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INVARIANT REDUCTION OF THE TWO-BODY PROBLEM
WITH CENTRAL INTERACTION ON SIMPLY CONNECTED
SPACES OF CONSTANT SECTIONAL CURVATURE

ALEXEY V. SHCHEPETILOV

Department of Physics, Moscow State University
119899 Moscow, Russia

Abstract. The problem of two classical particles with central interac-
tion on simply connected spaces of a constant curvature is considered
from the invariant point of view. The Hamiltonian reduction method is
used for exluding a movement of the system as a whole.

1. Introduction

Everybody knows that the two body problem with central interaction in Eu-
clidean space of an arbitrary dimension is reduced to the problem of one body
in a central potential. On the other hand there exist spaces of a constant sec-
tional curvature, which possess as wide isometry group as the Euclidean space
of the same dimension and are homogeneous and isotropic. In this connection
the following question arises: What is the most effective way of using their
1sometry group for the simplifying of the two-body problem on spaces of the
constant sectional curvature?

Detail analysis shows that for the last problem there is no an analog of the
Galilei transformation and a naturally defined center of mass doesn’t move
along a geodesic even in the case without interaction. So, for simplifying
this problem we can use only the isometry group. It had been shown [1]
that the exluding of a movement of the center of mass for n-particle system
in Euclidean space can be carried out by the Marsden—Weinstein reduction
method. Obviously the result is the same as after the using for the same
purpose the Galilei transformation.

The Hamiltonian reduction had been used for the classical two-body problem
in the spaces of a constant sectional curvature [2]. This reduction was based
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there on the explicit direct very cumbersome calculations carried out with the
help of a computer analytical calculation system. There was shown that in the
general case the reduced dynamic system has the two degrees of freedom and
there were found the canonically conjugated coordinates and the expressions of
the reduced Hamiltonian function in these coordinates.

In this paper more geometric procedure of this reduction will be presented.

First of all we should mention that the classical two-body problem on the sphere
and the hyperbolic space reaches it’s maximal generality for 3-dimensional
spaces. Indeed, for every moment of time in spaces of a greater dimension we
can choose a constant curvature subspace of the dimension three such that it’s
tangent bundle contains both particles with their velocities vectors. Moreover,
starting from this moment particles will stay in this subspace.

From the other hand it is clear that the two body problem on constant curvature
surfaces is the special case of the movement on the three dimensional constant
curvature space.

Below we will consider the two-body movement on the three dimensional
constant curvature spaces.

2. Basic Notations

Let S* = R3 U {co} is supplied with the metric:

3 3 2
o — <4R22dx§>/<1+2x?) |
=1 =1

where x;, i = 1,2,3 are cartesian coordinates on R3, R is the radius of a
curvature. The distance between two points we shall denote as p°(-,-). The
connected component of a unit of the isometry group for this space is the 6
dimensional group SO(4) with Lie algebra so(4). The following Killing vector
fields correspond to the left action of the isometry group:

N N N
X, = % (1+ 2] — a3 —x3) Gizz:l+xl <xgai2 +x38i3>,
X5 = % (1425 — 27 — z3) %—i—xg (ajlail —1—303(,}33),
X = % (1+z; — 2 —3) aixg—l—:cg <£U18§1 +x2832>.
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For the hyperbolic space H? we take the Poincaré model in the unit ball D3 C
R? with the metric:

3 3 2 3
%:(mﬁjmﬁ/@fgya, S
i=1 i=1 i=1

The distance between two points of H? we shall denote as p"(-,-). The con-
nected component of a unit of the isometry group for this space is the 6 di-
mensional group SO(1,3) with Lie algebra so(1, 3). The Killing vector fields
are:

lezbgaig —:L'gaZQ, Zgzzvgaixl—xlai%, Zg:xlﬁixg_xz@ixl’
Y, = %(1—$%+ZC§+I§)%—$1 (:@6%2 +$3aix3>7
Ys = %(1—x§+xf+x§)%—x2 (:Cl@ixl +$36i563>,
Yy = %(1—x§+x%+x§)aixs—x3 (xla%l +x2%>.

Below we’ll identify Killing vector fields and elements of the corresponding
Lie algebra.

3. Representation of the Phase Space and Hamiltonian Functions

The configuration spaces of the two-body problem on the spaces S® and H?
are Q, = (S® x S$*)\{diag} and Q) = (H® x H?)\{diag} respectively.

