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Ðàññìàòðèâàþòñÿ âûïóêëûå ãèïåðïîâåðõíîñòè â åâêëèäîâîì ïðî-
ñòðàíñòâå. Èíòåãðàëüíàÿ ñêàëÿðíàÿ êðèâèçíà âûïóêëîé ãèïåðïî-
âåðõíîñòè îïðåäåëÿåòñÿ êàê ñëàáûé ïðåäåë èíòåãðàëüíûõ ñêàëÿð-
íûõ êðèâèçí ðåãóëÿðíûõ âûïóêëûõ ãèïåðïîâåðõíîñòåé, àïïðîêñè-
ìèðóþùèõ èñõîäíóþ ãèïåðïîâåðõíîñòü. Äîêàçûâàåòñÿ, ÷òî âûïóê-
ëàÿ ãèïåðïîâåðõíîñòü ñ äâóñòîðîííå îãðàíè÷åííîé ïîëîæèòåëüíîé
óäåëüíîé êðèâèçíîé è àáñîëþòíî íåïðåðûâíîé èíòåãðàëüíîé ãàóññî-
âîé êðèâèçíîé ìîæåò áûòü àïïðîêñèìèðîâàíà C1,1-ãëàäêèìè âûïóê-
ëûìè ãèïåðïîâåðõíîñòÿìè ñ ðàâíîìåðíî äâóñòîðîííå îãðàíè÷åííû-
ìè ïîëîæèòåëüíûìè óäåëüíûìè ñêàëÿðíûìè êðèâèçíàìè. Åñëè òàê-
æå, â äîïîëíåíèå ê óêàçàííûì óñëîâèÿì, óäåëüíàÿ ãàóññîâà êðèâèçíà
äâóñòîðîííå îãðàíè÷åíà è ïîëîæèòåëüíà, òî ñàìà ãèïeðïîâåðõíîñòü
ïðèíàäëåæèò êëàññó C1,1.

1 Ââåäåíèå

Êîìïàêòíîå âûïóêëîå ìíîæåñòâî â n + 1-ìåðíîì Åâêëèäîâîì ïðîñòðàí-
ñòâå Rn+1, ñîäåðæàùåå âíóòðåííèå òî÷êè, íàçûâàåòñÿ âûïóêëûì òåëîì.
Îáëàñòü íà ãðàíèöå âûïóêëîãî òåëà íàçûâàåòñÿ âûïóêëîé ãèïåðïîâåðõíî-

ñòüþ. Èíòåãðàëüíàÿ ñêàëÿðíàÿ êðèâèçíà áîðåëåâñêîãî ïîäìíîæåñòâà A
íà ðåãóëÿðíîé âûïóêëîé ãèïåðïîâåðõíîñòè M ⊂ Rn+1 çàäàåòñÿ èíòåãðà-
ëîì ñêàëÿðíîé êðèâèçíû:

S (M,A) =
∫
A

S (X) dV oln (X) ,A ⊆M.

Ïðè ðàâíîìåðíîé àïïðîêñèìàöèè âûïóêëîé ãèïåðïîâåðõíîñòè M ðåãó-
ëÿðíûìè âûïóêëûìè ãèïåðïîâåðõíîñòÿìè, èõ èíòåãðàëüíûå ñêàëÿðíûå
êðèâèçíû ñëàáî ñõîäÿòñÿ ê íåêîòîðîé êîíå÷íîé íåîòðèöàòåëüíîé áîðåëåâ-
ñêîé ìåðå íà èñõîäíîé ãèïåðïîâåðõíîñòè. Ýòà ìåðà, S (M, ·), íå çàâèñÿ-
ùàÿ îò âûáîðà àïïðîêñèìèðóþùåé ïîñëåäîâàòåëüíîñòè ðåãóëÿðíûõ âû-
ïóêëûõ ãèïåðïîâåðõíîñòåé, íàçûâàåòñÿ èíòåãðàëüíîé ñêàëÿðíîé êðèâèç-
íîé M. Íåòðóäíî âèäåòü, ÷òî òàê îïðåäåëåííàÿ èíòåãðàëüíàÿ ñêàëÿðíàÿ
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êðèâèçíà íå ìåíÿåòñÿ ïðè èçîìåòðèÿõ Rn+1. Áîëåå äåòàëüíîå îáñóæäåíèå
ýòîãî îïðåäåëåíèÿ áóäåò äàíî â ñëåäóþùåì ïàðàãðàôå.

Òåïåðü íàïîìíèì, ÷òî îáúåì áîðåëåâñêîãî ïîäìíîæåñòâà A, V oln (A),
âûïóêëîé ãèïåðïîâåðõíîñòèM îïðåäåëÿåòñÿ êàê n-ìåðíàÿ ìåðà Õàóñäîð-
ôà ìíîæåñòâà A. Òîãäà âåðõíÿÿ è íèæíÿÿ óäåëüíûå ñêàëÿðíûå êðèâèçíû

ãèïåðïîâåðõíîñòè M â òî÷êå X ∈M îïðåäåëÿþòñÿ ñëåäóþùèì îáðàçîì:

SM (X) = lim
A→X

S (M,A)
V oln (A)

, SM (X) = lim
A→X

S (M,A)
V oln (A)

,

ãäå îáëàñòü A íà M ïðîèçâîëüíûì îáðàçîì ñòÿãèâàåòñÿ ê òî÷êå X. Çà-
ìåòèì, ÷òî êîíå÷íîñòü âåðõíåé óäåëüíîé ñêàëÿðíîé êðèâèçíû âëå÷åò àá-
ñîëþòíóþ íåïðåðûâíîñòü èíòåãðàëüíîé ñêàëÿðíîé êðèâèçíû. Íàïîìíèì,
÷òî èíòåãðàëüíàÿ ãàóññîâàÿ êðèâèçíà áîðåëåâñêîãî ìíîæåñòâà A íà âû-
ïóêëîé ãèïåðïîâåðõíîñòèM îïðåäåëÿåòñÿ êàê n-ìåðíûé îáúåì ãàóññîâîãî
ñôåðè÷åñêîãî îáðàçà ìíîæåñòâà A. Âåðõíÿÿ è íèæíÿÿ óäåëüíûå ãàóññîâû

êðèâèçíû, GM (X) è GM (X), ãèïåðïîâåðõíîñòè M â òî÷êå X ∈ M îïðå-
äåëÿþòñÿ àíàëîãè÷íî òîìó êàê îïðåäåëÿþòñÿ âåðõíÿÿ è íèæíÿÿ óäåëüíûå
ñêàëÿðíûå êðèâèçíû. Ìîæíî äîêàçàòü, ÷òî ãàóññîâà èíòåãðàëüíàÿ êðè-
âèçíà èíâàðèàíòíà ïðè èçîìåòðèÿõ Rn+1 ñ òî÷íîñòüþ äî çíàêà, êîãäà n
íå÷åòíî.

Â äàëüíåéøåì, Bn
r (x0) îáîçíà÷àåò îòêðûòûé øàð |x− x0| < r â Rn.

Äëÿ âûïóêëîé ãèïåðïîâåðõíîñòè M: xn+1 = F (x) , x ∈ Bn
r (x0), X (x) =

(x, F (x)) îáîçíà÷àåò åå ïàðàìåòðèçàöèþ. Îñíîâíûì ðåçóëüòàòîì íàñòîÿ-
ùåé ñòàòüè ÿâëÿåòñÿ

Òåîðåìà 1. (Àïïðîêñèìàöèîííàÿ òåîðåìà)

Ïóñòü M: xn+1 = F (x) , x ∈ Bn
r (x0) åñòü âûïóêëàÿ ãèïåðïîâåðõíîñòü

â Rn+1 è Λ = supx∈Bn
r (x0) |F (x)− F (x0)|. Òîãäà, åñëè â êàæäîé òî÷êå

x ∈ Bn
r (x0) âûïîëíÿåòñÿ

0 < κ ≤ SM (X (x)) ≤ SM (X (x)) ≤ κ < ∞, (1)

è èíòåãðàëüíàÿ ãàóññîâà êðèâèçíà ãèïåðïîâåðõíîñòè M ÿâëåòñÿ àáñî-

ëþòíî íåïðåðûâíîé ìåðîé, òî äëÿ êàæäîãî 0 < ρ < r ñóùåñòâóåò

ïîñëåäîâàòåëüíîñòü âûïóêëûõ ãèïåðïîâåðõíîñòåé{
Mm : xn+1 = Fm (x) , x ∈ Bn

ρ (x0)
}

m=1,2,...

