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Abstract. In this paper, we show that the first Bianchi identity is valid
for a generalized Weyl space having a semi-symmetric F-connection
and that the second Bianchi identity is satisfied for a recurrent gen-
eralized Weyl space provided that the recurrence vector v, and the

Q.
L

Vranceanu vector {; are related by ¢y =

1. Introduction

An n-dimensional differentiable manifold W having an asymmetric connec-
tion V* and asymmetric conformal metric tensor g* preserved by V* is called
a generalized Weyl space [1]. For a such a space, in local coordinates, we
have the compatibility condition

where 7} are the components of a covariant vector field called the comple-
mentary vector field of the generalized Weyl space.

The coefficients le of the connection V* are obtained from the compatibility
condition as [2]

i A 1 * * % * (11
ij =17 kTS 5 {QZlg(jh) + Q?lg(hk) + Q;Lkg(hl)]g ) (1.2)
or, putting
Qh + Qb gt + QO *(1) (1.3)
jk = klg(gh) glg(hlc) jkg(hl g .

* This work is supported by TUBITAK, Research Center of Turkey.
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we have
Li, =T, + Qi (1.4)

where T, and Q' are, respectively, the coefficients of a Weyl connection and
the torsion tensor of W, given by

I, = {jkz } — ((5;Tk + 0,15 — g“gjle) , (1.5)
and
According to Norden [3], if under a renormalization of the fundamental tensor
g of the form g = A?g, an object A admitting a transformation of the form
A = NP A is called a satellite with weight {p} of the tensor g. The prolonged

covariant dqrivative of the satellite A relative to the symmetric connection V,
denoted by V A, is defined by [4]

Vid =V, A — pT,A. (1.7)

The prolonged covariant derivative of the satellite A relative to V* will be
denoted by V' A, is defined by

ViA=ViA—pT;A. (1.8)

2. Bianchi Identities

Let v’ be the contravariant components of vector field v in W*. For the second
order covariant derivative of v relative to V* we have

ViVivt = 8,000 + (0 Li) v + (0 v™) L3,

, _ o ) , o (2.1)
Interchanging the indices k£ and [ in (2.1) we obtain
VZ*V,;"vi = (91(9;€vi + ((91L2k)?)h + (&vh)sz + L;lﬁkvj (2 2)
+ L;leLkvh — L}, (0" — LilL;Ljvh : .
Substracting (2.2) from (2.1) we get
ViVivt = ViVt = Lot 4+ Q4 Vit (2.3)

where

Lt =0;Ly, — 0L, + LI LY. — LY.L}, (2.4)
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This is the curvature tensor corresponding to the connection V*.

By cyclic permutation of ¢, j and k in (2.4)
Lém = akLé’i - aiLé’k + L?z‘Lﬁm - L;LkLim' ’ (2.5)
I
Ly = 0iLy; — 03 L + Ly Ly — Ly L, (2.6)
and summing (2.4), (2.5) and (2.6) side by side we obtain

Li+ Ly + Ly, = 0%, 4+ 0.0, + 0,40,

ki kij
2.7
+ L}, Q8 + L, Qp. + Ly Qf
showing that the first Bianchi identity is not satisfied in general.
If the connection V* is semi-symmetric, 1. e. if
i 1 i i
Q, = m(éij —6,9), (2.8)
the identity (2.7) reduces to
1
Léjk + szi -+ Lgcij = m 5; (sz - Qk:z) + 512<Qj,i - sz)
(2.9)
- . . 09,
where (3; = (2}, is the Vranceanu vector of the connection V* and €2, ,, = Sk
U

From this we obtain the

Theorem 2.1. If the Vranceanu vector is a gradient then the first Bianchi iden-
tity is satisfied.

Definition. The connection V™ is said to be a E-connection if the condition
Vi, =V, =0 (2.10)
holds [5].

Theorem 2.2. For a generalized Weyl space having a semi-symmetric E-
connection the first Bianchi identity is satisfied.

Proof: The covariant derivative of the Vranceanu vector €2; with respect to the
coordinates u"* is

oy

i, (2.11)
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Substracting from (2.11) the equation is obtained by interchanging the indices
¢ and k we find that

. . oQ; 0y L
ViQ, =V Q= 5k Bui + 202,.Q, . (2.12)
On the other hand, for the generalized Weyl space W~ with semi-symmetric
FE-connection (2.12) is reduced to
oY, 09

5 D =0. (2.13)

Using (2.9), from (2.13) we get
L+ Ly, + L, =0

ki kij

so the proof is completed. [

Corollary 2.1. For a generalized Weyl space having a semi-symmetric connec-
tion, the Vranceanu vector and the complementary vector are related by

n—2
Lug —nThiw = —%w (0 # 1)

where L, denotes the Ricci tensor of W

Proof: If, in (2.9) a contraction on [ and j is made we have

l l l o mn — 2 o '
L + L + Lha = —— (Vs — ) (2.14)
from which we get
Lo T = 7=y W (T = ggr> Q= 5a)

where we have used the facts that
Lém = L, Lgm = —Ly;
so the proof is completed. []

The prolonged covariant derivative of the curvature tensor L” , of weight {0},

ijk>
1S
h h m myh mryh mryh (215)
= ale‘jk: + Lmle'jk - Lil Lmjk: - le Limk - Lleijm .

If the indices j, k and [ are changed cyclically in (2.15) the equations
ViLh, =V:LL, =0,Lh, + Lt L7 — L7Lh — L Lh  — LU LE . (2.16)

mj ikl ki ~iml ikm
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and
vk LZ] Vk zl] = Ok? Zl] + Lh L?lqj o LmLzzl] LlleLfmj L;rllc zlm (2 17)
are obtained respectively.
Summing (2.15), (2.16) and (2.17) we get
ViLE, + VoL +ViLh = QL 4+ QR L+ QELh o (2.18)

This shows that the second Bianchi identity is not valid in W'.

The generalized Weyl space W is called recurrent if its curvature tensor Lij L
satisfies the condition

VL, =Ll (2.19)

where 1; is a 1-form called the recurrence vector of W .

Let W, be a recurrent generalized Weyl space having a semi-symmetric con-
nection. Then, using (2.8) and (2.19), the identity (2.18) is reduced to

aleC +a, LY, + akLzlJ 0. (2.20)

where N
a; = %bl - —Ql-
n—1

Thus we proved the

Theorem 2.3. For a generalized recurrent Weyl space having a semi-symmetric
connection the second Bianchi identity is satisfied provided that the recurrence

vector 1, and the Vranceanu vector (), are related by 1, = —19l, W # Q.
n J—
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