The distance between particles p*"(1,2) is the unique invariant of the isometry
group. So, the corresponding degree of freedom is not reducable and we’ll try
to “separate” it as full as possible. Let introduce a foliation of the configuration
space (), by folios p = const.

The Hamiltonian functions of our systems H,, = Hg" + U(p*") are the
Legendre transformations of the natural Lagrange functions:

ﬁ_@(@fgﬂggﬂmm)
=T Tt > \dt P

where ds;/dt, i = 1,2 is the velocity of the i-th particle on the Q) , and H; o
are the Hamiltonian functions of the free particles.
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3.1. The Case of the Sphere S*

Let r = tan(p®(1,2)/2R). We denote a folio r(p) = rq = const as F, . The
leaves F,., 0 < r < oo are homogeneous Riemannian manifolds of the group
SO(4) with the stationary subgroup K = SO(2). Choosing a point x, € F,. we
can identify F,. with the factor space SO(4)/S0O(2) by the formula x = gKx,,
where g K is a left coset of the group SO(4). Up to a set of a vanishing measure
we have: @, =R, x (S0O(4)/50(2)), where R, = (0, 00).

For any Lie group I" with an algebra ~ there exists a natural diffeomorphism

between the space 7*I' and I' x T7T" =T" x ~*.
The following theorem is valid [3]:

Theorem 1. Let x, = (a;gl), 0,0,2%,0, 0) € S* x S®. There exists a function
H? on the manifold

T*Q, =T (Ry x SO(4)) = T*R,. x SO(4) x s0*(4)

such that it’s natural projection on the space 17%(), equals to H*. This function
has the form
i (1+72)? ,

1
o= g P+ opi+ A (03 + p5) + Co (5 + pg)

1
+ =B, (psps — paps) + U(7),

2
where p,. 1s an impulse conjugated to the coordinate r, p;, 1 < ¢ < 6 are
coordinates on so*(4), corresponding to the dual basis of the basis X;, 1 < i <

6 and A,, B,, C, are the following functions:

A (r) = 2;2 (18; :?2 187;;4 cosC + %(m1 — ms) sin g) :
B,(r) = 2;2 (777'?1;17;’1) (1+7%)cosC + 127;:: sin C) ,
Cy(r) = 2;2 (18‘;:2)2 _ 18771:24 cosC — %(ml — my) sin C) ,
C:2m1_m2 arctanr m= 2
my + mo my + Mo

3.2. The Case of the Hyperbolic Space H?>

The main formulae in this case can be obtained from formulae of the previouse
case by the formal transformation: x; — tx;,r — ir, R — 1R,7 =1,2,3, (¢ 1s
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the imaginary unit). Now F, « tanh (p"(1,2)/2R) = r = const, 0 < r < 1,
F. 2 SO(1,3)/S0(2).

Theorem 2. Let xq = (xﬁ”,o, 0, g:§2), 0, O) € F.. There exists a function H"
on the manifold

T*Qp = T* (I x SO(1,3)) = T*I x SO(1,3) x s0*(1,3)

such that it’s natural projection on the space T*Q), equals to H", T = (0,1).
This function has the form:

3 (1 _7"2)2 2 1, 2 2 2 2
Hy = g pr + 0y + Ay, (p3 +p3) — Cu (ps + 1)
1
+ §Bh (psps — p2ps) + U(r),

where p, is the momentum conjugated to the coordinate r, p;, 1 < ¢ < 6 are
coordinates on so*(1,3), corresponding to the dual basis of the basis Z;,Y,
1 <i<3and Ay, By, C), are the following functions:

Ap(r) = 2;%2 (18;1:2)2 + 2;:24 cosh ¢ — 41#7;;0(7711 — My ) sinh C) ,
Bu(r) = 2]1%2 (n;j;n :Zl) (1 — %) cosh ¢ + 127;:; sinh c) ,
C(r) = 2;2 (18;17:)2 B 1877_1:24 cosh ¢ + Af#ﬂ;(ml — mg) sinh C) ,
(= s 2 arctanh 7
my + Mo