òàêèõ ÷òî äëÿ êàæäîãî m,

A1. Fm ∈ C1,1
(
Bn

ρ (x0)
)
;

A2. supx∈Bn
ρ (x0) |Fm (x)− F (x)| < 1/m;

A3. Ñóùåñòâóþò ïîñòîÿííûå 0 < κ′ = κ′ (r, ρ, κ, κ, Λ, n) ≤ κ′ =
= κ′ (r, ρ, κ, κ, Λ, n) < +∞, òàêèå ÷òî äëÿ âåðõíåé è íèæíåé óäåëüíûõ

êðèâèçí ãèïåðïîâåðõíîñòè Mm âûïîëíÿþòñÿ íåðàâåíñòâà:

0 < κ′ ≤ SMm
(X (x)) ≤ SMm (X (x)) ≤ κ′, x ∈ Bn

ρ (x0) .
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Çàìåòèì, ÷òî Òåîðåìà 1 ðàñïðîñòðàíÿåò ñîîòâåòñòâóþùèé ðåçóëüòàò
ðàáîòû [5] íà ïðîèçâîëüíóþ ðàçìåðíîñòü. Àïïðîêñèìàöèîííàÿ òåîðåìà
ñâîäèò èçó÷åíèå âîïðîñîâ, ñâÿçàííûõ ñ ðåãóëÿðíîñòüþ âûïóêëîé ãèïåðïî-
âåðõíîñòè ñ äâóñòîðîííå îãðàíè÷åííîé ïîëîæèòåëüíîé óäåëüíîé ñêàëÿð-
íîé êðèâèçíîé ê ïîñòðîåíèÿ àïðèîðíûõ îöåíîê äëÿ C1,1-ãëàäêîé âûïóêëîé
ãèïåðïîâåðõíîñòè ñ àíàëîãè÷íûìè îöåíêàìè äëÿ âåðõíåé è íèæíåé óäåëü-
íûõ ñêàëÿðíûõ êðèâèçí. Â äâóìåðíîì ñëó÷àå, óêàçàííûé ìåòîä ïîçâîëèë
ïîëó÷èòü ïîëíóþ èíôîðìàöèþ î ðåãóëÿðíîñòè âûïóêëûõ ïîâåðõíîñòåé
ñ äâóñòîðîííå îãðàíè÷åííîé ïîëîæèòåëüíîé óäåëüíîé êðèâèçíîé [5]. Àâ-
òîð ïðåäïîëàãàåò èññëåäîâàòü ðåãóëÿðíîñòü âûïóêëûõ ãèïåðïîâåðõíîñòåé
ïðîèçâîëüíîé ðàçìåðíîñòè â ïîñëåäóþùèõ ðàáîòàõ. Â ýòîé ñòàòüå ìû âû-
âîäèì ñëåäóþùóþ òåîðåìó î ðåãóëÿðíîñòè âûïóêëûõ ãèïåðïîâåðõíîñòåé
èç íåêîòîðûõ ôàêòîâ, ïîëó÷åííûõ â õîäå äîêàçàòåëüñòâà àïïðîêñèìàöè-
îííîé òåîðåìû è íåäàâíèõ ðåçóëüòàòîâ Â. Áàíãåðòà [2].

Òåîðåìà 2. Ïóñòü M: xn+1 = F (x) , x ∈ Bn
r (x0) åñòü âûïóêëàÿ ãèïåðïî-

âåðõíîñòü â Rn+1 è Λ = supx∈Bn
r (x0) |F (x)− F (x0)|. Òîãäà, åñëè â êàæäîé

òî÷êå x ∈ Bn
r (x0) âûïîëíÿåòñÿ (1) è

0 < κ′′ ≤ GM (X (x)) ≤ GM (X (x)) ≤ κ′′ < ∞, (2)

òî òîãäà F ∈ C1,1
(
Bn

ρ (x0)
)
è |F |C1,1(Bn

ρ (x0)) ≤ C (r, ρ, κ, κ,κ′′, κ′′,Λ, n) äëÿ
êàæäîãî 0 < ρ < r. Â ÷àñòíîñòè, M � ñòðîãî âûïóêëàÿ ãèïåðïîâåðõíîñòü.

Íàñòîÿùàÿ ðàáîòà èñïîëüçóåò èäåè ñîâìåñòíûõ èññëåäîâàíèé â [5] ñ
ìîèì êîëëåãîé è äðóãîì Ñ.Ç. Øåôåëåì. Ê ñîæàëåíèþ, ïðåæäåâðåìåííàÿ
ñìåðòü Ñ.Ç. Øåôåëÿ íå ïîçâîëèëà íàì ðåàëèçîâàòü ýòè èäåè ñîâìåñòíî.
Â òî âðåìÿ êàê òîëüêî àâòîð ïîëíîñòüþ îòâåòñòâåíåí çà ïðàâèëüíîñòü è
íàó÷íóþ öåííîñòü äàííîé ñòàòüè, àâòîð ñ áëàãîäàðíîñòüþ îòìå÷àåò âêëàä
Ñ.Ç. Øåôåëÿ.

2 Ýëåìåíòàðíûå ñèììåòðè÷åñêèå ìåðû êðèâèçíû

ÏóñòüM � ðåãóëÿðíàÿ âûïóêëàÿ ãèïåðïîâåðõíîñòü â Rn+1. Åñëè ki (M, X),
i = 1, 2, ..., n, ãëàâíûå êðèâèçíû ãèïåðïîâåðõíîñòè M â íåêîòîðîé åå òî÷-
êå X = (x1, x2, ..., xn, xn+1) îòíîñèòåëüíî âåêòîðà âíåøíåé íîðìàëè, òî
ýëåìåíòàðíûå ñèììåòðè÷åñêèå êðèâèçíû Hj (M, X) , j = 1, 2, ..., n, îïðå-
äåëÿþòñÿ ñëåäóþùèì îáðàçîì:

Hj =
(

n

j

)−1 ∑
1≤i1<i2<...<ij≤n

ki1ki2 ...kij . (3)

Ïóñòü òåïåðü M ⊆ ∂K � âûïóêëàÿ ãèïåðïîâåðõíîñòü; çäåñü K � âû-
ïóêëîå òåëî â Rn+1. Ïàðà (X, ν), ãäå X ∈M è ν åñòü åäèíè÷íûé âåêòîð
âíåøíåé íîðìàëè ê ãèïåðïîâåðõíîñòè M â òî÷êå X, íàçûâàåòñÿ îïîðíûì

ýëåìåíòîì. Îáîáùåííîå íîðìàëüíîå ðàññëîåíèå, Nor (M), îïðåäåëÿåòñÿ
êàê ìíîæåñòâî âñåõ îïîðíûõ åëåìåíòîâ. Ìû òàêæå ïîëîæèì NorX (M) =
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{ν | (X, ν) ∈ Nor (M)}. Åñëè Bn+1 � åäèíè÷íûé øàð x2
1 + x2

2 + ... + x2
n +

x2
n+1 ≤ 1, òî Sn = ∂Bn+1 è Σ = Rn+1 × Sn. Çàìåòèì, ÷òî Nor (M) ⊆ Σ.
Ïóñòü δ > 0. Âíåøíåå ïàðàëëåëüíîå òåëî K íà ðàññòîÿíèè δ åñòü ñóììà

Ìèíêîâñêîãî Kδ = K+δBn+1 =
{
X + δY | X ∈ K, Y ∈ Bn+1

}
. Î÷åâèäíî,

÷òî Kδ åñòü ìíîæåñòâî òî÷åê X ∈ Rn+1 òàêèõ ÷òî dist (X,K) ≤ δ. Òàêæå
ÿñíî, ÷òî

Kδ = K ∪ {X + tν | ν ∈ NorX (∂K) , 0 ≤ t ≤ δ} .

Äëÿ X ∈ Kδ\K, ïóñòü p (K, X) îáîçíà÷àåò òî÷êó K, áëèæàéøóþ ê òî÷êå
X, è ïóñòü

ν (K, X) = [X − p (K, X)] / |X − p (K, X)| .

