derivative (in % ) of a function f (t) at
apoint ¢ = ¢ is defined as an element v e @a such that

tim L7+ h) =1(1) 0|, = 0.

Exercise 1.18 Let u, € @G for some o . Show that
eAuy e CF(S, +o0; F))

foralld >0, 0 € R,and k =1, 2, ... . Moreover,

Let L2(a, b; %,) be the space of functions on the segment [a, b] with the values
in &, for which the integral

b
2 _ 2
Wl o) = jnu@)uadz
a

exists. Let L*® (a, b; @a) be the space of essentially bounded functions on [a, b]
with the values in %, and the norm
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bt e 0, pacy = 35,30 14 0

We consider the Cauchy problem
d
a%-l—Ay:f(t), te(a,b); yla)=y,, (1.9)
where y € %, and f(t) € L%(a, b; F, _| ). The weak solution (in %, ) to this
problem on the segment [a, b] is defined as a function
y(t) € Cla, b; Fy) NLA(a, by F, o 1)9) (1.10)

such that dy/dt € L2(a, b; F,_1/5) and equalities (1.9) hold. Here the derivative
y'(t) = dy/dt is considered in the generalized sense, i.e. it is defined by the equality

b b
jm(t)y'(t)dt = —jcp'(t)y(t)dt, ¢ € CF(a, b),

where C°(a, b) is the space of infinitely differentiable scalar functions on (a, b)
vanishing near the points @ and b .

Exercise 1.19 Show that every weak solution to problem (1.9) possesses the
property

t 13
||y(t)||i+J||y(r)||i+%dr < |‘y0]|a+_[||f(r)||i dr. (1.1D)

_1
2
(Hint: first prove the analogue of formula (1.11) for y,,(t)=P, y(t),

"
then use Exercise 1.11).

Exercise 1.20 Prove the theorem on the existence and uniqueness of weak
solutions to problem (1.9). Show that a weak solution y(¢) to this
problem can be represented in the form

t

y(t)=e(t-a)dy, +Je(tf>Af(r)dr. (1.12)

a
Exercise 1.21 Let y, € %, and let a function f(t) possess the property
|(ey) =1 (23)], < Clt;—1,)°

for some 0 < O < 1. Then formula (1.12) gives us a solution to pro-
blem (1.9) belonging to the class

C([a, 0]; F,) N CH(Ja, b]; F) N C(Ja, b]; Foyy) -

Such a solution is said to be strong in %, .
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The following properties of the exponential operator e~tA play an important part
in the further considerations.

Lemma 1.1.

Let @y be the orthoprojector onto the closure of the span of elements
{ey, k2 N+1} in H and let Py=1-Qy, N=0, 1, 2, .... Then

1) forallh e H, B >0 and t € R the following inequality holds:
_ Byl
[ABByetAn| < Ay eIl ; (1.13)
2) forall h e D(AB), t >0 and o = B the following estimate is valid:

_pN\a-P _ _
awgyeran] < [ P aag flehnlanl, s
in the case o — =0 we supose that 00 =0 4n (1.14).

Proof.
Estimate (1.13) follows from the equation

N
Jabryetanf? = 5 33Pe o o2,
k=1
In the proof of (1.14) we similarly have that

—tAp|2 =B -t 22 2p 2
[a%Qye4n]? < l;ﬂg+l(ka e’ kzN:H}% (7, €;)" -

This gives us the inequality

fasoyerinl < gy | max (e Penlafil.
= N+1

Since max{u’e™M; pu > 0} is attained when {1 = y, we have that

-\ ¢
Y N+1 . .
- (Ayy1t)"@ s A Ayt 25
max (e H) =
H= ! e, if Ay, t<vy.
Therefore,

max  (WVeH) < (774 (1))@ N
=2yt
This implies estimate (1.14). Lemma 1.1 is proved.

In particular, we note that it follows from (1.14) that

Jace-tan] < [(GT_B)Qﬁ+kf“ﬁ]e‘tkllmﬁhll, azB. (115

83
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Exercise 1.22 Using estimate (1.15) and the equation
t
e Ay —esAy = —JAe‘TAudT, t>s, uedg,
S

prove that
let4u —esAulg < Cy It =5 Ouly; ¢ s>0, (1.16)

provided 0 < ¢ < 1+ 0, where a constant C  does not depend
on ¢t and s (cf. Exercise 1.16).

Exercise 1.23 Show that
o
JAe—t4| < (%) e, t>0, o>0. (1.17)

Lemma 1.2.

Let f(t) € L=(R, %,_,) for 0 <y < 1. Then there exisls a unique solu-
tion v(t) € C(R, %,) to the nonhomogeneous equation

%ﬁt +Av=f(t), teR, (1.18)
that is bounded mn 970( on the whole axis. This solution can be

represented in the form
t
v(t) = J. e (=04 f(r)dr . (1.19)

—00

We understand the solution to equation (1.18) on the whole axis as a function v (¢) €
e C(R, #,) such that for any a < b the function »(t) is a weak solution
(in F,_,/5) to problem (1.9) on the segment [a, b] with y5 = v(a).

Proof.

If there exist two bounded solutions to problem (1.18), then their diffe-
rence w(t) is a solution to the homogeneous equation. Therefore, w(t) =
= exp{—(t —t,)A}w(t,) for ¢t > t, and for any t,. Hence,

[asw(@) < ¢ Ak < oo M

If we tend ¢, — —oo here, then we obtain that w(t) = 0. Thus, the bounded so-
lution to problem (1.18) is unique. Let us prove that the function v(¢) defined
by formula (1.19) is the required solution. Equation (1.15) implies that
|ace (-4 < KL)/ + kﬂef(t "M egs sup |A%=7 f(7)]
-7 TeR
fort > T and 0 < y < 1. Therefore, integral (1.19) exists and it can be uniform-
ly estimated with respect to ¢ as follows:
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1+k

[aco @)l < Ty S lao=7 p(o)l,
where k = 0 for y =0 and
k=vyY J‘s‘?’e‘sds for 0<y<l1.

0
The continuity of the function v (t) in 970( follows from the following equation
that can be easily verified:
t

v(t)= ¢ )4, (ty) + Je_(t _T)Ag(r)dr.

¢

0
This also implies (see Exercise 1.18) that v (¢) is a solution to equation (1.18).
Lemma 1.2 is proved.

§ 2 Semilinear Parabolic Equations
wn Hilbert Space

In this section we prove theorems on the existence and uniqueness of solutions to

an evolutionary differential equation in a separable Hilbert space H of the form
du

a?+Au:B(u, t), ul,_ =ug, @.1)

where A is a positive operator with discrete spectrum and B(-, ) is a nonlinear
continuous mapping from D(AG) x R into H, 0 < 0 < 1, possessing the property

|B(wy, 1) =B(ug, t)] < M(p)| A9 (u;—uy)| (2.2)

for all u; and uy from the domain %, = D(A9) of the operator A? and such that
||A9ujH < p. Here M(p) is a nondecreasing function of the parameter p that does
not depend on ¢ and || . || is anorm in the space H .

A function u (¢) is said to be a mild solution (in Fy) to problem (2.1) on the
half-interval [s, s +7') if it lies in C(s, s+7T"; %) for every 7'< T and for all
t € [s, s+ T) satisfies the integral equation

t
u(t) = e_(t_S)AuO+Je_(t_T)AB(u(r), T)dT. 2.3)
S

The fixed point method enables us to prove the following assertion on the local
existence of mild solutions.

85
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Theorem 2.1.

Let uy € Fy. Then there exists T™ depending on 0 and |u|, such that
problem (2.1) possesses a unique mild solution on the half-interval
[s, S+ T*). Moreover, either T = o or the solution cannot be continued
in Fy up to the moment t =s+7T".

Proof.
On the space C; ¢ = C(s, s +T; %) we define the mapping
t
Glul(t) = et =54y, +Je_(t_T)AB(u(T), tydt.
S

Let us prove that G{u](t) € C(s, s+T; %y) forany T > 0. Assume that ¢, t, €
€ [s, s+T] and t; < t,. It is evident that

ly
Glu](ty) = ei(tzitl)AG[u](tl) + v“e(tzr)AB(u(r), 7)dt. (2.4
b
By virtue of (1.8) we have that if £, — ¢, then
—(t, —t,)A
|6[ul(ty) —e 2=V G u) (1)) > 0.

Therefore, it is sufficient to estimate the second term in (2.4). Equation (1.15) im-
plies that

ly

Je(tzT)AB(u(T)’ ‘C)d‘c <

i o

ly

0 o .6

< GRS e o, ot on <

4
<yt |1fe _Qfo._+x9|,; _; |e s IBu(o) Ol @5)
= 2 1 1_6 12 1 TE[S,S+T] > .

(if 6 = 0, then the coefficient in the braces should be taken to be equal to 1). Thus,
G maps Cg g=C(s, s+T; Fy) into itself. Let v(¢)= e~ (1=9)4y, . In Cs. 0
we consider a ball of the form

U= {u,(t) e Cg ¢ |u,—7,70|cS )= [SH;aET]”u(t) —vg(t)] g < 1} .

Let us show that for 7' small enough the operator G maps U into itself and is con-
tractive. Since [u] o <1+ ||u0||e for u € U, equation (2.2) gives
S,
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max B(u(t), 1)] < max B(0, 7)| +
‘EE[S,S+T]" (u(@). ol ‘Ee[s,s+T]" ( )

(1 Juglg) M1+ [uolg) = € (T,

uolg)

forall T < T0 , Where TO is a fixed number. Therefore, with the help of (2.5) we find
that

|G[u] _7)0’05, i T1=9-C (T)), 0, July) -
Similarly we have

|G[u] —G[?)“CS’ 5 = 71 =9.Cy(T,, 0)M(1 +||u||e)|u—v|cs’ .
for u, v € U. Consequently, if we choose T} such that

71700 (T, 0. Juglg) < 1 and T370Cy(Ty, 0)M(1+]ugly) < 1,

we obtain that G is a contractive mapping of U into itself. Therefore, G possesses
a unique fixed point in U < C 5. 0 Thus, we have constructed a solution on the seg-
ment [s, S+ Tl] . Taking s + 7'; as an initial moment, we can construct a solution
onthe segment [s+ 7T, s+ 7T +T,] with the initial condition u,=u(s+7}).
If we continue our reasoning, then we can construct a solution on some maximal half-
interval [s, s+ T") . Moreover, it is possible that 7" = oo . Theorem 2.1 is proved.

Exercise 21 Let uye %y andlet 7= T7(0, u,) be such that s, s+7") is
the maximal half-interval of the existence of the mild solution u (¢)

to problem (2.1). Then we have either 7°< o0 and  lim Nu(lg =
s+T

.
=00, 0r T'=oc0. L=

Exercise 2.2 Using equations (1.16) and (2.5), prove that for any mild solu-
tion «(¢) to problem (2.1) on [s, s +7T") the estimate

lu(t)—u(t)l, < C(O, a, T)|t—r|6_a, t, Te[s, s+T], (2.6)
is valid, provided uy e %y, 0 < o0 <0, and T < T".

Exercise 23 Letug e 9’9 and let %(t) be a mild solution to problem (2.1)
on the half-interval [s, s+ 7). Then
u(t) € C(s, s+T, Fg) NC(s+0, s+ T, F_5) N
NCl(s+0, s+ T, F )

forany 6 >0, 0< 3 < T,and T < T . Moreover, equations (2.1)
are valid if they are understood as the equalities in % o and 9’9 , re-
spectively.

It is frequently convenient to use the Galerkin method in the study of properties of
mild solutions to the problem of the type (2.1). Let P, be the orthoprojector in H
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onto the span of elements {el, €95 +ens em}. Galerkin approximate solution
of the order m with respect to the basis {e,} is defined as a continuously diffe-
rentiable function

m
(1) = > g (t) ey @2.7)
k=1
with the values in the finite-dimensional space F,, H that satisfies the equations
d
(—ﬂu,m(t) +Awu,,(t) = B,B(u,,(t), t), t>s, u, T P ug. (2.8)

It is clear that (2.8) can be rewritten as a system of ordinary differential equa-
tions for the functions g, (t).

Exercise 24 Show that problem (2.8) is equivalent to the problem of find-
ing a continuous function um(t) with the values in P H that satis-
fies the integral equation

t

u, (t) = e_(t_S)APmu0+.[e_(t_f)A P, B(u,, (1), 1)dt. (2.9)

S

Exercise 2.5 Using the method of the proof of Theorem 2.1, prove the local
solvability of problem (2.9) on a segment [s, s+ 7|, where the pa-
rameter 7' > 0 can be chosen to be independent of m . Moreover,
the following uniform estimate is valid:

[s,nlsafT]”um(t)He <R, m=1,23,.., (2.10)

where R > 0 is a constant.

The following assertion on the convergence of approximate functions to exact ones
holds.

Theorem 2.2.

Let u, € Fy. Assume that there exists a sequence of approximate solu-
tions u,,(t) on a segment [s, s +T| for which estimate (2.10) is valid. Then
there exists a mild solution wu(t) to problem (2.1) on the segment [s, s + T
and

1
s, [ (0) =, (0 < c(J(1-B, gy + ﬂ) , @11

where C = C(0, R, T) is a positive constant independent of s.
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Proof.
Let n > m . We use (2.9), (1.14) and (1.17) to find that for 6 > 0 we have

[0 (8) = 2w (Dg = |(B=E) ol g +

ST e st o), e+

S

e (%)9"3(%(1), ©) - B(u,, (1), 1)|dt .

tnt_‘;m

Therefore, equations (2.2) and (2.10) give us that

”un(t)_um(t)ue < ”(Pn_Pm)uO”e +
—i—([snéafT]llB(O, Ol +M(R)R),, (1, 5)+

t
+M(R)09e 0 J'(z —1)® 24, (T) = 4,, (7)] AT (2.12)

where

g, (t, s)= Ja[(%)e+7x?n+l} ¢ tme1 "y
S

It is evident that J,, (¢, s) < J,, (Z, —o0). By changing the variable in the integral
E=MX,, . (t—1),we obtain

J, (1, —o0) = 1,10 [1 +69 Ja%*%ag] =0 +k).
0
Thus, equation (2.12) implies
a,(0, R)
Jen () =g < [(By= Byt g + =g +
m+ 1

t
-0
+ay(0, R) J(z — 1) Oy (1) = ()] I -
S
Hence, if we use Lemma 2.1 which is given below, we can find that

[14,,(£) =0, (1)] < c(||(pn—pm)u0||e+ﬁ) 2.13)

m+ 1
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forall ¢t e [s, s+T] , where C > 0 is a constant depending on 0, R, and 7. It is also
evident that estimate (2.13) remains true for 0 = 0. It means that the sequence of
approximate solutions {w,,(t)} is a Cauchy sequence in the space C(s, s + T %g).
Therefore, there exists an element wu(t) € C(s, s+T; %) such that equation
(2.11) holds. Estimates (2.10) and (2.11) enable us to pass to the limit in (2.9) and
to obtain equation (2.3) for u (). Theorem 2.2 is proved.