4. One Result from the Field of the Hamiltonian Reduction

Let I' be a Lie group with an algebra g, I'g is a subgroup of I' with an algebra
go C g, acting on I' from the right. Let M = T™*I'; be a cotangent bundle of
a homogeneous space I';y = I' /Ty equiped with a standart symplectic structure.
A standart left action of the group I' on M is Poisson. Let ® : M — g* be
a corresponding momentum map, and H be a I'-invariant function on M. Let
consider the Marsden—Weinstein reduction method in connection with Hamil-
tonian dynamic system with the function A on M. It is well known that for
I’y = {e} a reduced phase space is symplectomorphic to an orbit of the group
I" in the coadjoint representation equiped with the Kirillov form (up to a sign).
The following construction generalize this one.
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Let O, be an orbit of the coadjoint action of the group I' on g*, containing a
point 3y € g*, and

Olﬁ() = {/6 e OﬁO’ 6|90 = O} .
It is obvious that Ad}, Op = Op, . Let Op, = O3, / Adf, and 7: Op — O,

be a canonical projecture. Let w be a restriction of the Kirillov form on Oy .
This means that if elements X,Y € T30} , 8 € O, have the form

d

d

X = —
dt

exp(tX’)ﬁ? Y = exp(tY’)/BJ Xl? Y/ € g

t=0

then w(X,Y) = B ([X’,Y’]). Because X’ corresponds to a vector tangent to
Q’ﬁ , it holds Adep(tX’)/B‘ =0, so
go

BIXY) = o

exp(tX’)ﬁ( )

t=0

for any Y € go. It means that a 2-form & is well-defined on T'Op, by the
formula:

H(X,Y) =w(dr X, dr 1Y)
for X € Twﬁéﬁoa 5} € Tﬂ-ﬁégo.

Theorem 3. The reduced phase space M 3,» Which corresponds to the value (3,
of the momentum map, is symplectomorphic to the symplectic space (()ﬂo, cD)

Proof: Let us consider the point = which is in a set Mg, := ®7(5y) C M
being an orbit O, of some point 2’ = (v,p) € T*T, v € I, p € T;T" under
the right action of I'y on 7™*I'. In order to avoid too cumbersome notations we
preserve for the right (left) action:

(v:p) = (M7, Liap) and - (v,p) = (yn, Ri-ap)

of an element ; € I' on T™I" the notation L.,, and Iz, , respectively. According
to the definition of the momentum map if X = <|,_oLepex)y, X' € g,
X € T,T then p(X) = Bo(X'), i.e. p= R: 0. If X' € Ad, g then X €
dry (T, O, ), where m; : T*I' — T is a standard projection, and p(X) = 0.
So Ad}Bslg, = 0. Let denote

O ={a' = (v,p) € T'T; Ad;Bojg, =0, p=R; .00}
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Let7: O — g* =TT be a map, acting according to the formula 7(~,p) =
L% p. The following diagram is commutative [4]:

T*T ==} 7T
| ® | @
Ad*
g

H’Y g*
Therefore an orbit of a stationary subgroup I's, on 7™I' is mapped by 7 into

one point. According to the definition of the set O it holds 7(O) = Op,. The
element (7, p) is mapped into Ad’ 3y, so the element R, (v, p) is mapped into
Ad:. By = Ad} o Ad} 5. Consequently, orbits of the right action of the group
I’y on O are transformed into orbits of the coadjoint action of I'y on Oj . This

yields a diffeomorphism:
¢ Mg, =I5 \Mp, =T\ (O/T) — Of, /Ady,, = Og,.

%

It remains to prove that the symplectic form @ on M 3, 18 transformed into the
form —& under the action of the map ¢. But this statement follows from it’s
validity for the case I'y = {e}, the possibility to represent tangent vectors of
M 3, via tangent vectors of O and the commutativity of the following diagram

for any vy € I'y:
T,

O O
LT LT
Ry,
O:@() - O//g()
The form @ is symplectic, so we get:

Corollary 1. The form @ is symplectic on OBO, 1. e. it 1s nondegenerate and
closed.