Ëåãêî âèäåòü, ÷òî (p (K, X) , ν (K, X)) ∈ Nor (∂K); ñëåäîâàòåëüíî, ìû ìî-
æåì îïðåäåëèòü íåïðåðûâíóþ ôóíêöèþ fδ : Kδ\K → Σ ñëåäóþùèì îá-
ðàçîì: fδ (X) = (p (K, X) , ν (K, X)). Äëÿ òîïîëîãè÷åñêîãî ïðîñòðàíñòâà X,
îáîçíà÷èì ÷åðåç B (X) åãî σ-àëãåáðó áîðåëåâñêèõ ïîäìíîæåñòâ ïðîñòðàí-
ñòâà X. Åñëè η ∈B (Σ), òî ìíîæåñòâîMδ (K, η) = f−1

δ (η) åñòü èçìåðèìîå ïî
Ëåáåãó ïîäìíîæåñòâî ìíîæåñòâà Kδ\K. Íàêîíåö îïðåäåëèì µδ (K, η) êàê
n+1-ìåðíóþ ìåðó Ëåáåãà ìíîæåñòâà Mδ (K, η). Èçâåñòíî, ÷òî ñóùåñòâóþò
êîíå÷íûå íåîòðèöàòåëüíûå ìåðû Θj (K, ·), j = 0, 1, 2, ..., n, îïðåäåëåííûå
íà B (Σ), òàêèå ÷òî äëÿ êàæäîãî η ∈ B (Σ) è äëÿ êàæäîãî δ > 0,

µδ (K, η) =
1

n + 1

n∑
j=0

δn+1−j

(
n + 1

j

)
Θj (K, η) .

Ýëåìåíòàðíûå ñèììåòðè÷åñêèå ìåðû êðèâèçíû

Hj (K, ·) : B
(
Rn+1

)
→ R, j = 1, 2, ..., n, îïðåäåëÿþòñÿ ðàâåíñòâîì

Hj (K, β) = Θn−j (K, β × Sn) , β ∈ B
(
Rn+1

)
.

Ìåðà

V oln (∂K, ·) : β → Θn (K, β × Sn)

ñîâïàäàåò ñ n-ìåðíîé ìåðîé Õàóñäîðôà ìíîæåñòâà β ∩ ∂K. Â ñëó÷àå ðå-
ãóëÿðíîé ãèïåðïîâåðõíîñòè ∂K, V oln (∂K, ·) åñòü n-ìåðíûé îáúåì.

Èçâåñòíî, ÷òî Hj (K, ·) � áîðåëåâñêàÿ ìåðà íà Rn+1; ìåðà Hj (K, ·) ñêîí-
öåíòðèðèâàíà íà ∂K; ìåðà Hj (K, ·) îïðåäåëåíà ëîêàëüíî: åñëè K1 è K2

âûïóêëûå òåëà òàêèå ÷òî ∂K1 ∩β = ∂K2 ∩β, òî Hj (K1, β) = Hj (K2, β). Òà-
êèì îáðàçîì, åñëè β ∩ ∂K ⊆M , òî Hj (K, β) îñòàåòñÿ îäíèì è òåì æå äëÿ
êàæäîãî âûïóêëîãî òåëà K, òàêîãî ÷òîM⊆ ∂K. Ýòà ìåðà, Hj (M, β), êî-
òîðàÿ çàâèñèò îòM, íî íå îò K, íàçûâàåòñÿ ýëåìåíòàðíîé ñèììåòðè÷åñêîé
ìåðîé êðèâèçíû âûïóêëîé ãèïåðïîâåðõíîñòè M. Åñëè æå M ðåãóëÿðíàÿ
âûïóêëàÿ ãèïåðïîâåðõíîñòü, òî

Hj (M, β) =
∫

β∩M
Hj (M, X) dV oln (X) , j = 1, 2, ..., n.
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Íåòðóäíî âèäåòü, ÷òî â ñëó÷àå ðåãóëÿðíûõ ãèïåðïîâåðõíîñòåé, H2 (M, β)
ñîâïàäàåò ñ èíòåãðàëüíîé ñêàëÿðíîé êðèâèçíîé S (M, β ∩M). Èçâåñòíî,
÷òî åñëè Mm → M ïðè m → ∞, òî H2 (Mm, β) → H2 (M, β) äëÿ êàæ-
äîãî áîðåëåâñêîãî ìíîæåñòâà β. Ïîýòîìó S (M, β ∩M) = H2 (M, β) è â
ñëó÷àå îáùèõ âûïóêëûõ ãèïåðïîâåðõíîñòåé. Äîêàçàòåëüñòâà ïðèâåäåííûõ
âûøå ñâîéñòâ ìåð êðèâèçíû ìîãóò áûòü íàéäåíû â êíèãå Ð. Øíåéäåðà [8,
ïàðàãðàô 4.2].

3 Íîðìàëüíûå òî÷êè

Âûïóêëàÿ ãèïåðïîâåðõíîñòü M ïðåäñòàâëÿåòñÿ ëîêàëüíî ãðàôèêîì âû-
ïóêëîé ôóíêöèè [3, Òåîðåìà 1.12] xn+1 = F (x) , x = (x1, x2, ...xn) ∈
Bn

r (x0). Åñëè A ⊆ Bn
r (x0), òî ìû ïîëîæèì äëÿ êðàòêîñòè A∗ = X (A).

Ñëåäóþùèå ñâîéñòâà âûïóêëûõ ôóíêöèé õîðîøî èçâåñòíû: âñÿêàÿ âûïóê-
ëàÿ ôóíêöèÿ xn+1 = F (x) íåïðåðûâíà è óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà
íà êàæäîì êîìïàêòíîì ïîäìíîæåñòâå (äîêàçàòåëüñòâî ìîæåò áûòü íàé-
äåíî â [8, Òåîðåìà 1.5.1]); êàæäàÿ âûïóêëàÿ ôóíêöèÿ xn+1 = F (x) äâà-
æäû äèôôåðåíöèðóåìà ïî÷òè âñþäó â ñëåäóþùåì ñìûñëå: äëÿ ïî÷òè âñåõ
x ∈ Bn

r (x0) ñóùåñòâóþò ai (x), bij (x) (bij (x) = bji (x)), i, j = 1, 2, ..., n, òàêèå
÷òî

∣∣∣∣∣∣F (x + u)− F (x)−
n∑

i=1

ai (x) ui −
1
2

n∑
i,j=1

bij (x) uiuj

∣∣∣∣∣∣ = |u|2 ε (x, u) ,

ãäå ε (x, u) → 0 ïðè u → 0 ( äëÿ n = 2, ýòî äîêàçàíî Ã. Áóçåìàíîì è Â.
Ôåëëåðîì â [4]; äëÿ n > 2, ýòî òåîðåìà À.Ä. Àëåêñàíäðîâà [1]).

Òî÷êà, â êîòîðîé âûïóêëàÿ ôóíêöèÿ xn+1 = F (x) äâàæäû äèôôåðåí-
öèðóåìà â ñìûñëå ïðèâåäåííîãî âûøå îïðåäåëåíèÿ, íàçûâàåòñÿ íîðìàëü-

íîé òî÷êîé ôóíêöèè F (x). À.Ä. Àëåêñàíäðîâ [1, ñòð. 9] äîêàçàë, ÷òî â
êàæäîé íîðìàëüíîé òî÷êå ôóíêöèÿ F (x) èìååò îáû÷íûé âòîðîé äèôôå-
ðåíöèàë, ïðè ýòîì ai (x) = ∂F (x) /∂xi è bij (x) = ∂2F (x) /∂xi∂xj . Ìíîæå-
ñòâî âñåõ íîðìàëüíûõ òî÷åê âûïóêëîé ôóíêöèè F (x) îáîçíà÷àåòñÿ ÷åðåç
NF . Ñîîòâåòñòâåííî, ìíîæåñòâî íîðìàëüíûõ òî÷åê ãèïåðïîâåðõíîñòè M
åñòü NM = N ∗

F . Çàìåòèì, ÷òî â êàæäîé íîðìàëüíîé òî÷êå X ∈M îïðåäå-
ëåíû ãëàâíûå êðèâèçíû kj (M, X) è îíè âûðàæàþòñÿ ÷åðåç ai (x) è bij (x)
òî÷íî òàêæå êàê è äëÿ ðåãóëÿðíûõ ãèïåðïîâåðõíîñòåé, è òàêæå âûïîëíÿ-
åòñÿ êëàññè÷åñêàÿ òåîðåìà Ðîäðèãåñà: k ÿâëÿåòñÿ ãëàâíîé êðèâèçíîé òîãäà
è òîëüêî òîãäà êîãäà dν = kdX (äëÿ n = 2, äîêàçàòåëüñòâî ìîæåò áûòü
íàéäåíî â [4]; äîêàçàòåëüñòâî äëÿ ìíîãîìåðíîãî ñëó÷àÿ àíàëîãè÷íî).