Exercise 2.6 Show that if the hypotheses of Theorem 2.2 hold, then the es-

timate
Dew (O], < —L_J(1-P P
[s,néafT]"u() U, < 0-a [(1=F) ol H

isvalidwith 0 < o < 0. Here a, and a, are constants independent
of O,R,and T.

The following assertion provides a simple sufficient condition of the global solvability
of problem (2.1).

Theorem 2.3.
Assume that the constant M(p) in (2.2) does not depend on p, i.e. the
mapping B(u, t) satisfies the global Lipschitz condition
”B(ul, t) = B(us, t)” < M”ul—uzue (2.14)
Jor all u; € Fy with some constant M > 0. Then problem (2.1) has a unique

mild solution on the half-interval [s, +o0), provided uy € Fy. Moreover,
Jor any two solutions u; and u, the estimate

[ur®) —us ()] g < ™" " uy(s) ~ug(s)], ,  tzs,  (@15)

holds, where a; and a, are constants that depend on 0, kl, and M only.

The proof of this theorem is based on the following lemma (see the book by Henry [3],
Chapter 7).

Lemma 2.1.

Assume that ¢(t) is a continuous nonnegative function on the interval
(0, T') such that
¢
(1) < cot 0+ clj(t—r)‘yl o(v)dt,  te(0,T), 2.16)
0

where ¢y, ¢ 20 and 0 <vy,, vy < 1. Then there exists a constant K =
=K(vy, ¢y, T) such that

(1) < — Ky, e, T) 2.17)
N R |
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Proof of Theorem 2.3.

Let u(t) be a solution to problem (2.1) on the maximal half-interval of its exis-
tence [s, s+ 7). Assume that 7' < oo . Condition (2.14) gives us that

1B(w, O)I < B0, t)l+Mluly < My(T)+M|ulq
forall u € %y and t € [0, T]. Therefore, from (2.3) and (1.15) we find that
t

oty < Jual+ [[(725) + 9]0t +artutolg)er

S
Hence, for ¢ € s, s+ T] we have that

lu(@)lg < Co(Juo

o Tb 0)+C (T, 6) J’(t— ) (1)l gdr.

Therefore, Lemma 2.1 implies that the value |u(t)| is bounded on [s, s +T') which
is impossible (see Exercise 2.1). Thus, the solution exists for any half-interval
[s, s+ T').For the proof of estimate (2.15) we note that, as above, inequalities (2.3)
and (1.15) for the function w(t) = u () — u4(t) give us that

t

oy = to(sllg+ [[(7 %)+ 18] hu(olgar.

S

If we apply Lemma 2.1, we find that
lw(t)lg < C(0, Ay, M)w(s)| for s<t<s+1.
Therefore, the estimate
lw(t)ly < C”*lllw(s)lle < Cexp{(t—s)ln()}llw(s)lle

holds for t =s+mn+ o, where 7 is natural and 0 < ¢ < 1. Thus, Theorem 2.3
is proved.

Exercise 2.7 Using estimate (1.14), prove that if the hypotheses of Theo-
rem 2.3 hold, then the inequality

|@n (wq(2) —ug(t)]g <

= {Q_XNHU_S)JF ﬁ?%_ eazu_S)}||”1(3)—u2(3)||e (2.18)
N+1
is valid for any two solutions u,(¢) and wu,(t). Here Qy\ =1—Py
and Py is the orthoprojector onto the span of {e 1€ N}, the num-
ber a,, is the same as in (2.15) and a4 dependson A;, 0 ,and M.

Let us consider one more case in which we can guarantee the global solvability
of problem (2.1). Assume that condition (2.2) holds for 6 = 1/2 and
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B(u) = —By(u)+By(u, t), (2.19)
where B,(u, t) satisfies the global Lipschitz condition (2.14) with 0 = 1/2 and
Bo(u) is a potential operator on the space V= % /9 - This means that there exists
a Frechét differentiable functional F'(u) on V such that By (u) = F'(u), i.e

lim L |[F(u+v)=F(u) = (By(u), v)| =
[l 5 — 0 1011 /5

Theorem 2.4.

Let (2.2) be valid with 6 = 1/2 and let decomposition (2.19) take place.
Assume that the functional F(u) is bounded below on V= %, /5. Then prob-
lem (2.1) has a unique mild solution w(t) € C([s, s+T]; D(Al/2)) on an
arbitrary segment [s, s +T].

Proof.
Let um(t) be an approximate solution to problem (2.1) on a segment [s, s+ T] ,
where T does not depend on m (see Exercise 2.5):

S () + A, (1) = By By (0, 1), uy(s)=Bug. (220

Multiplying (2.20) by wu,,(t) = scalarwise in the space H , we find that

(1)
[ + dt{ [V, [? + F(u,, >}=<Bl<um, ), ) <

1y 12 2 2
< g”umﬂ +B1(0, 0)]" +M? \!A1/2“m|\ :
Since F'(u) is bounded below, we obtain that
d 2
BT W(u,,(t)) < aW(u,,(t)+b+|B(0, t)|
with constants a and b independent of m , where
W)= a2 ul® + F(u) .

Therefore, Gronwall’s lemma gives us that
t

W (11, (1)) < (W (5)) + 2 ) 20 =5) 2Jea<f—f)||31(o, ofd

S
for all ¢ in the segment [s, S+ T] of the existence of approximate solutions. Firstly,
this estimate enables us to prove the global existence of approximate solutions
(cf. Exercise 2.1). Secondly, by virtue of the continuity of the functional W on
V=9 /o Theorem 2.2 enables us to pass to the limit 7 — oo on an arbitrary seg-
ment [s, s+ 7] and prove the global solvability of limit problem (2.1). Theorem 2.4
is proved.
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Exercise 28 Let u(t) be a mild solution to problem (2.1) such that
lu(t)lg < Cp for s <t < s+7T.Use Lemma 2.1 to prove that

lw(tlg, < CrtO=%ug|y, tels, s+T] 221
forall O < a < 1, where Cp = Cp(a, 0) is apositive constant.

Exercise 29 Let u(t) and v(t) be solutions to problem (2.1) with the ini-
tial conditions u, v, € %, and such that |u(t)|g+lv(t)lg < Cp
for ¢ lying in a segment [s, s+ 7. Then

lu(t) = 0Ol < Cp(0, )19~ % ug=vg|y,

tels,s+T], O<a<l.

Thus, if B(w, t) = B(u) and the hypotheses of Theorem 2.3 or 2.4 hold, then equa-
tion (2.1) generates a dynamical system (@9, St) with the evolutionary operator St
which is defined by the equality S, 1, = u(t), where w(t) is the solution to problem
(2.1). The semigroup property of S, follows from the assertion on the uniqueness
of solution.

Exercise 2.10 Show that Theorem 2.4 holds even if we replace the assump-
tion of semiboundedness of F(w)by the condition F(u) >
> — o AL2y)? — 3 for some a0 < 1/2 and 3 > 0.

§ 8 FExamples

Here we consider several examples of an application of theorems of Section 2. Our
presentation is brief here and is organized in several cycles of exercises. More de-
tailed considerations as well as other examples can be found in the books by Henry,
Babin and Vishik, and Temam from the list of references to Chapter 2 (see also Sec-
tions 6 and 7 of this chapter).

We first remind some definitions and notations. Let Q be a domain in R?
(d 2 1). The Sobolev space H™(Q) of the order m (m=0, 1, 2, ...) is defined
by the formula

H™(Q)={feL?(Q): Difel?(Q), |jl <m},
where j = (7, Jo» -oos Jg)s Jp=0, 1,2, ..., lil =4y +... +7,4,
Djfzaiiaiz...aigf(x), v = (g o, 7).

The space H m(Q) is a separable Hilbert space with the inner product

93



94

s Q

~ 0 =T o

Long-Time Behaviour of Solutions to a Class of Semilinear Parabolic Equations

(u, v),, = Z Diwu(x) DIv(z)dx .
ljl<m
Below we also use the space H, gn (€Q) which is constructed as the closure in H™(€2)
of the set CSO(Q) of infinitely differentiable functions with compact support. For
more detailed information we refer the reader to the handbooks on the theory of So-
bolev spaces.

E xample 3 1 (nonlinearheatequation)

o,u=vAu+f(t, x, u, Vu), x€Q,t>0,
3.1
Ulpn =

Here Q is a bounded domain in R?, A is the Laplace operator, and Vv is a posi-
tive constant. Assume that f (t, x, U, p) is a continuous function of its vari-
ables which satisfies the Lipschitz condition

d 1/2
lf(t, 2, w, p) = S(t, 2, u, q) < KUul —u2|2+Z|10]- —q]-|2J (3.2)
=1

with an absolute constant K. It is clear that the operator B(u, t) defined by
the formula

B(u, t)(x) = f(t, 2, u(x), Vu(x)),
can be estimated as follows:

||B(U1a L) —B(ug, l)” < K(”ul—u2”2 + Z”axj(ul_u2)”2)l/2 .
J

(3.3)

Here and below | -| is the norm in the space H = L2(Q). It is well-known that
the operator A = —A with the Dirichlet boundary condition on ¢ Q is a positive
operator with discrete spectrum. Its domain is D(A) = HZ(Q) NH é (Q2). More-
over, D(Al/2) = Hé(Q) . We also note that

d
2
a2l = (A, w) = S J(%) dv ,  weD(A2)=H)(Q).
—1 o) J

Therefore, equation (3.3) for B(u, t) gives us the estimate

1/2
[B(uy, 1) - Blug, 1)] < K( L 1) [A24]
1
where 7“1 is the first eigenvalue of the operator —A with the Dirichlet boundary
condition on 0 Q. Therefore, we can apply Theorem 2.3 with 0 = 1/2 to prob-
lem (3.1). This theorem guarantees the existence and uniqueness of a mild solu-
tion to problem (3.1) in the space C(RR,, H(l)(Q)) )
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Exercise 8.1 Assume that f(¢, «, u, p) = f(t, , u) is a continuous func-
tion of its arguments satisfying the global Lipschitz condition with
respect to the variable u . Prove the global theorem on the existence
of mild solutions to problem (3.1) in the space H = LZ(Q) .

Example 32

Let us consider problem (3.1) in the case of one spatial variable:

o,u = v@iu—g(x, u)+f(t, », u, o,u), t>0,2¢e(0,1)
(3.4)

=0, u| = U -

x=1 t=0

Assume that g (x, u) is a continuously differentiable function with respect to
the variable » and |g/, (7, u)| < h(u), where h(w) is a function bounded on
every compact set of the real axis. We also assume that the function f (t, X, U, p)
is continuous and possesses property (3.2). For any element u e D(A/2) =
=H é (0, 1) the following estimates hold:

max |u(x) < Ju'| and |u|
0,1

s

< ’
12(0,1) 20,1y S Wl 4y

where u' = 0, u . Therefore, it is easy to find that the inequality
|B(w1, £) = Busg, t)] < M(p)”Al/z(ul—uz)” (3.5)
is valid for
B(u, t) = —g(x, u(x)) + f(t, 2, u(x), uw'(r)),

provided HA“ 2 ujH = |u}| < p. Here |.| is the norm in the space H =
= L2(0, 1) and M(p) = sup{h(&): |& < p}+K./2.Equation (3.5) and Theo-
rem 2.1 guarantee the local solvability of problem (3.4) in the space H(l)(Q).
Moreover, if the function

Yy
F(z, y) = j g (=, E)de
0

is bounded below, then we can use Theorem 2.4 to obtain the assertion on the
existence of mild solutions to problem (3.4) on an arbitrary segment [O, T] .

It should be noted that the reasoning in Example 3.2 is also valid for several spatial
variables. However, in order to ensure the fulfilment of the estimate of the form (3.5)
one should impose additional conditions on the growth of the function % (w).
For example, we can require that the equation

h(u) < C;+CylulP

be fulfilled, where p < 2/(d —2) if d > 2 and p is an arbitrary number if d = 2.
In this case the inequality of the form (3.5) follows from the Holder inequality and
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the continuity of the embedding of the space H'(Q) into LI(Q), where g =
=2d/(d—-2) if d=dim€Q > 2 and ¢ is an arbitrary numberif d =2, ¢ > 1.

The results shown in Examples 3.1 and 3.2 also hold for the systems of parabo-
lic equations. For example, a system of reaction-diffusion equations

o,u = VAu+[f(t, u, Vu),

ou

(3.6)
— =0, u|,_,=uy(r),
| 20 =0

can be considered in a smooth bounded domain Q < R?. Here u = (U, Ugy oovs
u,,) and f(t, u, &) is a continuous function from R, x R(7+1)d into R™ such
that

lf(t, w, &)= Sf(t, v, M) < M(Ju—-2[+1E-7l), (3.7

where M is a constant, u, v € R”, &, N e R”% and » is an outer normal to 9 ).

Exercise 3.2 Prove the global theorem on the existence and uniqueness of
mild solutions to problem (3.6) in % 5 = [H{(Q)]" = H{(Q) x ... x
X Hl(Q) .

Example 338 (nonlocal Burgers equation).
{ut—vum+(w, u)u, =f(t), 0<x<l, t>0

(3.8)
u|x=0=u|x=l= 0, u|t=0=u0.

Here f(¢) is a continuous function with the values in L2 (0, 1),
l
®eL2(0, 1), (o, u)= Jco(x)u(x, 1)dx
0

and Vv is a positive parameter. Exercises 3.3-3.6 below answer the question
on the solvability of problem (3.8).

Exercise 3.3 Prove the local existence of mild solutions to problem (3.8)
in the space 7, 5 = H(l) (0, 1). Hint:
A=-vd® | D(A)=H2(0, 1) N H}(0, 1),

xx?

