Second International Conference on

Geometry, Integrability and Quantization

June 7-15, 2000, Varna, Bulgaria

Ivailo M. Mladenov and Gregory L. Naber, Editors
Coral Press, Sofia 2001

THE STRUCTURE OF FORMAL SOLUTIONS TO NAVIER’S
EQUILIBRIUM EQUATION

JOHN SARLI' and JAVIER TORNER*

¥ Department of Mathematics, California State University, San Bernardino, U.S.A.
t Department of Physics, California State University, San Bernardino, U.S.A.

Abstract. The local Lie structure of the orientation-reversing involu-
tions on R is used to construct a family of orthogonally invariant op-
erators that produce all formal solutions, up to biharmonic equivalence,
of Navier’s equation for elastic equilibrium. In this construction the
value of Poisson’s ratio associated with each solution is determined by
the hyperbolic geometry of slo(R). Empirically feasible values of the
ratio are associated with ‘spacelike’ operators whereas values outside
of this range are associated with ‘timelike’ operators.

1. Introduction

In the theory of linear elasticity, Navier’s equation says that the displacement
U = (uy,us,u3) of a point in a body subjected to surface forces and after
acceleration has vanished must satisfy the equilibrium equation
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where v 1s Poisson’s ratio, a dimensionless constant of the material that ex-
presses the ratio of transverse compression to longitudinal extension under de-
formation. In Poisson’s original formulation this constant was presumed to
have the value of i for all materials satisfying the generalized Hooke’s law

hypothesis, thus prompting Poisson to characterize linearized elastic response
as “directionless”. Later predictions by Cauchy and others (based on thermo-
dynamic properties of the strain-energy function — an excellent discussion can
be found in [1], Chapter 8) that v could vary over the interval (0, %) were

verified by photoelastic stress measurement ([S], 250 ff). Typically, hyperbolic
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contours with asymptotic angle v were generated by stressing the material be-
neath a plate of glass, whereby v would be equal to the curvature at the vertex
of the hyperbola tangent to the unit circle of reference. Since this curvature
is equal to cot? v it is of phenomenological interest why ~ should be bounded
below by tan™* V2. However, when this measurement 1s recorded in terms of
distance s in the Poincaré conformal disc model of the hyperbolic plane, we
find cot? 0 = i(l — tanh s), a fact that does not appear to be noted anywhere

in the literature. This “coincidence” suggests a description of U in terms of
hyperbolic geometry.

Work dating back to Maxwell implies that the general solution to the equilibrium
equation on a region (2 is spanned by terms of the form U = MV + H,Nx,
where M and N are compatible endomorphisms, ¢/ is harmonic on {2 with
Hessian H,, and x is the position vector.!)!. Any U of this form will be called
fundamental. We will construct representatives for the equivalence classes of
fundamental solutions from involutions in M3 (R).

2. Notation

Formally the equilibrium equation can be studied in any dimension (and on
smooth manifolds via the Hodge theory). We will work with ordinary Cartesian
notation throughout because our construction is most easily described with basic
matrix calculations. Let f and g be smooth functions from a region 2 C R"
to R™. Let ads be the Lie derivation defined by

ade g = Jrg — Jof ,

where J; and J, are the Jacobians of f and g, respectively. Let U = {g; g =
V1,1 harmonic on Q}. We say two solutions U and U’ of the equilibrium
equation are biharmonically equivalent on €2 provided U — U’ € W. The
following proposition is a straightforward exercise.

Proposition 1. If f is linear and g € VU, then ad¢ g is divergence-free and
Viadeg = —2V(V - Jig) .

If £ is linear so that J; is the endomorphism X we write ady to mean adg.
Denote the identity endomorphism by 1 and let V = {X € M, (R); X+ XT =
cl, ¢ € R}. Left action by members of V' preserves W, and V' is conjugation
invariant by O(n). It follows from Proposition 1 that the function U obtained
by replacing J¢ in adeg with Y, where ¢X and Y are congruent mod V'
(i.e., eX —Y € V), solves the equilibrium equation with v = i(?) —¢). In

(U The reader is referred to the extensive literature on biharmonic functions. Chapter 13 of [4]
presents a collection of historically significant problems.
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Section 3 we will use the geometry of orientation-reversing involutions on R3
to construct Y such that ¢ is determined by a parameter that represents distance
in the hyperbolic plane.