Ýëåìåíòàðíûå ñèììåòðè÷åñêèå êðèâèçíû Hj (M, ·) : NM → R,
j = 1, 2, ..., n, îïðåäåëÿþòñÿ ôîðìóëîé (3). Èç ñêàçàííîãî ñëåäóåò, ÷òî
V oln (M\NM) = 0. Â çàêëþ÷åíèå ýòîãî ïàðàãðàôà îòìåòèì ñëåäóþùåå
âàæíîå ñâîéñòâî ýëåìåíòàðíûõ ìåð êðèâèçíû: äëÿ êàæäîãî X ∈ NM
ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {Gm}m=1,2,... ⊂ B

(
Rn+1

)
∩M, ñòÿãèâàþ-
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ùàÿñÿ ê òî÷êå X òàêàÿ ÷òî

lim
m→∞

Hj (M,Gm)
V oln (M,Gm)

= Hj (M, X) (4)

(ñì. [1, ñòð. 24], äëÿ j = n, è [7, Ëåììà 3.6], äëÿ j = 1, 2, ..., n− 1).

4 Äîêàçàòåëüñòâî àïïðîêñèìàöèîííîé òåîðåìû

Âûïóêëàÿ ãèïåðïîâåðõíîñòü Mδ = {X + δν | (X, ν) ∈ Nor (M)} íàçûâà-
åòñÿ δ-ïàðàëëåëüíîé âûïóêëîé ãèïåðïîâåðõíîñòè M. Î÷åâèäíî, ÷òî δ-
ïàðàëëåëüíàÿ âûïóêëàÿ ãèïåðïîâåðõíîñòü ðàñïîëîæåíà íà ãðàíèöå ïàðàë-
ëåëüíîãî òåëà Kδ. Ïðåæäå ÷åì ìû ïåðåéäåì ê äîêàçàòåëüñòâó àïïðîêñè-
ìàöèîííîé òåîðåìû, çàìåòèì, ÷òî δ-ïàðàëëåëüíàÿ âûïóêëàÿ ãèïåðïîâåðõ-
íîñòüMδ ÿâëÿåòñÿ C1,1ãëàäêîé. Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ ïðàê-
òè÷åñêè òàêîå æå êàê è â äâóìåðíîì ñëó÷àå, ñì. [5, ïàðàãðàô 1]. Òåîðåìà
1 áóäåò äîêàçàíà â íåñêîëüêî øàãîâ.

Øàã 1. Äëÿ G ⊆ M ïîëîæèì G̃ =
{

X̃ ∈Mδ | p
(
K, X̃

)
∈ G

}
. Ïóñòü

òàêæå V oln (M, ·) = V oln (·) è V oln (Mδ, ·) = V olnδ (·). Óòâåðæäàåòñÿ, ÷òî
V olnδ

(
Mδ\ÑM

)
= 0. ßñíî, ÷òî óòâåðæäåíèå Øàãà 1 áóäåò äîêàçàíî êàê

òîëüêî ìû ïîêàæåì ÷òî â êàæäîé òî÷êå X̃ ∈ NMδ
∩
(
Mδ\ÑM

)
êðèâèçíà

H1

(
Mδ, X̃

)
ïîëîæèòåëüíà. Äåéñòâèòåëüíî, òîãäà

0 = Hn (M\NM) = Hδ
n

(
Mδ\ÑM

)
.

Åñëè V oln
(
Mδ,Mδ\ÑM

)
> 0, òî Hδ

n

(
Mδ\ÑM

)
> 0, ïðîòèâîðå÷èå.

Òåïåðü ïðèñòóïèì ê äîêàçàòåëüñòâó H1

(
Mδ, X̃

)
> 0. Äëÿ êðàòêîñòè,

ïîëîæèì Hj (Mδ, ·) = Hδ
j (·), Hj (Mδ, ·) = Hδ

j (·) è NMδ
= Nδ. Ñîãëàñíî (4),

äëÿ êàæäîãî X̃ ∈ Nδ∩
(
Mδ\ÑM

)
è j = 1, 2, ..., n, íàéäåòñÿ ïîñëåäîâàòåëü-

íîñòü îáëàñòåé G̃m ⊂Mδ, ñõîäÿùàÿñÿ ê òî÷êå X̃ òàêàÿ ÷òî

Hδ
j

(
G̃m

)
/V olnδ

(
G̃m

)
→ Hδ

j

(
X̃
)

ïðè m →∞. Ïî ôîðìóëå (4.2.7) â [8],

V olnδ

(
G̃
)

= V oln (G) +
n∑

i=1

δi

(
n

i

)
Hi (G)

è

Hδ
j

(
G̃
)

=
n−j∑
i=0

δi

(
n− j

i

)
Hj+i (G) . (5)
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Ïóñòü H =
∑n

i=1,i6=2 δi
(
n
i

)
Hi, òàê ÷òî V olnδ

(
G̃
)

= V oln (G)+H (G)+δ2H2 (G).

Îöåíèì Hδ
1 :

Hδ
1

(
G̃
)

=
n−1∑
i=0

δi

(
n− 1

i

)
Hi+1 (G) =

1
δn

n∑
i=1

δi

(
n

i

)
(n− i) Hi (G)

≥ H (G) + δ2H2 (G)
δn

.

Ñëåäîâàòåëüíî, ìû ïðèõîäèì ê îöåíêå:

Hδ
1

(
X̃
)

= lim
m→∞

Hδ
1

(
G̃m

)
V olnδ

(
G̃m

) ≥ 1
δn

lim
m→∞

H (Gm) + δ2H2 (Gm)
V oln (Gm) + H (Gm) + δ2H2 (Gm)

.

Åñëè òðåáóåòñÿ, ïåðåõîäÿ ê ïîäïîñëåäîâàòåëüíîñòè, ìû ìîæåì ïðåäïî-
ëîæèòü, ÷òî âîçìîæíû òîëüêî ñëåäóþùèå ñëó÷àè: (a) äëÿ êàæäîãî m,
V oln (Gm) > 0 è H (Gm) /V oln (Gm) → +∞; (b) äëÿ êàæäîãî m, V oln (Gm) >
0 è H (Gm) /V oln (Gm) → h0 < +∞; (c) äëÿ êàæäîãî m, V oln (Gm) = 0 è
H (Gm) > 0. Çàìåòèì, ÷òî åñëè V oln (Gm) = 0 è H (Gm) = 0, òî V olnδ (Gm) =
0, ÷òî íåâîçìîæíî. Íå îãðàíè÷èâàÿ îáùíîñòè, ìû òàêæå ìîæåì ïðåäïî-
ëîæèòü, ÷òî â ñëó÷àÿõ (a) è (b) ñóùåñòâóåò êîíå÷íûé èëè áåñêîíå÷íûé
ïðåäåë limm→∞H2 (Gm) /V oln (Gm). Ïîñêîëüêó

Hδ
1

(
X̃
)

≥ 1
δn

× limm→∞H (Gm) /V oln (Gm) + δ2 limm→∞H2 (Gm) /V oln (Gm)
1 + limm→∞H (Gm) /V oln (Gm) + δ2 limm→∞H2 (Gm) /V oln (Gm)

,

â ñëó÷àå (a), ó÷èòûâàÿ (1), èìååì Hδ
1

(
X̃
)
≥ 1/δn > 0, è â ñëó÷àå (b),

ïðèìåíÿÿ (1), ïîëó÷àåì Hδ
1

(
X̃
)
≥
(
h0 + δ2κ

) /[
δn
(
1 + h0 + δ2κ

)]
> 0. Â

ñëó÷àå (c), èìååì

H (Gm) + δ2H2 (Gm) = H (Gm) è V oln (Gm) + H (Gm) + δ2H2 (Gm) = H (Gm) ,

îòêóäà Hδ
1

(
X̃
)
≥ 1/δn > 0, ÷òî è òðåáîâàëîñü.

Øàã 2. Äëÿ X ∈ NM, îáîçíà÷èì ÷åðåç X̃ îäíîçíà÷íî îïðåäåëåííóþ
òî÷êó íà Mδ òàêóþ ÷òî X̃ = X + δν (X). Ñïåðâà ìû âûâåäåì ôîðìóëó

äëÿ Hδ
1

(
X̃
)
, ïðèìåíèâ òåîðåìó Ðîäðèãåñà. Åñëè ki (X) ãëàâíàÿ êðèâèçíà

ïîâåðõíîñòèM â íîðìàëüíîé òî÷êå X, òî dν (X) = ki (X) dX è dX çàäàåò
ñîîòâåòñòâóþùåå ãëàâíîå íàïðàâëåíèå. Ñëåäîâàòåëüíî, dX̃ = dX + δdν =
(1 + δki) dX. Ïóñòü νδ

(
X̃
)
� îäíîçíà÷íî îïðåäåëåííûé åäèíè÷íûé âíåø-

íèé íîðìàëüíûé âåêòîð ê Mδ â òî÷êå X̃. Ïîñêîëüêó νδ

(
X̃
)

= ν (X),
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òî dνδ = dν = kidX = [ki /(1 + δki) ] dX̃. Òàêèì îáðàçîì, åñëè ki (X) , i =
1, 2, ...n, ãëàâíûå êðèâèçíû â òî÷êå X, òî

kδ
i

(
X̃
)

=
ki (X)

1 + δki (X)
, i = 1, 2, ..., n,

ãëàâíûå êðèâèçíû ïîâåðõíîñòè Mδ â òî÷êå X̃. Èòàê,

Hδ
1 =

1
n

n∑
j=1

kj

1 + δkj
=

1
n

n∑
j=1

kj (1 + δk1) ... ̂(1 + δkj)... (1 + δkn)
(1 + δk1) (1 + δk2) ... (1 + δkn)

,

ãäå ̂(1 + δkj) îçíà÷àåò, ÷òî ñîìíîæèòåëü 1 + δkj ïðîïóùåí â ñîîòâåòñòâó-
þùåì ïðîèçâåäåíèè. Íåòðóäíî âèäåòü, ÷òî

(1 + δk1) ... (1 + δkn) = 1 + nδH1 (X) + ... + δj

(
n

j

)
Hj (X) + ... + δnHn (X) .