B(u) =— (o, w)u, +f(t).
Exercise 3.4 Consider the Galerkin approximate solutions to problem (3.8)
m
_ 2 .k
u,,(t) =u,,(t, x)= A/;~/ICZ:1g/l€(zt) sin==.

Write out the system of ordinary differential equations to determine
{g,(t)}. Prove that this system is locally solvable.
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Exercise 35 Prove that the equations
%d% [t + V)0, (D) = (F(2), 2,,(2)) 3.9
and
SN0, + V]2 w0 <
< 2([(0, wlja,u, 0 15 510

are valid for any interval of the existence of the approximate solution
u,,(t). Here | .| is the norm in L2(0, 1).

Exercise 3.6 Use equations (3.9) and (3.10) to prove the global existence
of the Galerkin approximate solutions to problem (3.8) and to obtain
the uniform estimate of the form

[0, ()] < C(|0, 20

|, T), tel0,T] (3.11D)
forany 7' > 0.

Thus, Theorem 2.2 guarantees the global existence and uniqueness of weak solu-
tions to problem (3.8) in %, ;, = H(l)(O, l).

Example 34 (Cahn-Hilliard equation).

ut+V6§u—6§(u3+au2+bu):O, 2z e(0,1), t>0,

0..u

x |x=0

u|5=0 = U’O(x)’

=dju|, _ =0, o,u|, _,=dul, _, =0, (3.12)

x=1_

where v > 0, a, and b € R are constants. The result of the cycle of Exercises

3.7-3.10 is a theorem on the existence and uniqueness of solutions to problem
(3.12).

Exercise 3.7 Prove that the estimate
0% (o) < C(ul?+]o2ul?) (ol +] o2 o))

is valid for any two functions « () and v(2) smooth on [0, {]. Use
this estimate to ascertain that problem (3.12) is locally uniquely
solvable in the space

V= {’U/ S HZ(O, l) . ux’x:():ux‘le:O}

(Hint: voL+ 1> A, V=D(AV2)).
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Let us consider the Galerkin approximate solution (t) to problem (3.12):
u,,(t) = u,,(t, x)= 1 [ Z (1) cos™E

Exercise 3.8 Prove that the equality
l

LYCH0) +J(@x[vai b, @)=yt ))]) do =0 (313)
0

holds for any interval of the existence of approximate solutions
{u,,(t)}. Here p(u) = u +au?+b and

!
W(u) = '[ 241 u4+3u3+gu2)dx (3.14)
0

In particular, equation (3.13) implies that approximate solutions exist for any seg-
ment [0, T']. For u, € V they can be estimated as follows:

10,0 ()] + max Ju, (¢, )| < Cp, tel[0, T], (3.15)
z €[0,1]
where the number C’T does not depend on m .

Exercise 3.9 Using (3.15) show that the inequality
%Haium(t)nz+”6§um(t)”2 < Cp(1+|e2u, (), < (0, T]

holds for any interval (0 T) and for any approximate solution
u,,(t) to problem (3.12). (Hint: first prove that [u’ |2
< Cmax|u(z)-|u'] ).

0,1]

>

L4(0, z) -
12(0, 1)

Exercise 3.10 Using Theorem 2.2 and the result of the previous exercise,
prove the global theorem on the existence and uniqueness of weak
solutions to the Cahn-Hilliard equation (3.12) in the space V (see
Exercise 3.7).

E xample 3.5 (abstract form of two-dimensional system
of Navier-Stokes equations)

In a separable Hilbert space H we consider the evolutionary equation

du
E+vAu+b(u w) = f(t), Ul,_ o= Yo (3.16)
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where A is a positive operator with discrete spectrum, v is a positive parame-
ter and b(w, v) is a bilinear mapping from D(A!/2) x D(AY2) into % | , =
=D (A_l/z) possessing the property

(b(u, v), v)=0 forall wu,v e D(AV2) 3.17)
and such that for all u, v € D(A) the estimates

1b(w, v)l < C5||A1/2_5u||-||A1/2+5U

., 0<5<% (3.18)
and

[4Bb (u, o)l < C5 gla/2*0u]. |42+ Bof 0 < Bs%, 0<d s% (3.19)

hold. We also assume that f(¢) is a continuous function with the values in H .

Exercise 811 Prove that Theorem 2.1 on the local solvability with O =
=1/2 + 3 is applicable to problem (3.16), where [} is a number
from the interval (0, 1/2).

Let {e,} be the basis of eigenvectors of the operator A, let 0 < A; < A, < ... be
the corresponding eigenvalues and let P~ be the orthoprojector onto the span
of {e 1> ooes em} . We consider the Galerkin approximations of problem (3.16):

Qs (0) 4 VAU, (1) + Py b (1w, (1), 1, (1) = By, S(1)

u,, (0)=P, u, .

(3.20)

Exercise 3.12 Show that the estimates

t
||um(t)||2+VJ-”A1/2um(r)H2dr < Jugl’ + 2 | If(2lPdT 32D
1
0

ot~

and
2 9 A vt 1 (FV "
[ O < [ (O e +TI(V) (1—e MY (322

are valid for an arbitrary interval of the existence of solutions to prob-
lem (3.20). Here F = sup |a-12f (t)” . Using these estimates, prove
the global solvability of problem (3.20).

Exercise 3.18 Show that the estimate

(%“A”z (O + V[Au,, (O <

< 2 ([0 (1), (D] + 1SN (3.23)

holds for a solution to problem (3.20).
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Using the interpolation inequality (see Exercise 1.13) and estimate (3.18), it is easy
to find that

2 2
Io(u, w)? < Clul-JA2ulPlau) < (§) llPlav2ult + ¥ aul?.
Therefore, equation (3.23) implies that

SJarzu, O < o0, OA 2w, O + 210, (3.24)

where G, (1) = (2C2/V3)[u,, (1) -4 um(t)”2 . Hence, Gronwall’s inequality gives
us that

¢ t l
”A”zum(t)”z < HAI/ZU,OHZGXP J.Gm(’f)d’f +%J.||f(T)||26XP '[Gm(é)dé dr.
0 0 0

It follows from equation (3.21) that the value .[é o,,(7)d7 is uniformly bounded with
respect to m on an arbitrary segment [0, T] . Consequently, the uniform estimates

|AY 2w, (1) < Cp, 1 e[0, T], uyeD(AV?) (3.25)
arevalidforany 7 >0 and m =1, 2, ... .
Exercise 8.14 Using equations (3.23) and (3.25), prove that if u, e
e D(AY2), then
d 2,V 2
d—t“Al/Zum(t)H +5Au, (] < Cp, te[0.T)]
forany 7 > 0.
Exercise 8.15 Let 0< < % and let [sup]||ABf(t)||2 < Cp. Prove that
0, 7T

Qparz by, (] + vjaibu,, (of <

< Cy[APb (u,, (1), w,(W))+Cp -

Exercise 3.16 Use the results of Exercises 3.14 and 3.15 and inequality
(8.19) to prove the global existence of mild solutions to problem
(3.16) in the space D(AY/2+P) provided that u, € D(AY2+P)
and f(t) is a continuous function with the values in D(AP). Here
[ is an arbitrary number from the interval (0, 1/2).
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§ 4 Existence Conditions and Properties
of Global Attractor

In this section we study the asymptotic properties of the dynamical system genera-
ted by the autonomous equation

du _
ar TAu= B(u), u|

where, as before, A is a positive operator with discrete spectrum and B(u) is
a nonlinear mapping from 979 into H such that

|B(ur) =B(uy)] = M(p)| A%, ~uy )] (42

for all wu, u, € Fy= D(AG) possessing the property ”Aeuju <p, 0<0<1.
We assume that problem (4.1) has a unique mild (in %) solution on R, for any
uy € Fy. The theorems that guarantee the fulfilment of this requirement and also
some examples are given in Sections 2 and 3 of this chapter. It should be also noted
that in this section we use some results of Chapter 1 for the proof of main assertions.
Further triple numeration is used in the references to the assertions and formulae
of Chapter 1 (first digit is the chapter number).

Let (9*9, St) be a dynamical system with the evolutionary operator St defined
by the formula S,u, = wu(t), where u(t) is a mild solution to problem (4.1).
As shown in Chapter 1, for the system (@9, St) to possess a compact global attrac-
tor, it should be dissipative. It turns out that the condition of dissipativity is not only
necessary, but also sufficient in the class of systems considered.

f_0 = Ups 4.1

Lemma 4.1.
Let (Fy, S,) be dissipative and let By = {u: |A94| < R} beils absorbing
ball. Then the set By, = {u: |A%| < R} is absorbing for all a. € (0, 1),
where
_ o

R, = (a-0)* "R, + IQ—L& sup{[B(u)l: ue Fy, 4% < Ry} . (4.3)
Proof.

Using equation (2.3) and estimate (1.17), we have

t+1

laeues 1] < (-0 Ohavu(e + [ (75 ) 1B ar

t
where u(t) = S,u . Let B be a bounded set in Fy. Then |S, y|, < R, for all
t 2 tp and y € B. Therefore, the estimate

IB(w(t))l < sup{|B(u)l: we By}, t=tg

holds for u (t) = S, y . Hence, ||A°‘u(t + 1)|| < R forall t > t5. Thisimplies the
assertion of the lemma.
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Theorem 4.1.

Assume that the dynamical system (@9, Sz) generated by problem (4.1)
is dissipative. Then it is compact and possesses a connected compact global
attractor . This attractor is a bounded set in ¥, for 0 < o< 1 and has
a finite fractal dimension.

Proof.

By virtue of Theorem 1.1 the space §Fa is compactly embedded into 979 for
a > 0. Therefore, Lemma 4.1 implies that the dynamical system (979, St) is com-
pact. Hence, Theorem 1.5.1 gives us that (979, St) possesses a connected compact
global attractor /. Evidently, | A% < R, for all uw € /&, where R is defined
by equality (4.3). Thus, we should only establish the finite dimensionality of the at-
tractor. Let us apply the method used in the proof of Theorem 1.9.1 and based on
Theorem 1.8.1. Let S,u; and S, u, be semitrajectories of the dynamical system
(%9, S;) such that ||Szuj||e <R forallt>0,j=1, 2. Then equations (2.3) and
(1.17) give us that

¢
||Stu1 —Stu2||9 < ||u1 —u2||e —i—M(R)Oe J(t —‘c)*9||Stu1—Stu2||edt )
0

Using Lemma 2.1, we find that for all u; € Fy such that ||Sz uy-"e < R the following
estimate holds:

IA

||Stu1 —Stu2||9 < C||u1—u2||9 for 0<t<1,
where the constant C depends on 6 and R . Therefore,
”Stul—Stuz”6 < C”Srul—STuz”e for 0<T<t<7T+1
for the considered u; and u, . Consequently,
”Szul_Stuzne < C”S[t]ul—S[t]uzue < C[‘]“”ul—uZ”e,
where [t] is an integer part of the number ¢ . Thus, the estimate of the form
||St7,cl—St7,52||e < Ce“‘”ul—uz"e (4.4)

is valid, where the constants C and a depend on 0 and E . Similarly, Lemma 1.1
gives

-\

[On (S, =S ug)y < € N =gy +

t
0 - _
+M(R)H(%) iy ]e WS —S uylydt @5)
0

forall u,, uy € Fy such that ||Stuj||9 < R ,where Qy = I — Py and Py is the ortho-
projector onto the first N eigenvectors of the operator A. If we substitute equation
(4.4) in the right-hand side of inequality (4.5), then we obtain that
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-\

||QN(Stu1—Stu2)||9 < (e Nﬂt"‘CM(R) eMJN(t))”ul—uZ"e,

where
t

Jlt) = J’[(%)g 2y [
0

After the change of variable §= Ay, (t—71) it is easy to find that Jy(t) <
<C ;v1++16 . Therefore,

Ayt C(R, 6O
outsin syl < (¢ LD ey o
+

for all u,, uy € %y such that ||Szuj||9 < R. Hence, there exist t; > 0 and N such
that

HQN(Stoul_StOMZ)HG < Ofuy—ugly, 0<d<1,

forall u,, u, € %y such that ||Sz uj|| o < £ . However, the attractor A lies in the ab-
sorbing ball B, . Therefore, this estimate and inequality (4.4) mean that the hypo-
theses of Theorem 1.8.1 hold for the mapping V = S; 0 Hence, the attractor 4 has
a finite fractal dimension. It can be estimated with the help of the parameters in in-
equalities (4.4) and (4.6). Thus, Theorem 4.1 is proved.

Equations (4.4) and (4.6) which are valid for any R > 0 enable us to prove the exis-
tence of a fractal exponential attractor of the dynamical system (979, Sz) in the same
way as in Section 9 of Chapter 1.

Theorem 4.2.

Assume that the dynamical system (979, Sz) generated by problem (4.1)
1s dissipative. Then it possesses a fractal exponential attractor (inertial
set).

Proof.
It is sufficient to verify that the hypotheses of Theorem 1.9.2 (see (1.9.12)—
(1.9.14)) hold for (%, S,). Let us show that

K= |]8By,  By={u: |a%ul <R}
L=t
can be taken for the compact K in (1.9.12)—(1.9.14). Here a is a number from the
interval (9, l) and R, is defined by formula (4.3). We choose the parameter
ty=ty(B,) such that S,K c B, for t > t;. Since K is a bounded invariant set,
equation (4.4) is valid for any wu, u, € K with some constants C and a. It is also
easy to verify that K is a compact. Indeed, let {k,} < K. Then k, = Sy, Yy » there-
with we can assume that k, —>w, y, >y € B, and either ¢ —1f, <oo or
t,, — o . In the first case with the help of (4.4) we have
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t

S, y —S < ce'"ly —yl,+]S, v-5, yl..

|56, 6m=S1.8]g < O fn=lo * |14 =50 1]
Therefore, k, =S, vy, =S, y € K.Inthe second case

n *
w = nlgnooS% Yy, € ®(B,)c StO(Ba) cK.

Here co(Ba) is the omega-limit set for the semitrajectories emanating from B,,
Thus, K is a compact invariant absorbing set. In particular this means that condition
(1.9.12) is fulfilled, therewith we can take any number for ¥ > 0 . Conditions (1.9.13)

and (1.9.14) follow from equations (4.4) and (4.6). Consequently, it is sufficient
to apply Theorem 1.9.2 to conclude the proof of Theorem 4.2.