5. Reduction of the Two-body System on the Sphere S°

Let now M = T"(@), equiped with the standart symplectic structure. According
to the Sect. 3.1 we can represent M as

M =T'R, x T* (SO(4)/5S0(2))

up to a set of zero measure, corresponding to the value » = co. The symmetry
group SO(4) acts only on the second term of this product and the construction
of the Sect. 4 can be generalized easily on this case. After the reduction we
obtain instead of M the space:

Mg, = TRy x Qg,
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where (5, is constructed as in the Sect. 4 for the case ' = SO(4), Ty = SO(2).
We will introduce another basis in the Lie algebra so(4):

1

1
L1:§(X1+X4)7 L2:§(X2+X5>7 L (X5 + Xs),

N | —

1 1 1
G1: §(X1—X4), GQZ §(X2_X5)a G3: §(X3_X6)-

The commutator relations in so(4) for this basis are as follows:
3 3
[LiaLj] = Z‘Sz‘jkLka [G’L?G]] = Zgz’jkaa [L’HG]] :07 Zv.] = 172737
k=1 k=1

where ¢;;;, 1s the completely antisymmetric tensor, €123 = 1. This basis corre-
sponds to the expansion so(4) = so(3) @ so(3). Let u;,v;, 1 =1,2,3 are the
coordinates of an arbitrary element p in the space so*(4) with respect to the
dual basis:

3
p= Z uzLZ—I—UZGZ
3=1

After substitutions p; = u; + v, p3ys = w; — v, © = 1,2,3 we obtain the
function H, in the following form:

~ 1+r 1
H, = ﬁpr + a (u1 — Ul)2 + A, ((UQ + UQ)2 + (Us + US)Z)

+ O, ((ug — v2)2 + (uz — v3)2> + B, (ugvz — vouz) + U(r).

Let us now construct the conjugated coordinates on (350 The stationary sub-
group SO(2) of the point xo = (3 M 0,0,2%,0 ,0) is generated by the element
X;. It is well-known that a nondegenerated orbit of the coadjoint action of the
group SO(3) is a sphere and the Kirillov form on this orbit is it’s area. The
same orbit for the group SO(4) is therefore a direct product of its two spheres.
So the orbit Og, can be specified as a set of elements in the space so*(4) with
coordinates u;, v;, ¢ = 1,2, 3, which satisfy the following conditions:

ui Fuz+us =t v oy vy =07, (1)

where p, v are arbitrary nonnegative real numbers. The subset O C Og,
consists of those elements of Og, that are anulated by the element X;. Therefore
we must add the condition p; = u; + v; = 0 to the equations (1) to describe
the set Of, .
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Firstly, let consider the case u,v > 0. Let u, %, x be coordinates on Op  that
are introduced by following equations:

Uy = —v = u, Uy = /2 —u?siny, us = V2 — u?cos
vy = V2 —u?siny, vg = V2 —u?cosy,

—min{y, v} < wu < min{u, v}.

The restriction of the Kirillov form from Og, to Oj, is as follows:

1
— (u1 d’U,Q VAN dU3 + uo dU3 VAN du1 + us d’U,l A dUQ)
/L

1

T

(v dvg A dvs + v dvg A vy +v3duy A dovg) = du A d(y — x) .

The coadjoint action of the one-parametric group, corresponding to the element
X1, on the orbit O} is described by the formulae

U — U, Y — P +E, X—x+§ 0<E<2rm

Therefore ¢ =1 — x, py = w are canonically conjugated coordinates on O~60.
In fact Og, is diffeomorphic to S?. The coordinate system pg, ¢ is singular at

the points py = £ min{yu, v}. The reduced Hamiltonian H; has the following
form:

- 14 72)? 4p?
H, = ﬁpr 7¢ + A, (u2+u2 —Qpi—i-Q\/uQ —pi\/ﬂ—picos@

+ C (uz + 07— Qp?¢7 — 2\/u2 —p;\/ﬂ —pécosqﬁ)
—i—BS\/,uQ —p;\/ﬂ —pgsing +U(r).

In the case p =0, v > 0 (or v = 0, u > 0) we obtain for O’BO the conditions
U = Uy = us = v; = 0, and so 0230 = S! and Oﬁo = pt. Therefore the
reduced phase space in this case is 7*R, with the Hamiltonian:

o (T+7r2)? 5 V2
2, = SmR? T+§ ’

In the case p = v = 0 we obtain

(1 + Tz)z 2

Oﬂo = O,/Bo = pt, M = T*R-l-? HS = {8mR2 b -
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6. Two-body System on the Hyperbolic Space H?