Ìû òàêæå ïîëó÷àåì

1
n

n∑
j=1

kj (1 + δk1) ... ̂(1 + δkj)... (1 + δkn)

=
1
n

n−1∑
s=0

δs
n∑

j=1

∑
1≤i1<i2<...<is≤n

kjki1 ...kis

=
1
n

n−1∑
s=0

δs
∑

1≤i1<i2<...<is+1≤n

(s + 1) ki1ki2 ...kis+1

=
n−1∑
s=0

δs

(
n

s + 1

)
s + 1

n
Hj+s =

n−1∑
s=0

δs

(
n− 1

s

)
Hs+1.

Òåïåðü íåòðóäíî ïîëó÷èòü ôîðìóëó äëÿ Hδ
1

(
X̃
)

:

Hδ
1

(
X̃
)

=
H1 (X) + ... +

(
n−1

j

)
δjHj+1 (X) + ... + δnHn (X)

1 + nδH1 (X) + ... + δj
(
n
j

)
Hj (X) + ... + δnHn (X)

.

Àíàëîãè÷íûå âûêëàäêè ïðèâîäÿò ê ñëåäóþùåìó âûðàæåíèþ äëÿHδ
2

(
X̃
)

:

Hδ
2

(
X̃
)

=
H2 (X) + ... + δj

(
n−2

j

)
Hj+2 (X) + ... + δnHn (X)

1 + nδH1 (X) + ... + δj
(
n
j

)
Hj (X) + ... + δnHn (X)

.

Â çàêëþ÷åíèå îòìåòèì, ÷òî ïîñêîëüêó Mδ � C1,1-ãëàäêàÿ ãèïåðïîâåðõ-

íîñòü è, ñîãëàñíî Øàãó 1, V olnδ

(
Mδ\ÑM

)
= 0, ïîëó÷àåì: Hδ

j

(
G̃
)

=∫
G̃ Hδ

j

(
X̃
)

dV olnδ

(
X̃
)
, äëÿ êàæäîãî G ⊆M è j = 1, 2, ..., n.
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Øàã 3. ßñíî, ÷òî Hδ
2 íå èìååò ðàâíîìåðíîé ïîëîæèòåëüíîé îöåíêè ñíè-

çó. Äëÿ òîãî, ÷òîáû èñïðàâèòü ýòó ñèòóàöèþ, ìû ðàññìàòðèâàåì ñåìåéñòâî
èíâåðñèé Iσ(δ), êîòîðûå óâåëè÷èâàþò ñêàëÿðíóþ êðèâèçíó, ñîõðàíÿÿ åå

îãðàíè÷åííîñòü. Ïóñòü X̃0 ∈ Mδ è Pδ,σ = X̃0 + σνδ

(
X̃0

)
. Òîãäà èíâåðñèÿ

Iδ,σ îïðåäåëÿåòñÿ ñîîòíîøåíèåì

Iδ,σ

(
X̃
)

= σ2 X̃ − Pδ,σ∣∣∣X̃ − Pδ,σ

∣∣∣2 + Pδ,σ,

òî åñòü, Iδ,σ � èíâåðñèÿ îòíîñèòåëüíî ñôåðû ðàäèóñà σ ñ öåíòðîì â òî÷êå

Pδ,σ, ïðîõîäÿùåé ÷åðåç òî÷êó X̃0. Ìû îáçíà÷àåì ÷åðåçMδ,σ îáðàç ïîâåðõ-
íîñòè Mδ ïðè èíâåðñèè Iδ,σ. Íàøåé öåëüþ ÿâëÿåòñÿ âûâîä ôîðìóëû äëÿ
H2 (Mδ,σ, ·) ÷åðåç Hj . Ñíà÷àëà íàïîìíèì ôîðìóëó äëÿ äèôôåðåíöèàëà
èíâåðñèè:

dIδ,σ

(
X̃
)

u =
σ2∣∣∣X̃ − Pδ,σ

∣∣∣2
u− 2 <

X̃ − Pδ,σ∣∣∣X̃ − Pδ,σ

∣∣∣ , u >
X̃ − Pδ,σ∣∣∣X̃ − Pδ,σ

∣∣∣
 ,

ãäå < ·, · > îáîçíà÷àåò ñêàëÿðíîå ïðîèçâåäåíèå â Rn+1, è îòîáðàæåíèå

u → u− 2 <
X̃ − Pδ,σ∣∣∣X̃ − Pδ,σ

∣∣∣ , u >
X̃ − Pδ,σ∣∣∣X̃ − Pδ,σ

∣∣∣
ÿâëÿåòñÿ îðòîãîíàëüíûì ïðåîáðàçîâàíèåì (ñì. [6]). Ïîñêîëüêó Iδ,σ êîí-
ôîðìíîå îòîáðàæåíèå, ëåãêî ïîëó÷àåòñÿ ôîðìóëà äëÿ νδ,σ:

νδ,σ = νδ − 2 < X̃ − Pδ,σ, νδ >
X̃ − Pδ,σ∣∣∣X̃ − Pδ,σ

∣∣∣2 .

Åñëè X ∈ Nm, òî

dνδ,σ =

dνδ − 2
X̃ − Pδ,σ∣∣∣X̃ − Pδ,σ

∣∣∣2 < X̃ − Pδ,σ, dνδ >


−2 < X̃ − Pδ,σ, νδ >

 dX̃∣∣∣X̃ − Pδ,σ

∣∣∣2 − 2
X̃ − Pδ,σ∣∣∣X̃ − Pδ,σ

∣∣∣4 < X̃ − Pδ,σ, dX̃ >

 .

119



Ïîñêîëüêó dX̃ ãëàâíîå íàïðàâëåíèå, òî äëÿ Mδ âûïîëíÿåòñÿ dνδ = kδ
i dX̃.

Òàêèì îáðàçîì,

dνδ,σ =

 dX̃∣∣∣X̃ − Pδ,σ

∣∣∣2 − 2
X̃ − Pδ,σ∣∣∣X̃ − Pδ,σ

∣∣∣4 < X̃ − Pδ,σ, dX̃ >


×
[∣∣∣X̃ − Pδ,σ

∣∣∣2 kδ
i − 2 < X̃ − Pδ,σ, νδ >

]

=

∣∣∣X̃ − Pδ,σ

∣∣∣2
σ2

kδ
i + 2

< Pδ,σ − X̃, νδ >∣∣∣X̃ − Pδ,σ

∣∣∣2
 d

(
Iδ,σ ◦ X̃

)
.

Ñëåäîâàòåëüíî, ïî òåîðåìå Ðîäðèãåñà,

kδ,σ
i =

∣∣∣X̃ − Pδ,σ

∣∣∣2
σ2

kδ
i + 2

< Pδ,σ − X̃, νδ >∣∣∣X̃ − Pδ,σ

∣∣∣2
 ,

îòêóäà

Hδ,σ
2 =

(
n

2

)−1 ∑
1≤i<j≤n

kδ,σ
i kδ,σ

j =
(

n

2

)−1

∣∣∣X̃ − Pδ,σ

∣∣∣4
σ4

×
∑

1≤i<j≤n

kδ
i + 2

< Pδ,σ − X̃, νδ >∣∣∣X̃ − Pδ,σ

∣∣∣2

kδ

j + 2
< Pδ,σ − X̃, νδ >∣∣∣X̃ − Pδ,σ

∣∣∣2


=

∣∣∣X̃ − Pδ,σ

∣∣∣4
σ4

4
< Pδ,σ − X̃, νδ >2∣∣∣X̃ − Pδ,σ

∣∣∣4 + 4
< Pδ,σ − X̃, νδ >∣∣∣X̃ − Pδ,σ

∣∣∣2 Hδ
1 + Hδ

2

 .