Thus, the dissipativity of the dynamical system (9’9, St) generated by problem (4.1)
guarantees the existence of a finite-dimensional global attractor and an inertial set.
Under some additional conditions concerning B(u) the requirement of dissipativity
can be slightly weakened. We give the following definition. Let o < 6 . The dynami-
cal system (%g, S,) is said to be ¥ -dissipative if there exists R, > 0 such that
for any set B bounded in %, there exists ¢, = t,(B) such that

HAaStyH = [S,],, < R, forall yeBN%, and t 1.

Lemma 4.2.
Assume that B(u) satisfies the global Lipschitz condition

|B(wy) =B(ug)| < M|AO () —uy)|. (4.7)
Let the dynamical system (9?6, St) generated by mald solutions to prob-
lem (4.1) be ¥, -dissipative for some o€ (0-1, 0]. Then (%, S,) is
a compact dynamical system, t.e. it possesses an absorbing set which s
compact in Fy.

Proof.

By virtue of Lemma 4.1 it is sufficient to verify that the system (9?9, St) is
dissipative (i.e. ¥y-dissipative). If we use expression (2.3) and equation (1.17),
then we obtain

0—a t+s
0—a) ~
l40u(e+s) < (452 lauol + | (-0 ) 1Bu(r)lde
t
for positive ¢ and s. Here u(t) = S,u, . Since [B(u)| < [B(0)| + M| A%, we
have the estimate

0-a 0o
b+l = (2" 0ot =elauod +1ao1 L
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S
J ||A9 (4 0)lde
0

for 0 < s < 1. Hence, we can apply Lemma 2.1 to obtain
| A9 t+s|| < C(6, a, M)( 1+||A°‘ut|| s¢=0  0<s<1.

Therefore, if S, | , < Ry, fort 2 t5(B) and u, € B N %y, then the latter in-
equality gives us that

S, o]y < C(6, o M)(1+R}) for t21+16y(B),

i.e. (%y, S,) is a dissipative system. Lemma 4.2 is proved.

Exercise 4.1 Show that the assertion of Lemma 4.2 holds if instead of (4.7)
we suppose that B(u) = Bj(u)+By(u), where Bj(u) possesses
property (4.7) and By () is such that

sup{By(u): |A%| < R} < oo

The following assertion contains a sufficient condition of dissipativity of the dynami-
cal system generated by problem (4.1).

Theorem 4.3.

Assume that condition (4.2) is fulfilled with 60=1/2 and B(u)=
=—F'(u) s a potential operator from % /o tnto H (the prime stands for
the Frechét derivative). Let

Fu)z—a,  (F'(u), u)—PF(u) = —ylal2ul? -5 (4.8)
Jor all u e F 12, Where a, B, v, and O are real parameters, therewith
B >0 and v < 1. Then the dynamical system is dissipative in % /2

Proof.

In view of Theorem 2.4 conditions (4.8) guarantee the existence of the evolu-
tionary operator St . Let us verify the dissipativity. As in the proof of Theorem 2.4 we
consider the Galerkin approximations {u,,(t)}. It is evident that

2 ar @ O + A2, (O + (" (). ) = 0

and
a%(%”mzu O + F(u )+||um<t =

If we add these equations and use (4.8), then we obtain that

Sl 3, ¢ ) b O o o B = 5
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Let
V(u) = Sl + Hav2ul’ + P(u) + .

Therefore, it is clear that

SV, (1) + 0V, (1)) < €

with some positive constants @ and C that do not depend on m . This (cf. Exer-
cise 1.4.1) easily implies the dissipativity of the system (%; /25 S,), moreover,

1 2 _ C _
5|AVES, ul® < V(ug)em@+ G (1-e7®). (4.9)
Theorem 4.3 is proved.

Exercise 4.2 Show that the assertion of Theorem 4.3 holds if (4.2) is ful-
filled with O = 1/2 and
B(u)=—F"(u)+ By(u),
where F'(u) possesses properties (4.8) and B,(u) satisfies the esti-
mate |By(u)| < C,+ e|AV24)| for &€ > 0 small enough.

Let us look at the examples of Section 3 again. We assume that the function

Sf(t, 2, u, p) = f(x, u, p) (4.10)
in Example 3.1 possesses property (3.2) and

J F(, (@), Vu(@)u@)dr < (4 —S)Juz(x)dx+0 “.1D)
Q

for all u € Hé(Q), where )“1 is the first eigenvalue of the operator —A with the
Dirichlet boundary condition on 8 2. Here & and C are positive constants.

Exercise 4.8 Using the Galerkin approximations of problem (3.1) and Lem-
ma 4.2, prove that the dynamical system generated by equation (3.1)
is dissipative in Hé(Q) under conditions (3.2), (4.10), and (4.11).

Therefore, if conditions (3.2), (4.10) and (4.11) are fulfilled, then the dynamical sys-
tem (Hé(Q), S,) generated by a mild (in H(l)(Q)) solution to problem (3.1) posses-
ses both a finite-dimensional global attractor and an inertial set.

Exercise 4.4 Prove that equation (4.11) holds if
da
S, u, Vu) = fy(x, u)+Zaj

Jj=1

ou
83@

where a; are real constants and the function fj (v, u) possesses
the property



Existence Conditions and Properties of Global Attractor

flx, w)u < (A —-8)u?+C, wueR

forany x € Q.

Exercise 4.5 Consider the dynamical system generated by problem (3.4).
In addition to the hypotheses of Example 3.2 we assume that
Sf(t, 2, u, 0,u) =0 and the function g(x, u) possesses the pro-
perties
Yy

Yy
jg(x, g)de > —a,  yg(x, y)—P j g, E)de > —y
0 0

for some positive a, B , and v. Then the dynamical system genera-
ted by (3.4) is dissipative in Hp (0, 1).

Exercise 4.6 Find the analogue of the result of Exercise 4.5 for the system
of reaction-diffusion equations (3.6).

Exercise 4.7 Using equations (3.9) and (3.10) prove that the dynamical
system generated by the nonlocal Burgers equation (3.8) with f(¢) =
= f e L?(0, 1) is dissipative in Hé(Q).

Let us consider a dynamical system (V, St) generated by the Cahn-Hilliard equation
(3.12). We remind that

V= {’U/ S H2(0, l) ux|x:0:ux’x=l:0} .

Exercise 48 Let the function W(w) be defined by equality (3.14). Show
that for any positive R and o the set

L
X, p=ueV: W(u)<R, J.u(x)dx <a (4.12)

o,
0

is a closed invariant subset in V' for the dynamical system (V, St)
generated by problem (3.12).

Exercise 4.9 Prove that the dynamical system (X o R St) generated by
the Cahn-Hilliard equation on the set X, , defined by (4.12) is dis-
sipative (Hint: cf. Exercise 3.9).

In conclusion of this section let us establish the dissipativity of the dynamical system
(D(AY2+P), S,) generated by the abstract form of the two-dimensional Navier-
Stokes system (see Example 3.5) under the assumption that f(t) =f e D(AP).
We consider the dynamical system (Pm H, SZ”) generated by the Galerkin approxi-
mations (see (3.20)) of problem (3.16).
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Exercise 4.10 Using (3.24) prove that
1
t|AV2 s | < cO+J|\A1/ZS?uOH2dr x
0

1
2
X exp clJ(”S?%HZHAI/%?%H) dr (4.13)
0

forall 0 < ¢ < 1,where ¢y and ¢; are constants independent of 72 .

Exercise 4.11 With the help of (3.21), (3.22) and (4.13) verify the property
of dissipativity of the system (D(A1/2*P), S,) in the space
D(AY/2) . Deduce its dissipativity (Hint: see Exercise 3.14-3.16).

Thus, the dynamical system generated by the two-dimensional Navier-Stokes equa-
tions possesses both a finite-dimensional compact global attractor and an inertial set.

§ 5 Systems with Lyapunov Function

In this section we consider problem (4.1) on the assumption that condition (4.2)
holds with 6 = 1/2 and B (u) is a potential operator, i.e. there exists a functional
F(u) on % 5 = D(AY2) such that its Frechét derivative F'(u) possesses the pro-

perty

B(u) = =F'(u), wu e D(A?). (5.1)
Below we also assume that the conditions
F(u)>—o, (F'(u), u)-BF(u)=—-y|aV2ul* -5 (5.2)

are fulfilled for all u e D(A2), where o, 8 e R, B >0, and y < 1. On the one
hand, these conditions ensure the existence and uniqueness of mild (in D(Al/ 2))
solutions to problem (4.1) (see Theorem 2.4). On the other hand, they guarantee
the existence of a finite-dimensional global attractor 4 for the dynamical system
(971 /25 St) generated by problem (4.1) (see Theorem 4.3). Conditions (5.1) and
(5.2) enable us to obtain additional information on the structure of attractor.

Theorem 5.1.

Assume that conditions (5.1), (5.2), and (4.2) hold with 6 = 1/2. Then
the global attractor A of the dynamical system (F /9> St) generated by
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problem (4.1) is a bounded set in ¥, = D(A) and it coincides with the un-
stable manifold emanating from the set of fixed points of the system, i.e.

A= M (N), (5.3)
where N ={z € D(A): Az=B(z)} (for the definition of M (./N') see Secti-
on 6 of Chapter 1).

The proof of the theorem is based on the following lemmata.

Lemma 5.1.
Assume that a semitrajectory u(t)= S,uq possesses the property
||A0‘u(t)|| <R, forallt >0, where 1/2 < a< 1. Then

JAY2 (u (1) —u(s))] < C(Ry)lt—s|%" /2 (5.4)
Sforall t, s>0.

Proof.

For the sake of definiteness we assume that ¢ > s > 0. Equation (2.3) im-
plies that

w(t) —u(s) = (e =94 —1)u(s) +Je_(t ~DAB(u(t))dt.

Since
t
o154 = _ j Ae(t-DAdr,

S
equation (1.17) gives us that

[AY2 (w(t) —u(s)] < ¢q | (6 —1)* 3 2de]a%u(s)| +

0w —
—~
~

+ clj(t—‘c)_l/zdr max |B(u (V)]

This implies estimate (5.4).

Lemma 5.2.

There exists R;> 0 such that the set By = {u: |Au| < R} is absorbing
Sfor the dynamical system (971/2, St).

Proof.

By virtue of Theorem 4.3 the system (@1 /95 S ) is dissipative. Therefore, it
follows from Lemma 4.1 that B , = HAO‘ uH <R, } is an absorbing set,where
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R, is defined by (4.3), 1/2 < o < 1. Thus, to prove the lemma it is sufficient to
consider semitrajectories u(t) possessing the property ||A°‘u(t)|| <R,,t20.

¢ Let us present the solution u(¢) in the form
, L
9 w(t) = e (=94 (s) + Je_(t_T)A [B (u (1)) —B(u(t)ﬂdr +

S

+ AL (1= =N Bu(1)) .
Using Lemma 5.1 we find that
! 3
~1/2 “gta
lAu(t)l < Cy(t—s) Ry, + Ci(R,) | (t=7) dt + Cy (R1/2)~
S
This implies that

lAu(t+1) < C(R,), 120,

provided that ||A°‘u(t)|| < R, for ¢ = 0. Therefore, the assertion of Lemma 5.2
follows from Lemma 4.1.

Proof of Theorem 5. 1.
The boundedness of the attractor 4 in D(A) follows from Lemma 5.2. Let us
prove (5.3). We consider the Galerkin approximation um(t) of solutions to problem

4.1):
du,,(t) - -
T Au, (t) =P, B(u,, (t)), u,(0)=PE, u,.
Here P, is the orthoprojector onto the span of {e,, ey, ..., e,,}. Let
V(u)=5(Au, w)+F(u), weFy,=D(AY). (5.5)
It is clear that
O%V(um(’f)) = (At (1) +F" (1, (1)), 2y (1)) = =B, [ A, (1) = B, ()]
This implies that

V(00 (1)) = V0t 5) = = [ 1B [ A2 (0) = B, ()P0 <

< ~[ 1B (0) =Bl (D) ar

for ¢ 2 s and for any N < m , where Py, is the orthoprojector onto the span of
{e|, ..., ey}. With the help of Theorem 2.2 and due to the continuity of the func-
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tional V() we can pass to the limit 7 — oo in the latter equation. As a result,
we obtain the estimate

V(u(t)) -I—'[”PN(Au(r) —B(u(r)))||2dr < V(u(s)), t=s, (5.6)

for any solution u(¢) to problem (4.1) and for any N > 1. If the semitrajectory
u(t) = S,u lies in the attractor ./, then we can pass to the limit N — oo in (5.6)
and obtain the equation

Viu(t)) +J||Au(r) ~B(u(D)Pdt < V(u(s)) (5.7

forany t > s 2 0 and u(t) € A. Equation (5.7) implies that the functional V()
defined by equality (5.5) is the Lyapunov function of the dynamical system
(% /95 Sz) on the attractor . Therefore, Theorem 1.6.1 implies equation (5.3).
Theorem 5.1 is proved.

Exercise 5.1 Using (5.6) show that any solution % (¢) to problem (4.1) with
u, € % ;5 possesses the property

t
jnAumuzdw o 150,
0

Prove the validity of inequality (5.7) for any solution u(t) to prob-
lem (4.1).

Exercise 5.2 Using the results of Exercises 5.1 and 1.6.5 show that if the
hypotheses of Theorem 5.1 hold, then a global minimal attractor
A Of the system (% 5, S;) has the form

Hopin ={w € D(A): Aw —B(w)=0}.

Exercise 5.3 Prove that the assertions of Theorems 4.3 and 5.1 hold if we

consider the equation

du

E+Au,=B(u)+h, ul,_ o= "o (5.8)
instead of problem (4.1). Here & is an arbitrary element from A and
B(w) possesses properties (5.1), (5.2) and (4.2) with 0 =1/2
Hint: Vy,(u)=V(u)—(h, u)).