The Lie algebra so(1,3) is a simple one so we can not represent an orbit of
the coadjoint action of SO(1,3) as a direct product like in Sect. 5. However
the dynamic systems on the sphere S® and the space H? are connected by the
formal replacement (see above). This motivate the following construction.

Let 71,22 73, Y, Y2 Y?® be the basis in so*(1,3) dual to the basis
ZlaZ25237}/17}/27}/3- Let

P=p1Z" + 0277+ p3Z° + paY' +psY? + peY?

be an arbitrary element of so*(1,3). Then it can be varified by direct calcula-
tions that the following formulae give the invariants of the coadjoint action of
SO(1,3):
L =pi+ps+p5—pi—p5—Ds, Lo =pipa+paps + psps-

Let Og, be an orbit of the coadjoint action of SO(1,3) given by equa-
tions: Iy = pu,ls = v, u,v € R. The stationary subgroup of the point
X = (:cgl),O, 0, :E§2), 0, O) € F. is generated by the element Z;. The coadjoint
action of this subgroup are simultaneous rotations in the planes (po,p3) and

(ps;pe). The submanifold Op is given by the equations I, = pu, I, = v,
p; = 0. The following formulae give the coordinates py, 1, ¥ on it:

Py = ucosh cosy +vsinhsiny, ps = wvsinh cosy —ucoshsiny,
ps = veoshcosy —usinhysiny, pg = —usinh cosy — vcoshysiny,

where py, Y € R, y € R mod 27 and wu, v can be found by the equations
uQ—vgz,u—l—pi, uv =v.

The two solutions of the last equations differ from each other by a sign so we
have to choose only one of them. The action of the stationary group SO(2)
corresponds to the rotation x — x + £. The reduced phase space Oﬁo 1s
obtained from O} by “forgetting” about the coordinate x. The space Oﬁ(, is
diffeomorphic to R?.

In order to find the canonically conjugated coordinates on Oﬁ(, we will use
the degenerated Poisson bracket on so*(1,3) that corresponds to the Kirillov
symplectic form. This bracket was constructed in [5] for any Lie algebra g as
follows.

Let {e;}?, be a basis of the algebra g, [e;, e;] = ¢;ex, and {z;}]_, be co-
ordinates on g*, corresponding to a dual basis {e*}"_,. Let f;, f> be arbitrary
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smooth functions on g*. Then their Poisson bracket have the following form:

. Of1 0fs
_ 3 o)
{flan} - i,j’;_l C’L]xk’ 8(6‘2 8[Cj .

The restriction of this bracket to an orbit of the coadjoint action is nondege-
narated. Returning to our case and using the following formulae

b = 1 In (p2 — p6)* + (ps + p3)?
1 (p2 +p6)? + (p5s — p3)?
1 ( <p5—p3> <p5+p3>>
X = = | arctan — arctan
2 P2+ Do P2 — Do

3 3 3
[Zia Zj] = Zgiijk ; [Kan] = - Zgiijk ) [Zivyj] = ZgijkYk
k=1 k=1

k=1

we obtain by direct calculations the following relations:

{ps, v} =1, {ps,x} =0, {¢,x}=0.

Therefore the symplectic form on (550 is given by the formula: dp, A dv.
From the previous formulae we obtain:

1
pg —i—pg = B (M—i—pi—l— \/(u+pi>2+4u2008h2¢> ,

1

Ps +Dg = 5 (-M—pi+\/(u—l—pi)2+4u2cosh2¢> ,

1 .
D3Ps — P2Pe = B \/(M + p?;)2 + 4v2 sinh 2.

Introducing new canonically conjugated coordinates ps = py/2, and ¢ = 29
we obtain the final form of the reduced Hamiltonian function:

=22, Ap 2
s Gk S Z¢+Ah <ﬁ+2pi+2\/<ﬁ+pi> + —-cosh¢

8mRR? 2 4 4

2 V2
+ Oy, (g +2p;—2\/<% +p§,> + Zcoshqﬁ

2

[ SR
+ By, (Z +p§5> +Zsinhgz$—|—U(7").
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7. Conclusion

The so derived forms of reduced two-body classical systems on S* and H? can
be used for proving the absence of particle’s collision for some potentials [2].
In this work we have cleared up also the geometric meaning of the reduction
procedure.

A similar analysis for the quantum two-body problem is also possible [2, 6].
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