Ïîëîæèì äëÿ êðàòêîñòè cδ,σ = cos ∠
(
Pδ,σ − X̃, νδ

)
è ξδ,σ =

∣∣∣X̃ − Pδ,σ

∣∣∣ /σ.

Òîãäà èìååì< Pδ,σ−X̃, νδ >= cδ,σξδ,σσ. Òåïåðü ìîæíî ïåðåïèñàòü ôîðìóëó

äëÿ Hδ,σ
2 â áîëåå êîìïàêòíîé ôîðìå:

Hδ,σ
2 = ξ4

δ,σ

[
1
σ2

4c2
δ,σ

ξ2
δ,σ

+
1
σ

4cδ,σ

ξδ,σ
Hδ

1 + Hδ
2

]
.

Íàêîíåö, èñïîëüçóÿ Øàã 2, ïîëó÷àåì

Hδ,σ
2

(
Iδ,σ

(
X̃
))

= ξ4
δ,σ

[
1
σ2

4c2
δ,σ

ξ2
δ,σ

+
1
σ

4cδ,σ

ξδ,σ

×
H1 (X) + ... +

(
n−1

j

)
δjHj+1 (X) + ... + δn−1Hn (X)

1 + nδH1 (X) + ... + δj
(
n
j

)
Hj (X) + ... + δnHn (X)

+
H2 (X) + ... + δj

(
n−2

j

)
Hj+2 (X) + ... + δn−2Hn (X)

1 + nδH1 (X) + ... + δj
(
n
j

)
Hj (X) + ... + δnHn (X)

]
. (6)
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Øàã 4. Âûáåðåì σ òàê ÷òîáû σ (δ) = 1/δ. Îáîçíà÷èì ÷åðåç M′
δ âûïóê-

ëóþ ãèïåðïîâåðõíîñòüMδ,σ(δ). Íàøåé öåëüþ ÿâëÿåòñÿ âûâîä ïîëîæèòåëü-
íûõ äâóñòîðîííèõ ðàâíîìåðíûõ îöåíîê äëÿ ñêàëÿðíîé êðèâèçíû ãèïåðïî-
âåðõíîñòè M′

δ.
Íàïîìíèì, ÷òî ãèïåðïîâåðõíîñòüM çàäàíà óðàâíåíèåì xn+1 = F (x) ,

x ∈ Bn
r (x0). ßñíî, ÷òî Mδ òàêæå çàäàåòñÿ â âèäå xn+1 = Fδ (x) , x ∈

Bn
r (x0). Íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ïðåäïîëîæèòü ÷òî F (x0) = X0

è xn+1-îñü ïàðàëëåëüíà íîðìàëüíîìó âåêòîðó ν0 = ν (X0); ñëåäîâàòåëüíî
∂Fδ

(
X̃0

)
/∂xi = 0, i = 1, 2, ..., n.

Ïóñòü 0 < ρ < r. Ñëåäóþùàÿ îöåíêà äîêàçàíà â [5, íåðàâåíñòâà (8)]:

sup
x∈Bn

ρ (x0)
∠ (ν0, ν (X (x))) ≤ α (r, ρ,Λ) < π/2.

Â ÷àñòíîñòè, èìååì:

0 < cos α (r, ρ,Λ) ≤ cδ,σ ≤ 1. (7)

Ïî íåðàâåíñòâó òðåóãîëüíèêà,

σ ≤
∣∣∣Pδ,σ − X̃0

∣∣∣− ∣∣∣X̃0 − X̃
∣∣∣ ≤ ∣∣∣Pδ,σ − X̃

∣∣∣ ≤ ∣∣∣Pδ,σ − X̃0

∣∣∣+ ∣∣∣X̃0 − X̃
∣∣∣ .

Ïîñêîëüêó

|Fδ|C0,1(B
n
ρ (x0)) ≤ C (ρ, r,Λ)

[8, Òåîðåìà 1.5.1],
∣∣∣X̃0 − X̃

∣∣∣ ðàâíîìåðíî îãðàíè÷åíà ïîñòîÿííîé, çàâèñÿ-
ùåé îò ρ, r,Λ. Ñëåäîâàòåëüíî, äëÿ äîñòàòî÷íî áîëüøèõ σ, σ ≥ σ (ρ, r,Λ),
èìååì

∣∣∣Pδ,σ − X̃0

∣∣∣+ ∣∣∣X̃0 − X̃
∣∣∣ ≤ 2σ. Òàêèì îáðàçîì, ïîëó÷àåòñÿ ñëåäóþùàÿ

îöåíêà:

1 ≤ ξδ,σ ≤ 2, σ ≥ σ (ρ, r,Λ) . (8)

Íàêîíåö ìû äîêàæåì ýëåìåíòàðíîå íåðàâåíñòâî, ñâÿçûâàþùåå Hj+1 è Hj .
Ïî íåðàâåíñòâó Êîøè,

j∑
s=1

ki1ki2 ...k̂is ...kijkij+1 ≥ j
(
ki1ki2 ...kis ...kijkij+1

) j
j+1 ,

ãäå ñèìâîë � ̂ � íàä kis îçíà÷àåò, ÷òî kis îïóùåí â ïðîèçâåäåíèè
ki1ki2 ...kis ...kijkij+1 . Òîãäà, ñîãëàñíî (3), ïîëó÷àåì:

Hj =
(

n

j

)−1 ∑
1≤i1<i2<...<ij<ij+1≤n

j∑
s=1

ki1ki2 ...k̂is ...kijkij+1

≥
(

n

j

)−1

j
∑

1≤i1<i2<...<ij<ij+1≤n

(
ki1ki2 ...kis ...kijkij+1

) j
j+1

≥ j

(
n

j

)−1( n

j + 1

)− j
j+1

(Hj+1)
j

j+1 ,
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îòêóäà Hj+1 ≤ Cn,jH
(j+1)/j
j , è ãäå Cn,j çàâèñèò òîëüêî îò n è j. Èòàê, åñëè

m > l, òî

Hm ≤ CnH
m
l

l . (9)

Èç íåðàâåíñòâà (9) ñëåäóåò, ÷òîHs+2 ≤ CnH
s+2
2

2 , îòêóäà, ïî óñëîâèþ (1),

Hs+2 ≤ Cn

√
(κ)s+2. Ñëåäîâàòåëüíî, ñîãëàñíî ôîðìóëå (6), ãäå δ = 1/σ, (8)

è (7), H2

(
M′

δ, Iδ,σ

(
X̃
))

îãðàíè÷åíà ñâåðõó ïîñòîÿííîé κ′ (r, ρ, κ, κ, Λ, n).
Òåïåðü ìû ïåðåõîäîì ê äîêàçàòåëüñòâó ïîëîæèòåëüíîé íèæíåé îöåíêè äëÿ

H ′δ
2 (X) = H2

(
M′

δ, Iδ,σ

(
X̃
))
. Ïóñòü

I =
δH1 (X) + ... +

(
n−1

j

)
δj+1Hj+1 (X) + ... + δnHn (X)

1 + nδH1 (X) + ... + δj
(
n
j

)
Hj (X) + ... + δnHn (X)

.

Èìååì

I ≥
δH1 (X) + ... +

(
n−1

j

)
δj+1Hj+1 (X) + ... + δnHn (X)

1 + δH1 (X) + ... + δj
(
n−1

j

)
Hj (X) + ... + δnHn (X)

=
u

1 + u
,

ãäå u = δH1 (X) + ... +
(
n−1

j

)
δj+1Hj+1 (X) + ... + δnHn (X). Ïîñêîëüêó

u/ (1 + u) âîçðàñòàþùàÿ ôóíêöèÿ, I > 1/2, êîãäà u > 1. Åñëè æå u ≤ 1,
òî, ïðèìåíÿÿ (1), èìååì

H2 (X) + ... + δj
(
n−2

j

)
Hj+2 (X) + ... + δn−2Hn (X)

1 + nδH1 (X) + ... + δj
(
n
j

)
Hj (X) + ... + δnHn (X)

≥ H2 (X)
1 + u

≥ H2 (X)
2

≥ κ

2
> 0.

Ïîëüçóÿñü åùå ðàç (6) ñ δ = 1/σ, (8) è (7), ìû îöåíèâàåì H ′δ
2 (X) ñíèçó

ïîëîæèòåëüíîé ïîñòîÿííîé κ′ (r, ρ, κ, κ, Λ, n).