Exercise 54 Let St be an evolutionary operator of problem (5.8). Show
that for any R > 0 there exist numbers ap =2 0 and bp > 0 such
that

”A”z (S,uy —Stuz)H < bReaRt HA”Z (uy —u2)|

)

provided [AY2u| <R, j=1,2 (Hint: V},(S,u;) < V;(u;) < Cp).
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Theorem 5.1 and the reasonings of Section 6 of Chapter 1 reduce the question on the
structure of global attractor to the problem of studying the properties of stationary
points of the dynamical system under consideration. Under some additional condi-
tions on the operator B(w) it can be proved in general that the number of fixed
points is finite and all of them are hyperbolic. This enables us to use the results of
Section 6 of Chapter 1 to specify the attractor structure. For some reasons (they will
be clear later) it is convenient to deal with the fixed points of the dynamical system
generated by problem (5.8).
Thus we consider the equation

L(u)=Au—-B(u)=nh, u eD(A), (5.9
where as before A is a positive operator with discrete spectrum, B (u) is a nonline-
ar mapping possessing properties (5.1), (5.2) and (4.2) with 6 = 1/2, and & is an
element of H .

Lemma 5.3.

For any h € H problem (5.9) is solvable. If M is a bounded set in H,
then the set L~YM) of solutions to equation (5.9) is bounded in D(A)
Jor h e M. If M is compact in H, then L~Y(M) is compact in D(A).

Proof.
Let us consider a continuous functional
W(u) = L(Au, w)+F(u)=(h, ) (5.10)

on % o = D(A2) . Since F(u) = —o for all u € % o, the functional W (u)
possesses the property

W) > Ha2ul — o —|a12p 4120 >

> %IHA”ZUHZ —a—Jazp)* G.1D)

In particular, this means that W(«) is bounded below. Let us consider the func-
tional W(u) on the subspace £, @1 /9 (B, is the orthoprojector onto the span
of elements e, e, ..., €, , as before). By virtue of (5.11) there exists a mini-
mum point u,, of this functional in £, 911 /2 which obviously satisfies the equa-
tion
Au,, —PmB(um) =B, h. (5.12)

Equation (5.11) also implies that

1 2 — 2

Havzu, [P < w(u,)+ o+ lav2if? <

< inf{W(u): ueP, Hy+o+|a 2 .
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Hence,
|42, | < FO)+ o+ |4 120)% < C(1+]a 1202

with a constant C' independent of 2 . Thus, equations (5.12) and (4.2) give us
that

[Au,| < |B(uy)+ 0| < IBOY+Ikl+M(JAY2w, ) |AY 2w, ) .

nl
Therefore, if || < R, then ”Aum” < C(R). This estimate enables us to extract
a weakly convergent (in D (A)) subsequence {,, } and to pass to the limit as
k — oo in (5.12) with the help of Theorem 1.1. Thus, the solvability of equation
(5.9) is proved. It is obvious that every limit (in D(A)) point » of the sequence
{u,m} possesses the property

lAu| < Cp if |k] <R. (5.13)

This means that the complete preimage L‘l(M ) of any bounded set M in H is
bounded in D(A). Now we prove that the mapping L is proper, i.e. the pre-
image L~Y(M) is compact for a compact M. Let {u,} be a sequence from
L7Y(M) . Then the sequence {L(w,,)} lies in the compact M and therefore there
exist an element /2 € M and a subsequence {7, } such that ‘L(unk) —h|—>0
as k — oo . By virtue of (5.13) we can also assume that {Aw,,, | is a weakly con-
vergent sequence in D(A) . If we use the equation

“Aunk—B(unk) —h” -0, koo,

Theorem 1.1, and property (4.2) with 6 = 1/2, then we can easily prove that
the sequence {unk} strongly converges in D(A) to a solution w to the equation
L(u)=h. Lemmab.3is proved.

Lemma 5.4.

In addition to (5.1), (5.2), and (4.2) with 0= 1/2 we assume that the
mapping B(-) is Frechét differentiable, i.e. for any u € % o lhere
exists a linear bounded operator B'(w) from % 4 into H such that

IB(u+v)—B(u)—B'(u)v] = o(|AV20]) (5.14)

Sor every v € % )5, such that |AY20| < 1. Then the operator A —B' (u)
is a Fredholm operator for any u € %F o = D(AY/2).

We remind that a densely defined closed linear operator G in H is said to be Fred-
holm (of index zero) if

(a) itsimage is closed; and

(b) dim KerG = dim KerG™ < o .

Proof of Lemma 5.4.
It is clear that the operator G = A —B’(u) has the structure
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G=A—CAY2 = A1/2(]—A—1/2C)A1/2,

» where C is a bounded operator in H (C=B"(u)A™1/2). By virtue of Theorem
. 1.1 the operator K = A~1/2C is compact. This implies the closedness of the
r image of G . Moreover, it is obvious that

2 dim HKer G = dim Ker (1K)

and
dim Ker G* = dim Ker (I-K").
Therefore, the Fredholm alternative for the compact operator gives us that

dim Her G = dim KHer G < oo.

Let us introduce the notion of a regular value of the operator L seen as an ele-
ment & € H possessing the property that for every w € L™1h = {v: L(v)=h} the
operator L'(u) = A—B’(w) is invertible on / . Lemmata 5.3 and 5.4 enable us to use
the Sard-Smale theorem (for the statement and the proof see, e.g., the book by
A. V. Babin and M. I. Vishik [1]) and state that the set R of regular values of the
mapping L(uw)=Au—B(u) is an open everywhere dense set in H . The following
assertion is valid for regular values of the operator L .

Lemma 5.5.

Let h be a reqular value of the operator L. Then the set of solutions to
equation (5.9) s finite.

Proof.

By virtue of Lemma 5.3 the set N ={v: L(v)=h} is compact. Since
h € %, the operator L'(u) = A—B'(w) is invertible on H for u € /. It is also
evident that L'(w) has a domain D(A). Therefore, by virtue of the uniform
boundedness principle AL'(%)~! is a bounded operator for u e /. Hence,
it follows from (5.14) that

A —w)l < JAL@) 2 () (0 —w)l =

= |AL' (v) YIB(v) =B(w) =B'(v)(v —w)| = o(|AV2(v —w)|)

forany v and w in JY'. This implies that for every v € N there exists a vicinity
that does not contain other points of the set §". Therefore, the compact set N~
has no condensation points. Hence, /¥° consists of a finite number of elements.
Lemma 5.5 is proved.

In order to prove the hyperbolicity (for the definition see Section 6 of Chapter 1) of
fixed points we should first consider linearization of problem (5.8) at these points.
Assume that the hypotheses of Lemma 5.4 hold and v, € D(A) is a stationary solu-
tion. We consider the problem
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du

de
Its solution can be regarded as a continuous function in %, ,, = D(A12) which satis-
fies the equation

+(A=B'(vy)u=0, ul,_ =t (5.15)

t
w(t)=e 4y, + '[e_(z “O4B (vy)u(t)dr.
0

If uy D(Al/ 2), then we can apply Theorem 2.3 on the existence and uniqueness
of solution. Let T, stand for the evolutionary operator of problem (5.15).

Exercise 5.5 Prove that th is a compact operator in every space ?70(,
0<a<l1l, t>0.

Exercise 6.6 Prove that for any p >0 and ¢ > 0 the set of points of the
spectrum of the operator 7, that are lying outside the disk {A:
|Al < p} is finite and the corresponding eigensubspace is finite-di-
mensional.

Exercise 5.7 Assume that B'(v)) is a symmetric operator in /7. Prove that
the spectrum of the operator Tt is real.

The next assertion contains the conditions wherein the evolutionary operator S; be-
longs to the class C1+® o > 0, on the set of stationary points.

Theorem 5.2.

Assume that conditions (5.1), (5.2), and (4.2) are fulfilled with 0=1/2.
Let B(u) possess a Frechét derivative in ¥, ;o such that for any R > 0

u+v)—-B(u)— u)v| < v , o >0, 1
IB B B'(u)v] < clavzy|tte 0 (5.16)

provided that |AY20| < R, where the constant C = C(u, R) depends on u
and R only. Then the evolutionary operator S, of problem (5.8) has a
Frechét derivative at every stationary point v,. Moreover, ([S,(v,)]", u)=
= T,u, where T, is the evolutionary operator of linear problem (5.15).

Proof.
It is evident that
t
S,[vy+u] —vy—T,u= '[e‘(‘ —T)A {B (S [vg+u])—B(vy) —B'(vy) TTu} dr.
0
Therefore, using (1.17) and (5.16) we have
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a2y (1) < J'(ze[t _r])71/2{0\|A1/2 (Sc[vg+ul —?]0)||1+O( +
0

fe o) 14 (o) f e,
where (1) = S,[vg+u] —v,— T,u . Using the result of Exercise 5.4 we obtain that

”Auz(st[voJru]_%)” < bReaRt||A1/2u|| it A2 <R

Thus,
t

1
Jat2y(o) < Gyl *“)“Rt||Al/2u||”°‘+clj(t—r)‘“ZIIAWw(r)IIdr.
0
Consequently, Lemma 2.1 gives us the estimate

[AV2 (S, [vg+u] —vo-Tyu)| < CplaV2u]' %, ¢ <o, T].
This implies the assertion of Theorem 5.2.

Exercise 5.8 Assume that the constant C in (5.16) depends on R only,
provided that |[AY2u| < R and |AY20] < R. Prove that S, e C1+¢
forany 0 < o< 1.

The reasoning above leads to the following result on the properties of the set of fixed
points of problem (5.8).

Theorem 5.3.

Assume that conditions (5.1), (5.2) and (4.2) are fulfilled with 6 = 1/2
and the operator B(u) possesses a Frechét derivative in ¥, ,, such that
equation (5.16) holds with the constant C = C(R) depending only on R for
|AY2u| < R and |AY29| < R. Then there exists an open dense (in H) set
P such that for h € R the set of fixed points of the system (¥ 5, S;) gen-
erated by problem (5.8) is finite. If in addition we assume that B'(z) is a
symmetric operator for z € D(A), then fixed points are hyperbolic.

In particular, this theorem means that if 2 € %, then the global attractor of the dy-
namical system generated by equation (5.8) possesses the properties given in Exer-
cises 1.6.9-1.6.12. Moreover, it is possible to apply Theorem 1.6.3 as well as the other
results related to finiteness and hyperbolicity of the set of fixed points (see, e.g., the
book by A. V. Babin and M. I. Vishik [1]).
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Example 5.1

Let us consider a dynamical system generated by the nonlinear heat equation

ou 0%u -
o Vo T u@)=h(), O<x<l, >0, (5.17)

u|x=0 = u|‘%=1 =0, u|t=0 = uy(x),

in H (1) (0, 1). Assume that g(x, u) is twice continuously differentiable with re-
spect to its variables and the conditions

Y
Jot 90e =0, yotw ) -p ot ot =
0 0
are fulfilled with some positive constants a, b, and y.

Exercise 5.9 Prove that the dynamical system generated by equation
(5.17) possesses a global attractor =M, (N, where N is
the set of stationary solutions to problem (5.17).

Exercise 510 Prove that there exists a dense open set % in L2(0, 1) such
that for every i (x) € % the set W of fixed points of the dynamical
system generated by problem (5.17) is finite and all the points are
hyperbolic.

It should be noted that if a property of a dynamical system holds for the parameters
from an open and dense set in the corresponding space, then it is frequently said that
this property is a generic property.

However, it should be kept in mind that the generic property is not the one that
holds almost always. For example one can build an open and dense set % in [0, 1] ,
the Lebesgue measure of which is arbitrarily small ( < €). To do that we should
take

Fo = {xe(O, 1): o —r <8~2k2},
kul [ =7

where {7, } is a sequence of all the rational numbers of the segment [0, 1]. There-
fore, it should be remembered that generic properties are quite frequently encoun-
tered and stay stable during small perturbations of the properties of a system.
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§ 6 Explicitly Solvable Model
of Nonlinear Diffusion

In this section we study the asymptotic properties of solutions to the following non-
linear diffusion equation

1
U, =V, + %JIu(x, t)Izdx—F u+pu,=0, 0O<x<l1l,t>0,
0 6.1)

7,L|96:0=u|x:1 =0, u|t:0=u0(x),

where v >0, % >0, " and p are parameters. The main feature of this problem is
that the asymptotic behaviour of its solutions can be completely described with the
help of elementary functions. We do not know whether problem (6.1) is related to
any real physical process.

Exercise 6.1 Show that Theorem 2.4 which guarantees the global existence
and uniqueness of mild solutions is applicable to problem (6.1) in the
Sobolev space Hy (0, 1).

Exercise 6.2 Write out the system of ordinary differential equations for the
functions {g,(t)} that determine the Galerkin approximations

w,(t) = A2 ng(t) sinka (6.2)
k=1

of the order m of a solution to problem (6.1).

Exercise 6.3 Using the properties of the functions w,,(t) defined by equa-
tion (6.2) prove that the mild solution w (¢, x) possesses the proper-
ties

t
%Ilu(t)llz +J(v|\axu(r)||2 +xfu(t)* =Tlu(o)*)dr = %”uouz (6.3)
0
and

2 2 —2vnly 2 —2vn2¢
[u(O)l? < Jugl?e trs (e (6

Here and below | -| is a norm in L2(0, 1).

Exercise 6.4 Using equations (6.3) and (6.4) prove that the dynamical sys-
tem generated by problem (6.1) in i é (0, 1) is dissipative.
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Therefore, by virtue of Theorem 4.1 the dynamical system (H, é (0, 1), S,) generated
by equation (6.1) possesses a finite-dimensional global attractor.

Let w(t)=u(x, t) e C(R,; Hé (0, 1)) be a mild solution to problem (6.1) with
the initial condition () € H, (1) (0, 1). Then the function (2, t) can be conside-
red as a mild solution to the linear problem

{ut—vuxx+ b(t)u+pu,=0, 0<x<l1, t>0,
(6.5)
u‘x=0 = u’x:l =0, u‘t:() = U’O(x) )
where b (t) is a scalar continuous function defined by the formula
1
b(t) = %Jlu(x, Pde -T .
0
We consider the function
t
v(x, t) = u(x, t)ex b P, _ P
1) = u(x, p (D) AT+ 35t — g7 (- (6.6)
0
Then it is easy to check that v (#, t) is a mild solution to the heat equation
v,=Vvv,.,., xe(0,1),t>0,
(6.7

p
wm0=V0eo1 =0 V]_g=up(@)exp {_z‘w}

The following assertion shows that the asymptotic properties of equation (6.7)
completely determine the dynamics of the system generated by problem (6.1).

Lemma 6.1.