From here on let us suppose that n = 3. Then

ady g = %(TrX)V(sz —r- Vi) + V x (Xor x V§),

1
where Xy = X — 3 (Tr X)1 and r = (1, xo, x3). Unless otherwise indicated,

lines and planes refer to subspaces of R3. For any plane II let M (II) denote
its stabilizer in M3(R). Choose a unit normal n for II. If X € M (II) we write
X = (§,x) where £ € M,(R) and x = Xn. This will simplify notation by
allowing us to identify x with (0,x), where 0 is the zero matrix. If M is an
invertible member of M (IT) that depends differentially on a parameter s then
the Cartan image of M is defined by

C(M) =M,M(s),

OM(s)
0s

differentially on the hyperbolic parameter s that we define in Section 3.

where M, =

. All endomorphisms in our construction will depend

We say x is an affine vector provided x = n + y, for some y € II. The
affine group of IT is AG(II) = {({,x); deté # 0,x affine}. Let gn =
{(&,x); Tr& = 0}, considered as a Lie algebra under the commutator product.
Note that for any affine vector x, the map

X — X(1 —xo)

is a Lie algebra homomorphism from g onto sly(R) with kernel R3. By a
hyperbolic basis for sio(R) we mean an orthonormal triple (£, n,£*) relative
to the inner product (o, 8) — 3 Tr(af) such that (n,&] = &%, +[n, &) =¢
and 3[¢*,&] = 1. In particular, the members anti-commute.

An involution refers to any endomorphism with principal invariants
(t1,t2,t3) = (1,1,—1). Endomorphisms with invariants (1,—1,1) will be
called dual. The following proposition, which allows us to focus on these lin-
ear maps, can be inferred from the orbit structure of SL(3, R) under conjugation
by O(3).

Proposition 2. [f X € SL(3,R) then X is congruent mod V to an involution
or to a dual (possibly both).

We show that involutions and their duals are related to spacelike and timelike
elements, respectively, in hyperbolic space.
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3. Geometry of Involutions and their Duals

Let X be an involution, let 11y be the plane fixed pointwise by X and let x_
span the line with eigenvalue —1. Let II be any plane containing x_. Then II is
stable under X. Conversely, II contains x_ for any involution X that stabilizes
it. We write (IT, X') provided this relation holds. For any plane II with unit
normal n, three parameters (s,t, ¢) will suffice to describe the collection of
all X such that (II, X'). We define these parameters as follows. Let x, span
IINIIy, let § be the angle between x and x_, and set s = tanh ™' (cos ). That
is, 6 is the angle-of-parallelism corresponding to distance s in the hyperbolic
plane.

To define the parameters ¢ and ¢, we note there exists X* € gn N AG(II),
unique up to inverse, such that (IT, X*X) and the restriction of X*X to IT
is a reflection. Thus det X* = 1 and X X*X = (X*)~'. It follows that X
and X* share a fixed line spanned by X*X + X X* (with affine vector xg)
and that (X*X + X X* | (I, X)) is a plane containing n. Let e; be a unit
vector orthogonal to this plane and let ¢ be the angle between x, and n, where
¢ € (—%,%). Let e; =n x e;. Then xo = n + tan ge,.

For any M € M(IT) let d(M) = (1 — M)n. If M € AG(II) we call d(M)
the derivation of M into II. In particular, if X is an involution note that
d(X) € (x_). More generally, if Y € gp satisfies (1 — X)Y € (x_) we say
that Y induces the normal derivation dy on X. An important case will be the
normal derivation induced by the exponential shift (e=*Y"), which we denote
by d};.

X* is the dual of the involution X with respectto IT. Let H = Hy(X) = X* X,
the Cartan kernel of X with respect to II. The triple (X, H, X*) is the frame
determined by X. Let (§,,74,¢};) be the image of the frame determined by X

under the Lie homomorphism induced by x,.

Proposition 3. The triple (§4,14,&}) is a hyperbolic basis for sly(R). Further,
with respect to s, n, = C(X) = C(X™).