Øàã 5. Ïóñòü 0 < ρ < r. Òîãäà, äëÿ äîñòàòî÷íî ìàëûõ ïîëîæèòåëüíûõ δ,
âûïóêëàÿ ãèïåðïîâåðõíîñòüM′

δ : x ∈ Bn
ρ (x0) → Iδ,σ(δ)◦(x, Fδ (x)) çàäàåòñÿ

óðaâíåíèåì xn+1 = F ′δ (x) , x ∈ B
n
ρ (x0).

Â ñàìîì äåëå, ìû äîëæíû ïîêàçàòü, ÷òî M′
δ íå ìîæåò ïåðåñåêàòüñÿ

ñ ïðÿìîé ëèíèåé, ïàðàëëåëüíîé ν0 áîëåå, ÷åì â îäíîé òî÷êå, åñëè δ > 0
äîñòàòî÷íî ìàëî. Â ïðîòèâíîì ñëó÷àå ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü ïî-
ëîæèòåëüíûõ ÷èñåë δm → 0 è äâå ïîñëåäîâàòåëüíîñòè òî÷åê ãèïåðïîâåðõ-
íîñòè M′

δ

X̂m=(zm, fm) , Ŷm=(zm, gm) , X̂m 6= Ŷm, zm∈B
n
ρ (x0) , fm, gm∈R, m=1, 2, ... .

Ïóñòü Im = Iδm,σ(δm), X̃m = I−1
m

(
X̂m

)
è Ỹm = I−1

m

(
Ŷm

)
. Ïóñòü òàêæå

Xm è Ym îáîçíà÷àþò ïðîåêöèè òî÷åê X̃m è Ỹm íà âûïóêëóþ ãèïåðïîâåðõ-
íîñòü M. Íàêîíåö ïóñòü Xm = (xm, F (xm)) è Ym = (ym, F (ym)). Ñíà÷àëà
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çàìåòèì, ÷òî ñ òî÷íîñòüþ äî âûáîðà ïîäïîñëåäîâàòåëüíîñòè, xm− ym → 0
ïðè m →∞. Â ñàìîì äåëå, íå îãðàíè÷èâàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî
Xm → X ′

0, Ym → Y ′
0 , X ′

0 = (x′0, F (x′0)) , Y ′
0 = (y′0, F (y′0)). Òîãäà

Ŷm − X̂m = (0, gm − fm) → Y ′
0 −X ′

0 =
(
y′0 − x′0, F

(
y′0
)
− F

(
x′0
))

,

îòêóäà y′0 − x′0 = 0, è ñëåäîâàòåëüíî, xm − ym → 0.
Ëåãêî âèäåòü, ÷òî

σ2 (δm)∣∣∣X̃ − Pδm,σ(δm)

∣∣∣2 → 1è
X̃ − Pδm,σ(δm)∣∣∣X̃ − Pδm,σ(δm)

∣∣∣ → ν0, êîãäà m →∞.

Èç ôîðìóëû äëÿ äèôôåðåíöèàëà Iδ,σ Øàãà 3 ñëåäóåò, ÷òî Im è dIm

ðàâíîìåðíî ñõîäÿòñÿ ê òîæäåñòâåííîìó îòîáðàæåíèþ idRn íà ïðîèçâîëü-
íîì êîìïàêòå, ñîäåðæàùåì îòêðûòóþ îêðåñòíîñòü ãèïåðïîâåðõíîñòè M.
Â ÷àñòíîñòè, èìååì: ∣∣∣Ŷm − X̂m

∣∣∣ ≤ C
∣∣∣Ỹm − X̃m

∣∣∣ ,
ãäå C � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò m. Ïóñòü ñïåðâà Y0 −X0 6= 0. Ïóñòü
L = |Fδm |C0,1(B

n
ρ (x0)). Êàê óæå îòìå÷àëîñü â Øàãå 3, L ≤ C (ρ, r,Λ). Òîãäà

ìû ïðèõîäèì ê îöåíêå:∣∣∣Ŷm − X̂m

∣∣∣ ≤ C
∣∣∣Ỹm − X̃m

∣∣∣ ≤ C
√

L2 + 1 |xm − ym| → 0,

ïðîòèâîðå÷èå. Ñëåäîâàòåëüíî, X0 = Y0 è
∣∣∣Ŷm − X̂m

∣∣∣ → 0 ïðè m → ∞.

Ïóñòü

τ̂m =
(
Ŷm − X̂m

)/∣∣∣Ŷm − X̂m

∣∣∣ è τ̃m =
(
Ỹm − X̃m

)/∣∣∣Ỹm − X̃m

∣∣∣ .
Ðàññìîòðèì ñëåäóþùåå ïðåäñòàâëåíèå äëÿ Ŷm − X̂m :

Ŷm − X̂m = Im

(
Ỹm

)
− Im

(
X̃m

)
= dIm

(
X̃m

)(
Ỹm−X̃m

)
+ Em

∣∣∣Ỹm−X̃m

∣∣∣ ,
ãäå |Em| → 0. Ïîñêîëüêó dIm ⇒ idRn , ìû ïîëó÷àåì:

Ŷm − X̂m = Ỹm − X̃m + E ′m
∣∣∣Ỹm − X̃m

∣∣∣ ,
ãäå |E ′m| → 0. Â ÷àñòíîñòè,

∣∣∣Ŷm − X̂m

∣∣∣/∣∣∣Ỹm − X̃m

∣∣∣ → 1 ïðè m →∞. Òàêèì

îáðàçîì, τ̂m − τ̃m → 0. Ïî îïðåäåëåíèþ, äëÿ êàæäîãî m, âûïîëíåíî 1 =
|(ν0 · τ̂m)|. Íî òîãäà |(ν0 · τ̃m)| → 1 ïðè m →∞. Îäíàêî, àíàëîãè÷íî âûâîäó
îöåíêè (7), ìîæíî äîêàçàòü, ÷òî äëÿ δ ≤ 1 ñóùåñòâóþò 0 < β = β (r, ρ,Λ) <
π è 0 < γ = γ (r, ρ,Λ) < β òàêèå ÷òî γ ≤ ∠ (τ̃m, ν0) ≤ β, ïðîòèâîðå÷èå.

Âûáèðàÿ ïîñëåäîâàòåëüíîñòü ñåìåéñòâà âûïóêëûõ ãèïåðïîâåðõíîñòåé
M′

δ : xn+1 = F ′δ (x) , x ∈ B
n
ρ (x0), ìîæíî äîáèòüñÿ âûïîëíåíèÿ óñëîâèÿ À2.

Òåîðåìà 1 äîêàçàíà.
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5 Äîêàçàòåëüñòâî Òåîðåìû 2.

Äîêàçàòåëüñòâî Òåîðåìû 2 îñíîâàíî íà ñëåäóþùåé

Ëåììà 1. Ïóñòü 0 < k1 ≤ k2 ≤ ... ≤ kn−1 ≤ kn è 1 < j < n. Ïóñòü
òàêæå n− 2 ÷èñåë Hj, j = 2, ..., n− 1, îïðåäåëÿþòñÿ èç (3). Åñëè Hj ≤ a
è Hj+1 ≥ a, a > 0, a > 0, òî kn ≤ c (n, a, a) .

Äîêàçàòåëüñòâî. Ïóñòü a = A
(
n
j

)
è a = a

(
n

j+1

)
. Òîãäà èìååì

a ≤
∑

1≤i1<i2<...<ij<ij+1≤n

ki1ki2 ...kijkij+1 =
∑

1≤i1<i2<...<ij≤n−1

knki1ki2 ...kij

+
∑

1≤i1<i2<...<ij<ij+1≤n−1

ki1ki2 ...kijkij+1 (10)

è ∑
1≤i1<i2<...<ij≤n

ki1ki2 ...kij =
∑

1≤i1<i2<...<ij−1≤n−1

knki1ki2 ...kij−1 +

∑
1≤i1<i2<...<ij≤n−1

ki1ki2 ...kij ≤ A. (11)

Òåïåðü ïóñòü αi = ki/kn, i = 1, 2, ..., n− 1. Ðàçäåëèâ îáå ÷àñòè íåðàâåíñòâà
(10) íà kj+1

n , ìû âèäèì, ÷òî
a

kj+1
n

≤
∑

1≤i1<i2<...<ij≤n−1

αi1αi2 ...αij +
∑

1≤i1<...<ij<ij+1≤n−1

αi1 ...αijαij+1 .

Àíàëîãè÷íî, èç (11),∑
1≤i1<i2<...<ij−1≤n−1

αi1αi2 ...αij−1 +
∑

1≤i1<i2<...<ij≤n−1

αi1αi2 ...αij ≤
A

kj
n

.