Every mild (in Hé(O, 1)) solution wu(x, t) to problem (6.1) can be re-

written in the form

u(z, t) = w(z, t) - 6.8)

t
1+2xj||w(r)||2 dr

where w(x, t) has the form

w(x, t)=v(x, 1) exp{( - p2) t+ %x} (6.9)

and v(x, t) is the solution to problem (6.7).
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Proof.
Let w (2, t) have the form (6.9). Then we obtain from (6.6) that

t
w(z, 1) = u (@, t)exp %J.Ilu(r)llzdr . (6.10)
0

Therefore,
t t
o (2, 7 = Ju (@, O exp Zx_[nu(r)u%r = Loy 2%J||u(r)||2dr
0 0
Hence,
t t
exp 2%J||u(r)||2dr - 1+2xj||w(t)||2dr.
0 0

This and equation (6.10) imply (6.8). Lemma 6.1 is proved.
Now let us find the fixed points of problem (6.1). They satisfy the equation
-V, . + (%IIuII2 -DNu+pu,=0, Ul =, = 0.

Therefore, u(x) = w(x)exp {zﬂvx}, where w () is the solution to the problem

2
- 2_r4+ P, _ _
waer(%"“" I+ 4\/)@0 =0, w|,_,=w|,_,=0.
However, this problem has a nontrivial solution w () if and only if
p2

w(x)=Csintny and wlul® -T+ = + v(rcn)2 =0,

4v
where 7 is a natural number. Since © = w exp{z% x}, we obtain the equation
Lp
2 [ ,v7¥ win2 2
xC= | eV sin“mnadr + v(nn) -T+
0
which can be used to find the constant C . After the integration we have

pZ
i =0

2n2v2 2 p? 2
% C2Y(ePlV 1) 2V P _y(n) .
( p? +4n2v2 2 v Vi)
The constant C can be found only when the parameter 7 possesses the property
[ —p2/(4v) —v(nn)? > 0. Thus, we have the following assertion.
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Lemma 6.2.

P

Let y=v(I', v, p) = F_ﬂ' Ify< v, then problem (6.1) has a unique
fized point uy(x) = 0. If (nn)? <y < n?(n+1)% for some n 21, then
the fixed points of problem (6.1) are

P
Ty(x) =0, Ty (x)=+w,e? sinmkz, k=1,2, .., n, (611)

1 2po, (T, p, v)

M = ke (Ls Py V) = o5 ; , (6.12)
x(ewl(§)-1)
8, (T, p, v) = [ATvV —p2 —4(nnv)*]-[p? + 4(nnVv)?].
Exercise 6.5 Show that every subspace
L
Hy = Lin {62" sinmkx: k=1, 2, ..., N} (6.13)

is positively invariant for the dynamical system (H é(O, 1), S,) gene-
rated by problem (6.1).
Theorem 6.1.

2
Let y=T- % < v7i2. Then for any mild solution w(t) to problem (6.1)
the estimate

lo,u(t)] < C(p, v)e—(vnz—v)t”axuou, t>0, (6.14)

is valid. If vy 2 vnZ and vriNZ > Y, then the subspace Hy _, defined by
SJormula (6.13) is exponentially attracting:

. —(vi2N2 —
disty 1 o ) (Syuor Hy-1) < C(py V)@ (VEENT=N10 wg| . (6.15)

Here S, is the evolutionary operator in H, é(O, 1) corresponding to (6.1).

Proof.
Let w (2, t) be of the form (6.9). Then
. N k)? —y)t
wy(t) =e =V w(t) = Ze‘(v(“ )" =7) Cr, p (@), (6.16)
k=1
where e, (v) = /2sintkx and
1

P

-
Cp, p= Je 2V ouy () ey (x)de .
0
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Assume that ¥ < v72. Then it is obvious that

|6, (0] = Z (mk)? CF. pexp{=2(v(nk)* -y)t} <
k=1

_ﬁx 2
< exp{-2(vn?—y)t} ax(e 2v uoj 6.17)
However, equation (6.8) implies that
_P.
ax(e 2v u(t)] < ||8xwp(t)||

Therefore, estimate (6.14) follows from (6.17) and from the obvious equality
lul < 1/m]0,u|. When y > vrZ and N > (1/7)/y/v the function w(t) in (6.9)
can be rewritten in the form

w(t) = hy(t) + e w, (1), (6.18)
where

p  N-1
55 2
h(t) = 262 N e VR 0ty sinmka e

k=1
p
5=
2
0, (e v uoj

1)(Stu0’ Hy_y) < C(p, v)|0,w, n(1)]-

and w o, n(t) can be estimated (cf. (6.17)) as follows:

2

|6, N7 < exp{=2(v(TN)? —y)t} (6.19)

Thus, it is clear that
dist
Hi (0,

Consequently, estimate (6.15) is valid. Theorem 6.1 is proved.

In particular, Theorem 6.1 means thatif y = I'— p?/(4 v) < vr?, then the global at-
tractor of problem (6.1) consists of a single zero element, whereas if y > v2, the
attractor lies in an exponentially attracting invariant subspace H, Ny where N0 =
= [(1/m)«y/v] and [-] is a sign of the integer part of a number.

The following assertion shows that the global minimal attractor of problem
(6.1) consists of fixed points of the system. It also provides a description of the cor-
responding basins of attraction.

Theorem 6.2.

2
Let y=T- % > vr2. Assume that the number n~1J/y/v is not integer.
Suppose that N, is the greatest integer such that V(TENO)2 <v. Let



Explicitly Solvable Model of Nonlinear Diffusion

1
_P
Cj(ug) = J2 J-e 2v“u0 (x) sinmjx dx

and let u(t) be a mild solution to problem (6.1).
@ If G(uo) =0 forall j=1,2, ..., Ny, then

|0, u(t)] < C(v. p)exp{—(va(Ny+1) t>0. (6.20)

) If Cj (uo) # 0 for some j between 1 and N, then there exist positive
numbers C = C(v, p, v; uy) and B = B(y, v) such that

10, (w(t) =g, < ce Bt >0, (6.21)

where U, () is defined by formula (6.11), 6 = sign C,(u,), and k s
the smallest index between 1 and N, such that C,(u) # 0.

Proof.

In order to prove assertion (a) it is sufficient to note that the value h N(t) is
identically equal to zero in decomposition (6.18) when N = N,+ 1. Therefore,
(6.20) follows from (6.19).

Now we prove assertion (b). In this case equation (6.18) can be rewritten in the
form

w(t) :gk(t)"'hk(t)"_wp, Ny+1 (t), (6.22)

where

g (t) = 42 e%x o TV (mk)” =]t Cr(ug)sinmkx,
P No 2
by (1) = N2e2Y Z e V(m) vl C; psinmjz,
Jj=k+1
and /;(t) = 0 if k = N,,. Moreover, the estimate

|0,wp, w1 (D) < Cp. V)e W D (6.23)
is valid for w, +1(t). It is also evident that
[0,k ()] < Clp, v) etV P EE 15 4 (6.24)
Since
o @F =lo O < (o @+ g O [l (0 =g O]

< Clae@] + ]+ wp, v+ 1 O W] +]wp, w1 O] -
using (6.23) and (6.24) we obtain

lw (1 =g (0] < Cexp{2[y —va2(k? +(k+1)%)]t}] 0, ul -
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Integration gives
t

P
eV’ sinrkzdy Jez(y_v("k)z)rdr =

0

~ 0 =T o

O'——,»—A

t
2 [ o) o = 426, o)
0
2 Cr (M) oty —v(xkp):
= 2( o ) (e _1),

where L, is defined by formula (6.12). Hence,

‘ Cr(Ug)\2 2

1+ ZKJllw(r)llzdr -1 +2(kTO) AU VE L g (1), (6.25)
k
0

where

k2 + (k+ 1)
|ag (2) < C{l+exp{2(y—vn2 *w—_(_z.m_)_)tH ||6xu0||2, k<N,-1.

Let
9, (1)

t 12
[1 + Z%JIIw(I)IIZdr]
0

We consider the case when 1 < k < Nj —1. Equations (6.23)—(6.25) imply that

o 1) =) 5 2, st + )

t 1/2
[1 +2% an(r)nzer
0

< C(p, v)|0,u e—(an(N0+1)2—y)z+
(P V)2, )

(1) =

exp {(y—vm2(k+1)%)t} }
(1_,’_2(0}1([”0))2 ez(y—v(nk)z)t+ak(t))1/2
k

Therefore,

[0, (u (1) ~v,(0)] <

< C(p, Vs ug) {6_(V“2(N0+1)2‘W oV ((k+ 1P k)1 G(t)_l/z} ,
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where

G(1) = (1+a1)) 62(YVn2k2)z+2(9§%Q2)2.

It follows from (6.25) that G(¢) >0 for all ¢ >0 and G(0)= 1. Moreover, the
above-mentioned estimate for a,(¢) enables us to state that

Crolug)\?
tim G(1) = 2(<2) > 0
t — oo ( ) “k
This implies that there exists a constant G ; = Gmin(y, k, v, uo) > 0 such that
G(t) 2 Gy, forall t > 0. Consequently,
||6x(u(t)—vk(t))|| < C(p, Vv, 75 up)e 9t (6.26)

where o = o.(k, v, y) = min{vr? (N0+1)2 -7, vi2(2k+1)}. Now we consider
the value v, (¢) . Evidently,

Op(t) = Py (1, ug) U (),
where

V2|Ci (wy)] exp {(y-vrk?)t)

1+ z(CkﬁZ‘@)Z exp(2(r—v iRt} +ay (1))

Simple calculations give us that

P (2, ug) =

|0t ug) =1 < C(p, v, 7, ug) e Pt

with the constant [_3 = v (2k + 1). This and equation (6.26) imply (6.21), provi-
ded k < Ny—1. We offer the reader to analyse the case when k = N, on his/her
own. Theorem 6.2 is proved.

Theorem 6.2 enables us to obtain a complete description of the basins of attraction of
each fixed point of the dynamical system (H é (0, 1), S,) generated by problem (6.1).

Corollary 6.1.

Let v = T=p2/(4v) > vi2. Assume that the number nw=lJy/v is not in-
teger. Let N be the grealest integer possessing the property V(TENO)2 <.
We denote

1
_ﬂ
:ﬁJ-e 2V u(z)sinmjx do
0

and define the sets
@, ={u € Hy(0, 1): C;(u)=0, j=1, ..., k=1, C(u)>0},

D, ={ueHy(0, 1): Ci(u)=0, j=1,..., k=1, Cy(u)< 0}
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for k=1, 2, ..., N,y. We also assume that
1 .
Dy =1{u € Hy(0, 1): C;(u)=0, j=1, 2, ..., Ny} .
Then for any | =0, £1, £2, ..., £N, we have that

zlimw||s v ul”H 1o, 1)

where {ﬂl} are the fixed points of problem (6.1) which are defined by
equalities (6.11).

=0eovey,

The next assertion gives us a complete description of the global attractor of problem

6.1).

Theorem 6.3.

Assume that the hypotheses of Theorem 6.2 hold and N, is the same as
in Theorem 6.2. Then the global attractor A of the dynamical system
(Hé(O, 1), S,) generated by equation (6.1) is the closure of the set

N, Bx
«/éz Olikez‘/ sinmtkx
A=lo(x)= k= D& eRL, (62D

N o 12
1423 )
( k,jzlékéjvk—i-vj

where v, = y—v(nk)z, k=1,2,.., Ny, and

1
p
= ZJQVxSinnkx- sintjrdr, k,j=1,2,.., N,.

0
Every complete trajectory {u(t): t € R} which lies in the attractor and
does mot coincide with any of the fixed points u,, k=0, £1, ..., £N,, has
the form
P
N, 5—%
«/QZ O_ & ek e2V sinmkx
u(t) = G e (6.28)
J Vv + Vv )
(1+2%Z éké]v +v]e !
where ;. are real numbers, k=1, 2, ..., Ny, t € R.

Exercise 6.6 Show that forall § RY0 the function

a(t, ¢)=2x —1§k§7vaﬁjv M 20 (6.29)
k

is nonnegative and it is monotonely nondecreasing with respect to ¢
(Hint: a;(t, £) 2 0 and a(t, §) > 0 ast — —o0).
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Proof of Theorem 6.3.
Let & belong to the set A given by formula (6.27). Then by virtue of Lemma 6.1
we have
w(w, t)

S.h =

t (6.30)

; 172’
1 +2%.[||w(r)||2dr
0

where

= e — 2v k 1
w(t) [1 Ta(0. 9 e kE léke sinmk

and the value a (¢, é) is defined according to (6.29). Simple calculations show that

ZxJ‘IIw(r)IIZdr _alt. 9)=a(0, &)
0

1+a(0, &)

Therefore, it is easy to see that S, = u(t) for t > 0, where u(t) has the form (6.28).
It follows that S, A = A and that a complete trajectory u(¢) lying in A has the form
(6.28). In particular, this means that A < . To prove that A = /4 it is sufficient to
verify using Theorem 6.1 and the reduction principle (see Theorem 1.7.4) that for
any element i e HNO there exists a semitrajectory v (t) — A such that

lim [, (S, ~v(1))] = 0
t — oo

uniformly with respect to & from any bounded set in H Ny To do this, it should be
kept in mind that for

N, o
n=2%¢, ™ sinmka e Hy. (6.31)
k=1

S, h has the form (6.30) with
LR
w(t) =2 e2V Z E.e " sinmka .
k=1
Therefore, it is easy to find that

- w(t)

S e &) a0, DB

where a(t, &) is given by formula (6.29). Hence, if we choose

R0
YO e e ©

)

we find that
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S,h—v(t) = y(t, h)S,h,
where

(L, h)=1—(1_%)1/2.

Using the obvious inequality
1-(1-2)12 <2z, 0<x<1,

we obtain that

a(0, &)

ViR S g

provided that ~# has the form (6.31). It is evident that

t N,
a(t, &) = a(0, &) + COJ-eZVNOTdT- ig,ﬁ .
0

k=1

Therefore,

—1
2V T
Mo g

t
w(t, h)<C Je
0

(6.32)

Consequently, the dissipativity property of Sz in H(l)(O, 1) and equations (6.32) give

us that
—1

|6,(S,h=v (1) < C JeZVNOTdr 21y

0

forallh € B HNo ,where B is an arbitrary bounded set. Thus, A = /4 and there-

fore Theorem 6.3 is proved.

Exercise 6.7 Show that the set A coincides with the unstable manifold
M +(O) emanating from zero, provided that the hypotheses of Theo-

rem 6.3 hold.

Exercise 6.8 Show that the set A = M_(0) from Theorem 6.3 can be de-

scribed as follows:

N, o,
A= v:ﬁanegv sinmkax :
k=1

Ny

Oy s N
(2% Z nknjvajvj<l, neR0
k,j=1

)
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Therewith, the global attractor . has the form

N,
p 0
o
k
= U_J_Zn 2V sinmkax: 2x Z PR vk+jv 1
k,j=1

Exercise 6.9 Prove that the boundary

N, P

A = v:ﬁan eﬁxsinnkx:
k=1

Ny

oy N,
(2% Z nknjkarv—l, nekR Oj
k,j=1

of the set A is a strictly invariant set.

Exercise 6.10 Show that any trajectory y lying in A has the form {u(¢),
t € R}, where

¢ Fa
an ek eV sinmkx
u(t) = . neRM,

O ( + V)t bz
V; V.
( Z nknjv ] o J

k,j=1

Exercise 6.11 Using the result of Exercise 6.10 find the unstable manifold
M (7,) emanating from the fixed point %, , k = £1, £2, ..., £N.

Exercise 6.12 Find out for which pairs of fixed points {7, ﬁj}, k,j=
==*1, £2, ..., £N,, there exists a heteroclinic trajectory connec-
ting them, i.e. a complete trajectory {ukj(t): t € R} such that

u, = lim w, .(t u.,= lim wu, (t).
kS k]() 7 iS5t kj()

Exercise 6.13 Display graphically the global attractor 4 on the plane gene-
rated by the vectors e; = elP/EV)]Z gin s and eq = elp/(2V)]z
x sin2nx for Ny=2.
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Exercise 6.14 Study the structure of the global attractor of the dynamical
system generated by the equation

1
U, =V, + %J(Iu(x, t)|2+|v(x, t)lz)dx—F u—ov =0, 0<x<l, t>0,
0

1
v, =V, + xJ(Iu(x, t)|2+|1)(x, t)lz)dx—F v+ou =0, O<x<l, t>0,
0

U =0

xzozulx:1=0|x:0=0|x:1

in Hé(O, 1) x H(l) (0, 1), where v, %, I', o are positive parameters.

§ 7 Simplified Model of Appearance
of Turbulence in Fluid

In 1948 German mathematician E. Hopf suggested (see the references in [3]) to con-
sider the following system of equations in order to illustrate one of the possible sce-
narios of the turbulence appearance in fluids:

Up= WUy, —VsD —WswW —Ux1, (7.1)
V= UV, tUsUF VA WD, (7.2)
w,=Uw, +wsu —vxb+w=a , (7.3)

where the unknown functions %, v, and w are even and 2 7 -periodic with respect
to x and

2n
(F+0)@) = g [S@-w)9w)av.
0

Here a(x) and b(x) are even 2w -periodic functions and p is a positive constant.
We also set the initial conditions

u|t=0=u0(x), U|t=0=00(x), w|t=0=w0(x). (7.4)

As in the previous section the asymptotic behaviour of solutions to problem
(7.1)—(7.4) can be explicitly described.
Let us introduce the necessary functional spaces. Let

H={feL2 (R): f(&)=f(-x)=f(x+2m)}.
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Evidently H is a separable Hilbert space with the inner product and the norm de-
fined by the formulae:

21
(f. g) = jf(x)g(x)dx, 1712 = (£, £)
0

There is a natural orthonormal basis

1 1 1
—, ——COS¥, —=CO0S2%, ...
{/2 T Jn }
in this space. The coefficients C’n( f) of decomposition of the function f e H with
respect to this basis have the form

2m 2n
-1 - L
CO(f)_m '([f(x)dx, C,(f) T J;f(x)cosnxdx.
Exercise 7.1 Let f, g e H.Then f+g € H and
1
«q| < —=|11"-lgl . 7.5
If+gl < mﬂf I-lgl (7.5)

The Fourier coefficients C,, of the functions fxg, f, and g obey
the equations

Colf+9) = =ColN)Col0)s Cylfr0) = 5= ()G, (0). (76)

Exercise 7.2 Let p, be the orthoprojector onto the span of elements
{coskx, k=0, 1, ..., m} in H.Show that

0,,(f+9) = (0,,f)*9 = f=(,,9)- (7.0

Let us consider the Hilbert space H = H? = H x H x H with the norm |(u; v; w )l =
= (||u||2 +ol? + ||w||2)1/2 as the phase space of problem (7.1)-(7.4). We define
an operator A by the formula

A(u, v, w) = (U —UU,,; V=NV, W—Hw,,), (u;v; w)eDA)
on the domain
D(A) = [H2.(R)]’ N H,
where leoc(lR{) is the second order Sobolev space.
Exercise 7.8 Provethat A is a positive operator with discrete spectrum. Its
eigenvalues {A,,}°_  have the form:

— — — 2 —
Mgp = gps1= hgpro=1+RK2, k=0,1,2, ..,
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while the corresponding eigenelements are defined by the formulae

1
e 1: 0, 0), e =——(0; 1;: 0), e 0: 0; 1
b= (10:0), e=-L0i150), =L 0i),
1 1
€4, =—=(coskx; 0; 0), e =—(0; coskxz; 0), ¢ (7.8)
3k «/;E( ) 3k+1 /\/E( )
1
e =—(0; 0; coskx),
3k+2 /\/E( )
where k=1, 2, ...
Let
bi(u, v, w) = —Vxv —Wxw —Ux1,

by(u, v, W) = VsU+Vra+Wxb,

by(u, v, W) = Wxu —V=b+w=a.

Equation (7.5) implies that b, (u, v, w) € H,provided @, b, u, v,and w are the
elements of the space H, j =1, 2, 3. Therefore, the formula

B(u, v, w)=(b)(u, v, w)+u; by(u, v, w)+v; bg(u, v, W)+w)

gives a continuous mapping of the space H into itself.

Exercise 7.4 Prove that

”B(yl) _B(yZ)”M < C(l +lal + o] + |\@/1|\“ + "y2”un)”yl _2/2”111[ )

where y; = (uj; IR wj) eH, j=1,2.

Thus, if a, b € H, then problem (7.1)-(7.4) can be rewritten in the form
?jyi +Ay=B(y), Yl,_y=Y0

where A and B satisfy the hypotheses of Theorem 2.1. Therefore, the Cauchy prob-
lem (7.1)—(7.4) has a unique mild solution y(t) = (u(t), v(t), w(t)) in the space
H on a segment [0, T'], provided that a, b € H.In order to prove the global exis-
tence theorem we consider the Galerkin approximations of problem (7.1)-(7.4).
The Galerkin approximate solution ym(t) of the order 3m with respect to basis
(7.8) can be presented in the form

m—1

) = (w0 00 (0); w0 (0)) = 5 (0 0); ,(0); w, (1)) coska, (7.9)

k=0
where w,(t), v,(t), and w, () are scalar functions. By virtue of equations (7.7)
it is easy to check that the functions u(m)(t) , U(m)(t) ,and w(m) (t) satisfy equa-
tions (7.1)—(7.3) and the initial conditions

u(m)(O) =D,,%0 ?)(m)(O) =0,,%> w(m)(O) =D,,W - (7.10)
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Thus, approximate solutions exist, locally at least. However, if we use (7.1)—-(7.3) we
can easily find that

5 {hu(mmuz +lotm (1) + ||w<m><t>“2} T
b P Pl -

= —(um 1, ulm) + (M xa, v(M) + (W) xa, wM) .

Therefore, inequality (7.5) leads to the relation

d
Sl s c+lal)u, @) -

This implies the global existence of approximate solutions ym(t) (see Exercise 2.1).
Therefore, Theorem 2.2 guarantees the existence of a mild solution to problem
(7.1)—(7.4) in the space H = H3 on the time interval of any length 7'. Moreover, the
mild solution y(¢) = (u(t); v(t); w(t)) possesses the property

[r(gl’a%(] |lv(8) =y, ()] >0, m—>oo
for any segment [0, T'] . Approximate solution ¥, (¢) has the structure (7.9).

Exercise 7.5 Show that the scalar functions {u,(t); v,(t); w(t)} involved
in (7.9) are solutions to the system of equations:

Uy + WkPuy, = —vf —wi —uyd,, (7.11)
Vg + HEk2v, = vy + 0,0, +w, b, (7.12)
Wy + WkPwy, = Wy u,—v, b +way . (7.13)
Here k=1, 2, ..., 8,,=0 for k # 0, 0, = 1, the numbers a, =

= Cy(a) and b, = C,(b) are the Fourier coefficients of the func-
tions a(x) and b(x).

Thus, equations (7.1)—(7.3) generate a dynamical system (IH, S,) with the evolu-
tionary operator St defined by the formula

Spyo = (u(t); v(t); w(t)),
where (u(t); v(t); w(t)) is a mild solution (in H) to the Cauchy problem (7.1)-

(7.4), Yy = (ug, vy, w). An interesting property of this system is given in the fol-
lowing exercise.

Exercise 7.6 Let %, be the span of elements {€5,, €5, 1, €3j,9}, Where
k=0,1, 2, ... and {en} are defined by equations (7.8). Then the
subspace %, of the phase space H is positively invariant with re-
spectto S, (S, %, < £,).
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Therefore, the phase space H of the dynamical system (IH, S,) falls into the ortho-
gonal sum

H = i@ %,
k=0

of invariant subspaces. Evidently, the dynamics of the system (Hl, S,) in the sub-
space S@k is completely determined by the system of three ordinary differential
equations (7.11)—(7.13).

Lemma 7.1.

Assume that a, b € H and

Cy= a(x)dr < 0. (7.14)

%

Then the dynamical system (H, S,) is dissipative.

Proof.
Let us fix N and then consider the initial conditions y, = (u, v, W)
from the subspace

N N
Hy = Z@ By, = Z®Lin{93ka €3k+1 O3k+2)
o= 0

where {e,,} are defined by equations (7.8). It is clear that Hly is positively in-
variant and the trajectory

y(1) = (u(t): o(0); w Z(um 0,(1): wy (1)) coskx

of the system is a function satisfying (7.1)—(7.4) in the classical sense. Let
. D€ the orthoprojector in A onto the span of elements {coskx: n=0,1, ...,
m}. We introduce a new variable u(t) = w(t)+ o instead of the function
u(t). Here o™ =(p,,—py)a . Equations (7.1)—(7.3) can be rewritten in the
form
(7.15)

U, — U, = 00 —wrw+(~u+ o)1 —po’
v, UV, = vxu+vx(q,a)twsb+vx(pya), (7.16)
w, =W, = wxt —vxb+w=(q,,a)+w(pya), (7.17)
where q,, = 1 —p,,. The properties of the convolution operation (see Exer-
cises 7.1 and 7.2) enable us to show that



Simplified Model of Appearance of Turbulence in Fluid

LS (a2 4 Jol® 4 Tl®) + p (it + ol + o)’
= ((ra+a™)«1, u) + p(o.’, w,) + (v«(q,,a), v) +
+ (w=(q,,a), w) + (v«(pya), v) + (w=(pya), w) . (7.18)
It is clear that

(o om)el, )=o), (v+(pea). v) = 2= Co(@) G,

where Cyy(f) is the zeroth Fourier coefficient of the function f(x) € H . Moreo-
ver, the estimate

m>1,

[2m?] < o4
holds. We choose m > 1 such that (1/J2_7r)|| qma” < u/2. Then equation (7.18)

implies that
S0 + ol + el + u(||a:,ﬁ||2 ol +w?) +
+2lCya)? +[2 @) () +Colw)f) < mjal?.
If we use the inequality
112 < [Co(P + ]S
then we find that

£<||an2+||v||2+nwn2>+v(||u||2+||v||2+||w||2> < pjof?

where v =min(u, 2, 42/ TE|CO a | ). Consequently, the estimate
1GOIE < 130)Ze + E(1-ev) ol ? (7.19)

is valid for y(¢) = (u(¢), v(¢), w(t)), provided |g,,a| < H7/2 and yy=y,+
+(a™, 0, 0) where y,, € Hj . By passing to the limit we can extend inequality
(7.19) over all the elements ¥, € H . Thus, the system (HH, S,) possesses an ab-

sorbing set
By ={(u, v, w): Ju+(D,,~po)af* +I0I* + 1wl < RZ}, (7.20)

m

where m is such that |a —p,,a| < puJ/m/2 and
-1
= ulltnro)al f (nne 2. ieyer)) 1.

Exercise 7.7 Show that the ball 3, defined by equality (7.20) is positively
invariant.
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Exercise 7.8 Consider the restriction of the dynamical system (H, S,) to
the subspace

2n
H = Ih(z)=(u(z); v(x); w(x)) e H, Jh(x)dx:O = Z %, .
0 n =1

Show that (H, S,) is dissipative not depending on the validity of
condition (7.14).

Lemma 7.2.
Assume that the hypotheses of Lemma 7.1 hold and let p,, be the ortho-

projector onto the span of elements {coskx: k=0, 1, ..., m} in H,
q,, = 1—Dp,. Then the estimate
q, a
O = Il f2(on -ty o

holds for all m such that |q,,a| < py27(m + 1)2. Here Yy, (1) = (q,,u(t);
q,,v(t); q,,w(t)) and (u(t); v(t); w(t)) is the mild solution to problem
(7.1)—(7.4) with the initial condition y, = (Uy; Vo; Wq)-

Proof.

As in the proof of Lemma 7.1 we assume that y, = (uo; Vo3 wo) € Hi for
some N . If we apply the projector g,, to equalities (7.15)—(7.17), then we get
the equations

mo_ moo_ om0y M m
U,t puzx— V"%V W W s

m o _ mo _ om, ,,m m m
vy =W, = 0" um Wb+ 0" q a0,

wy —pw) = wsum =" b +wxq, a,
where u™ =g, u, 0" =q,v and w" = q, w . Therefore, we obtain

3 8 (a2 b2 + Joom?) + g (Je P+ o P+ o) <

1 ( mll2 m 2)
< — alll v + |w 7.22
as in the proof of the previous lemma. It is easy to check that H(th)xuz >
> (m+ 1)2 ||h||2 for every h € pyH . Therefore, inequality (7.22) implies that

1d 2 2_ 1 2
3 i O+ (10n 41 = a0 < 0.

Hence, equation (7.21) is valid. Lemma 7.2 is proved.
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Lemmata 7.1 and 7.2 enable us to prove the following assertion on the existence
of the global attractor.