Ïîñêîëüêó 0 < αi ≤ 1, èìååì αi1αi2 ...αijαij+1 ≤ αi1αi2 ...αij−1 . Òàêæå çàìå-
òèì, ÷òî äëÿ ïðîèçâåäåíèÿ αi1 ...αij+1 â

∑
1≤i1<...<ij<ij+1≤n−1 αi1 ...αijαij+1

âñåãäà íàéäåòñÿ ïðîèçâåäåíèå αi1 ...αij−1 â
∑

1≤i1<...<ij−1≤n−1 αi1 ...αij−1 .
Ñëåäîâàòåëüíî, èìååì íåðàâåíñòâî∑

1≤i1<i2<...<ij<ij+1≤n−1

αi1αi2 ...αijαij+1 ≤
∑

1≤i1<i2<...<ij−1≤n−1

αi1αi2 ...αij−1 ,

îòêóäà
a

kj+1
n

≤
∑

1≤i1<i2<...<ij≤n−1

αi1αi2 ...αij +
∑

1≤i1<i2<...<ij<ij+1≤n−1

αi1αi2 ...αijαij+1

≤
∑

1≤i1<i2<...<ij−1≤n−1

αi1αi2 ...αij−1 +
∑

1≤i1<i2<...<ij≤n−1

αi1αi2 ...αij

≤ A

kj
n

.
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Èòàê, ñðàâíèâàÿ ëåâóþ è ïðàâóþ ÷àñòè ïðåäûäóùåãî íåðàâåíñòâà, ìû âè-
äèì, ÷òî

kn ≥
a

A
. (12)

Òåïåðü ìû ïåðåõîäèì ê äîêàçàòåëüñòâó îöåíêè ñâåðõó äëÿ kn+1. Ñî-
ãëàñíî (11), knkj−1

i ≤ knkiki+1...kj ≤ A, îòêóäà

ki ≤
A1/(j−1)

k
1/(j−1)
n

, i = 1, 2, ..., n− j. (13)

Ñîãëàñíî (10),

a ≤
(

n

j + 1

)
Hj+1

=
j∑

s=0

∑
n−j+1≤i1<i2<...<is≤n−1

1≤l1<l2<...<lj−s≤n−j

knki1ki2 ...kiskl1kl2 ...klj−s

+
j+1∑
s=0

∑
n−j+1≤i1<i2<...<is≤n−1

1≤l1<l2<...<lj−s+1≤n−j

ki1ki2 ...kiskl1kl2 ...klj−s+1
. (14)

Åñëè s = 0 è 1 ≤ l1 < l2 < ... < lj−s ≤ n− j, òî òîãäà ñîãëàñíî (13),

knkl1kl2 ...klj ≤ kn
Aj/(j−1)

k
j/(j−1)
n

=
Aj/(j−1)

k
1/(j−1)
n

. (15)

Àíàëîãè÷íî, åñëè s = 0 è 1 ≤ l1 < l2 < ... < lj−s+1 ≤ n− j, òî

kl1kl2 ...klj+1
≤

(
A1/(j−1)

k
1/(j−1)
n

)j+1

=
A(j+1)/(j−1)

k
1/(j−1)
n k

j/(j−1)
n

. (16)

Ïóñòü s > 0. Ïî (11), knki1ki2 ...kiskl1kl2 ...klj−s−1 ≤ A. Ñëåäîâàòåëüíî, ïðè-
ìåíÿÿ (13),

knki1ki2 ...kiskl1kl2 ...kj−s−1kj−s ≤
AA1/(j−1)

k
1/(j−1)
n

=
Aj/(j−1)

k
1/(j−1)
n

. (17)

Òåïåðü ðàññìîòðèì ki1ki2 ...kiskl1kl2 ...klj−s+1
. Âíîâü, ïî (11) è (13),

(
ki1ki2 ...kiskl1kl2 ...klj−s−1

)
klj−s

klj−s+1

≤ A

(
A1/(j−1)

k
1/(j−1)
n

)2

=
A(j+1)/j−1

k
1/(j−1)
n k

1/(j−1)
n

. (18)
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Èç (11), ïðèìåíÿÿ òàêæå (15), (16), (17) and (18), ïîëó÷àåòñÿ

a ≤

[
Aj/(j−1)

k
1/(j−1)
n

+
Aj/(j−1)

k
1/(j−1)
n

+ ... +
Aj/(j−1)

k
1/(j−1)
n

]

+

[
A(j+1)/(j−1)

k
1/(j−1)
n k

j/(j−1)
n

+
A(j+1)/(j−1)

k
1/(j−1)
n k

j/(j−1)
n

+ ... +
A(j+1)/(j−1)

k
1/(j−1)
n k

j/(j−1)
n

]

+

[
Aj/(j−1)

k
1/(j−1)
n

+
Aj/(j−1)

k
1/(j−1)
n

+ ... +
Aj/(j−1)

k
1/(j−1)
n

]

+

[
A(j+1)/j−1

k
1/(j−1)
n k

1/(j−1)
n

+
A(j+1)/j−1

k
1/(j−1)
n k

1/(j−1)
n

+ ... +
A(j+1)/j−1

k
1/(j−1)
n k

1/(j−1)
n

]
.

Èòàê,

a ≤ C ′ (n, a, A)

[
1

k
1/(j−1)
n

+
1

k
1/(j−1)
n k

j/(j−1)
n

+
1

k
1/(j−1)
n k

1/(j−1)
n

]
,

îòêóäà, ñîãëàñíî (12),

k1/(j−1)
n ≤ C ′ (n, a, A)

[
1 +

1

k
j/(j−1)
n

+
1

k
1/(j−1)
n

]

≤ C ′ (n, a, A)

[
1 +

1(
a
A

)j/(j−1)
+

1(
a
A

)1/(j−1)

]
.

Òàêèì îáðàçîì, kn ≤ c (n, a, A), ÷òî è óòâåðæäàëîñü. Äîêàçàòåëüñòâî ëåì-
ìû çàâåðøåíî. M

Òåïåðü ìû ïåðåéäåì ê äîêàçàòåëüñòâó Òåîðåìû 2. Ïî Ëåììå 1, (1) è
(2), äëÿ êàæäîãî X ∈ NM,

0 < ki (X) = ki (M, X) ≤ C
(
n, κ′′, κ

)
. (19)

Çàìåòèì, ÷òî H1 àáñîëþòíî íåïðåðûâíà. Â ñàìîì äåëå, ïóñòü E ⊂M �

áîðåëåâñêîå ìíîæåñòâî è V oln (E) = 0. Ïîñêîëüêó 0 = Hn (E) = Hδ
n

(
Ẽ
)
è

Hδ
n > 0 äëÿ ïî÷òè âñåõ X̃ ∈Mδ, èìååì V olnδ

(
Ẽ
)

= 0. Ïîñêîëüêó, ñîãëàñíî
çàìå÷àíèþ â êîíöå Øàãà 2,

Hδ
j

(
Ẽ
)

=
∫
Ẽ

Hδ
j

(
X̃
)

dV olnδ

(
X̃
)

,

ïîëó÷àåì Hδ
j

(
Ẽ
)

= 0. Ñîãëàñíî (5) äëÿ j = n− 1,

Hδ
n−1

(
Ẽ
)

= Hn−1 (E) + δHn (E) .
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Èòàê, Hδ
n−1

(
Ẽ
)

= 0 è, òàê êàê ãàóññîâà êðèâèçíà àáñîëþòíî íåïðåðûâíà,

èìååì Hn (E) = 0, îòêóäà Hn−1 (E) = 0. Àíàëîãè÷íî,

Hδ
n−2

(
Ẽ
)

= Hn−2 (E) + δHn−1 (E) + δ2(n−2
2 )Hn (E) ,

îòêóäà Hn−2 (E) = 0. Èñïîëüçóÿ èíäóêöèþ, íåòðóäíî âèäåòü, ÷òî H1 (E) =
0. Ñëåäîâàòåëüíî, H1 � àáñîëþòíî íåïðåðûâíàÿ ìåðà.

Ñîãëàñíî (19) è [2, Ïðåäëîæåíèå 1.3],M∈ C1,1 è âíåøíèé íîðìàëüíûé
âåêòîð óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ñ íîðìîé, îãðàíè÷åííîé ïîñòîÿí-
íîé c (n, κ′′, κ). Ïîñêîëüêó |Fδ|C0,1(Bρ(x0)) ≤ C (ρ, r,Λ), àïðèîðíàÿ îöåíêà
Òåîðåìû 2 ñëåäóåò. Òåîðåìà 2 äîêàçàíà.
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