Theorem 7.1.

Let a, b € H and let condition (7.14) hold. Then the dynamical system
(H, Sz) generated by the mild solutions to problem (7.1)-(7.4) possesses a
global attractor A W This attractor is a compact connected set. It lies in the
Sinite-dimensional subspace
N
Hy = Z ®Lin{egy, €351 @35 11}
k=0
where the vectors {en} are defined by equalities (7.8) and the parameter N
is defined as the smallest number possessing the property ||qNa|| <
< U JZ_TE(N +1)2 . Here q is the orthoprojector onto the subspace generated
by the elements {cosnx: n > N+1} in H.

To prove the theorem it is sufficient to note that the dynamical system is compact
(see Lemma 4.1). Therefore, we can use Theorem 1.5.1. In particular, it should be
noted that belonging of the attractor /Zo“ to the subspace 7 means that
dimfﬁa u S 3(N +1), where N is an arbitrary number possessing the property
layal < u 27 (N+1)2 . Below we describe the structure of the attractor and evalu-
ate its dimension exactly.

According to Lemma 7.2 the subspace Hl; is a uniformly exponentially attracting
and positively invariant set. Therefore, by virtue of Theorem 1.7.4 it is sufficient
to study the structure of the global attractor of the finite-dimensional dynamical sys-
tem (Hly, S,). To do that it is sufficient to study the qualitative behaviour of the tra-
jectory in each invariant subspace %,, 0 < k < N (see Exercise 7.6). This
behaviour is completely described by equations (7.11)—(7.13) which get trans-
formed into system (1.6.4)-(1.6.6) studied before if we take L= uk2+5k0,
V= ;,llcz— ay, , and B=b i - Therefore, the results contained in Section 6 of Chapter 1
lead us to the following conclusion.

Theorem 7.2.

Let the hypotheses of Theorem 7.1 hold. Then the global minimal attrac-
tor ﬂor(rﬁl)q of the dynamical system (H, S,) generated by mild solutions to

problem (7.1)—(7.4) has the form J%I(Tt:"l)l ={0}U Z“, where

= U U {(uk; 7, COSQ; Vksin(p)%x}.
keJH(a)Oﬁ(p<2ﬂ:

1/2

Here u, = Wk?—a,, r,=k(a,u—pn2k?)"'=, the values a, = C,(a) are the
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Fourier coefficients of the function a(x), and the number k ranges over
the set of indices J“(a) such that 0 < ukz <a,. Topologically % " 1S a torus
(i.e. a cross product of circumferences) of the dimension Card Ju(a). The
global attractor A of the system (I, S,) can be obtained from %I(#l% by at-
taching the unstable manifold M +(0) emanating from the zero element of

the space H. Moreover, dim ./, =2 CardJ,(a).

It should be noted that appearance of a limit invariant torus of high dimension pos-
sesssing the structure described in Theorem 7.2 is usually assosiated with the Land-
au-Hopf picture of turbulence appearance in fluids. Assume that the parameter [
gradually decreases. Then for some fixed choice of the function a(x) the following
picture is sequentially observed. If u is large enough, then there exists only one at-
tracting fixed point in the system. While p decreases and passes some critical value
Lt; , this fixed point loses its stability and an attracting limit cycle arises in the sys-
tem. A subsequent decrease of [l leads to the appearance of a two-dimensional
torus. It exists for some interval of values of p: Ly < U< py (<p;). Then tori
of higher dimensions arise sequentially. Therefore, the character of asymptotic be-
haviour of typical trajectories becomes more complicated as [l decreases. According
to the Landau-Hopf scenario, movement along an infinite-dimensional torus corres-
ponds to the turbulence.

§ 8 Omn Retarded Semilinear
Parabolic Equations

In this section we show how the above-mentioned ideas can be used in the study of
the asymptotic properties of dynamical systems generated by the retarded perturba-
tions of problem (2.1). It should be noted that systems corresponding to ordinary re-
tarded differential equations are quite well-studied (see, e. g., the book by J. Hale [4]).
However, there are only occasional journal publications on the retarded partial dif-
ferential equations. The exposition in this section is quite brief. We give the reader
an opportunity to restore the missing details independently.

As before, let A be a positive operator with discrete spectrum in a separable
Hilbert space H and let C (a, b, 976) be the space of strongly continuous functions
on the segment [a, b] with the values in %, = D(A"), 0 > 0. Further we also use
the notation Cy = C (=7, 0; 976) , Where » > 0 is a fixed number (with the meaning
of the delay time). It is clear that CG is a Banach space with the norm

|7)|Ce = max{”Aev(G)" . 6 e[-r; 0]} )
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Let B be a (nonlinear) mapping of the space CG into H possessing the property
||B(v1) —B(vz)” < M(R)|vl—vz|ce, 0<0<1, (8.1)

for any v}, vy € Cy such that |7)j| COS R, where R >0 is an arbitrary number and M(R)
is a nondecreasing function. In the space H we consider a differential equation

%% tAu=Bu), txt,, (8.2)
where u, denotes the element from Cy determined with the help of the function
u(t) by the equality
u,(c)=u(t+c), oel[-r 0].
We equip equation (8.2) with the initial condition
uto(c) =u(ty+0)=v(0), G e[-r, 0], (8.3)

where v is an element from Ce .
The simplest example of problem (8.2) and (8.3) is the Cauchy problem for the
nonlinear retarded diffusion equation:

Wt = fi(ut, 2) ~ fyult=r, 7)), weQ, t>1,
(8.4)

0, u(6)| =v(0) .

g = G e [ty=7, ]

Here 7 is a positive parameter, fl(u) and fg(u) are the given scalar functions.
As in the non-retarded case (see Section 2), we give the following definition.
A function wu (t) € C(t,—7, to+T; %Fy) is called a mild (in Fy) solution
to problem (8.2) and (8.3) on the half-interval [¢,, t,+7') if (8.3) holds and u(t)
satisfies the integral equation
t

u(t)= e_(t_tO)AU(O) + Je_(t_zo)

)

4B(u,)dt . (8.5)

The following analogue of Theorem 2.1 on the local solvability of problem (8.2)
and (8.3) holds.

Theorem 8.1.

Assume that (8.1) holds. Then for any initial condition v € Cy there
exists T > 0 such that problem (8.2) and (8.3) has a unique mild solution
on the half-interval [t, t,+T).

Proof.

As in Section 2, we use the fixed point method. For the sake of simplicity we
consider the case ¢, = 0 (for arbitrary ¢, € R the reasoning is similar). In the space
Cy(0, T) = C(0, T; ¥y) we consider a ball
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%p = {U) € Ce(o, T) |w—7§|co(0’ T) < p},

where ©(t) = exp{-At}v(0) and v(c) € C is the initial condition for problem
(8.2) and (8.3). We also use the notation

|wlce(0’ T) = maX{"AeY/U(t)" bt e [0, T]} .

We consider the mapping K from Ce(O, T') into itself defined by the formula
t
[Kw](t) = 0 (¢ Je (t=DAB(w_)dt .
0
o €

Here we assume that w(c) = v (o) for [-7, 0). Using the estimate (see Exer-

cise 1.23)

0
lade-sa] < (&), s>o0, (8.6)

(for O = 0 we suppose 09 = 1) we have that

|49 (Kw, (1) —Kwy(1))] < J(e(t—r)) |B(wy o) =B(w, Jjdt.  (8.7)

Ifw e %p,then
[I(g}agg]HAew(t)” < p+]Aa%(0).
This easily implies that
|wf|cO < ptlolg,,  Tel0, 7],
where, as above, w_ € Ce is defined by the formula
w(o)=w(t+0), o©el[-r 0]
Hence, estimate (8.1) for w. € B o gives us that

J
||B(w1’ o) —B(wz’ T)|| <SM(p+ |v|09)|w1,r—w2’ r|CO.

Since w,(0) = wy(c) for ¢ € [-r, 0), the last estimate can be rewritten in
the form

[B(wy, o) =B (wy )] < M(p+Ivlg )|wi=wslg o 1)

for T € [0, T]. Therefore, (8.7) implies that

0
L (9] r-0m(p+1olg

—w 7
1 2|CO(0, T)

if w; € %p, J =1, 2. Similarly, we have that

K-l r) < —g(2) 710 1B+ b(p+1ol, ) (p + ol
Co(0.7) = T_ple P iPlcy /(P T1Pic,
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for w e B, . These two inequalities enable us to choose 7'=T(0, p, [v|, ) >0
such that K is a contractive mapping of E’Bp into itself. Consequently, there exists
a unique fixed point w (t) € C(0, T) of the mapping K . The structure of the ope-
rator K implies that w (+0) = [Kw](+0) = v(0). Therefore, the function

= {w(t), t €0, T],
v(t), te[-r, 0],
lies in C(-r, T} @9) and is a mild solution to problem (8.2), (8.3) on the segment
[0, T]. Thus, Theorem 8.1 is proved.

In many aspects the theory of retarded equations of the type (8.2) is similar to the
corresponding reasonings related to the problem without delay (see (2.1)). The exer-
cises below partially confirm that.

Exercise 8.1 Prove the assertions similar to the ones in Exercises 2.1-2.5
and in Theorem 2.2.

Exercise 82 Assume that the constant M(R) in (8.1) does not depend
on R . Prove that problem (8.2) and (8.3) has a unique mild solution
on [t,, «), provided v (o) € Cy. Moreover, for any pair of solu-
tions u,(t) and u,(t) the estimate

ag(t—t
Jua(t) =un(D]y < @y ™" oyl 8.8)
is valid, where Uj(G) is the initial condition for uj(t) (see (8.3)).

For the sake of simplicity from now on we restrict ourselves to the case when the
mapping B has the form

B(v)=By(v(0))+By(v), v=v(0)eC)y, 8.9
where B (+) is a continuous mapping from % ,, = D(A1/2) into H, By(-) continu-
ously maps C,, into 4 and possesses the property Bl(O) = 0. We also assume
that BO(-) is a potential operator, i.e. there exists a continuously Frechét differenti-
able function F'(u) on % ;5 such that By(u) = —F'(u). We require that

Fu)2-a, (F'(u), w)-BF(u) > ylul*-3 (8.10)

for all u € F, 5, where o, 3, v, and & are real parameters, 3 and y are positive
(cf. Section 2). As to the retarded term B 1(7)) , we consider the uniform estimate

0
[By(v1) = By(vy)] < MJ |4Y2 (v, () —v4(0))|do (8.11)

to be valid. Here M is an absolute constant and v;(6) € C = Cy 5.
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Exercise 83 Assume that conditions (8.9)—(8.11) hold. Then problem (8.2)
and (8.3) has a unique mild solution (in % /2) on any segment
[t> to+T] for every initial condition v from C = C, /9

Therefore, we can define an evolutionary operator S, acting in the space C = C, /2
by the formula

(S,v)(c)=u,(0) =u(t+c), o el[-r 0], (8.12)
where  (t) is a mild solution to problem (8.2) and (8.3).

Exercise 84 Prove that the operator S, given by formula (8.12) satisfies
the semigroup property: S;oS. =S, ., Sy=1,1, 120 and the
pair (C, /95 S,) is a dynamical system.

Theorem 8.2.

Let conditions (8.9)—(8.11) and (8.1) with 0 = 1/2 hold. Assume that
the parameters in (8.10) and (8.11) satisfy the equation

%2/(2+y)M2 exp{r-min(Z, v, B)} < min(2, v, B).

Then the dynamical system (C, S,) generated by equality (8.12) is a dissi-
pative compact system.

Proof.

We reason in the same way as in the proof of Theorem 4.3. Using the Galerkin
approximations it is easy to find that a solution to problem (8.2) and (8.3) satisfies
the equalities

%(%||u(t)||2+||A1/2u(t)||2+(F’(u(t)), u(t)) = (By(u,), u(t))

and
% % (A 20u(e)|? + 2 F(u(t))) + a1 = (By(u,), 0(t)) .
If we add these two equations and use (8.10), then we get that
(.% V(u(t)) + A2 u(e)* + vl + a1 + BF(u(t) <
< 8+ |By ()] () + ()l (8.13)
where
V(u)= %Ilull2 + % lAV20? + F(u) + o (8.14)

Using (8.11) it is easy to find that there exists a constant D, > 0 such that
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SV(u(0)+ o V(u(r) < Dy+

Lo, J A2 0 (1)|2dr

t—r
where

o, =min(2, , B), m2:§(1+%)M2.

Consequently, the inequality

V() + o) < Do+ oy [ v
is valid for y(¢) = V(u(t)). Therefore, we have

o(t) < Dy + @, eV J’ o (1)dr
t—7r
for the function

O ot
p)=e 1 y(t)=e 1 V(u)) .
If we integrate this inequality from O to ¢, then we obtain
¢
D (l) t 1
@(1) < 0(0) + - O0(e®1" —1) + mge U r | @(1)dT.
1

-

Therefore, Gronwall’s lemma gives us that
—Oqt
V(u() < (V(w(0)+Cololg e ™ +Cy,
provided that
0)1V
wye b r < ).

Here C; and C, are positive numbers, g = 0;— 0)26‘”17”7 > 0. This implies
the dissipativity of the dynamical system (C, St) . In order to prove its compactness
we note that the reasoning similar to the one in the proof of Lemma 4.1 enables us
to prove the existence of the absorbing set %9 which is a bounded subset of the
space Cy = C (-7, 0; D(Ae)) for 1/2 < 0 < 1. Using the equality (cf. (8.5))

t

u(t)=e(1=5)Ay(s)+ Je‘(t‘ DAB(u,)dt

S

for ¢ > s large enough, we can show that the equation

JAY2 (u(t) —u(s)) < Cli—s|P

holds for the solution u(¢) in the absorbing set By - Here the constant C' depends
on By and the parameters of the problem only, B > 0. This circumstance enables
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us to prove the existence of a compact absorbing set for the dynamical system

s Q

a (C, S,). Theorem 8.2 is proved.

p

t

¢ Theorem 8.2 and the results of Chapter 1 enable us to prove the following assertion
on the attractor of problem (8.2) and (8.3).

2

Theorem 8.3.

Assume that the hypotheses of Theorem 8.2 hold. Then the dynamical
system (C, Sz) possesses a compact connected global attractor A which is
a bounded set in the space Cy = C(-r, 0; %) for each 0 < 1.

It should be noted that the finite dimensionality of this attractor can be proved
in some cases.
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