Proof: Let

/10 /01 /0 -1
“1=\0 -1 ) “T\1o) T\ o /)

With respect to (e,es,n), X = (£,x) where & = (coshscost)w; +
(cosh s sint)ws+ (sinh $)ws, for some t € [0, 27), and x = xg+tan ¢[(sinh s—
cosh ssint)e; + (cosh s cost)e,]. Further, X* = (£*,x*) where the dualiza-
tions are obtained by applying the permutation sinh s <= cosh s. It follows that
§; = X, and §; = X. The assertions in the proposition now follow by direct

calculations. [J
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Remark. Since the Cartan map is a derivation of AG(II) into sl3(R)
with respect to the action of conjugation we have C(X*X) = C(X*) +
X*C(X)(X*)~'. However, X*ny,(X*)™' = —n, and so C(H) is the zero
map.

The proposition shows that every frame is associated with a copy of sl»(R)
in g and that these copies are parameterized by ¢. Let g, denote the copy
spanned by (4, 14, 5;‘)), and let ¢: g — g, denote the homomorphism induced
by Xq.

4. A Ruled 3-Surface

The frames (X, H, X*) are partitioned by the Cartan kernels H. Each equiv-
alence class of frames corresponds to a pair of curves X(s) and X*(s) in
AG(II) whose images in g4 are comprised of poles (spacelike unit vectors)
and points (timelike unit vectors), respectively, of hyperbolic R*. The one-
dimensional space £ = {@o(X + X*); (X, H, X*) is a frame} is a generator
of the corresponding light cone.

Definition. [fd ;(H) = (Tr X')d(H) then X is an s-character of H of weight
x = Tr X. We say X and X* are co-characters provided X and X* are
s-characters of non-zero weight such that

dg, 5. (H) = xsx3d(H) .

A pair of co-characters X', X* are associated with the frame (X, H, X*) pro-
vided the normal derivation on H induced by XX + X*X™* is xx*d(H). In
this case, set X = X(x) = X + X and X* = X* + A"

Lemma. For any frame (X, H, X*) there are unique associated co-characters
X and X* such that C(XX) and C(X*X*) are in (n). In particular, X and
X* are invertible.
Proof: The proof is computationally intensive. We outline the main points. By
Proposition 3, C(X X) = n, + XC(X)X so we must have C(X) — C(X) =
an, o € R. This condition implies that Xn = (u,v,w) where u,v and w
satisfy the linear system

u+i(w —v) = T (u, +iv,) + [(sinh ssint — cost — cosh s)

+ i(sinh s cos t + sin t)]w, .

Applying sinh s < cosh s provides the conditions on X*n. The condition

that X and X'* be co-characters implies w = x and w* = x* (whereby o =
[In(1 + x)]s and o* = [In(1 + x*)],). The system may then be solved to find
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X = (£+ & xx) and X* = (£ + £, x*x*), corresponding respectively to
X = (&,x) and X* = (£*,x*). But then x and y* must satisfy the system

X+ X" =xx"
Xs + Xo = XsXs

which has the unique solution y = 1 4 tanh s, x* =1 4+ coth s. O

Corollary to the proof. X is congruent to (2+ tanh s)X and X* is congruent
to (2 4 coth s)X* mod V.

Remark. From the proof we also infer that X + X* = i?( + Xl—*?( *. Thus, if

R, is a ruled 3-surface in gn comprised of the lines Lx = {rX+(1—r)X*; r €
R}, then R, is mapped by ¢ to the light cone and the pre-image of the generator
Ly is the collection of all Ly such that (X, H, X*) is a frame.

5. Main Theorem and an Application to the Planar Strain Energy

We can now state our main theorem, which follows immediately from Propo-
sitions 1, 2 and the above Lemma. For any involution X and its dual relative
to 1I let ad(,x)g = Xg — J Xr and let ady,x+) g = X*g — J X'r.

Theorem. Any fundamental solution of Navier’s equilibrium equation on )

with v € (0,3), (resp. ‘V* — ﬂ > 1) is biharmonically equivalent to

U = adu,x)g (resp. U* = adux+g) for some X, X", Il and g € V.
In particular, v = § (1 — tanh s) and v* = (1 — coth s).

Corollary. The solutions U with s = 0 correspond to Poisson’s “direction-

less” case v = i.

Remarks:

1. Since 4vv* = v + v* it follows that v and v* are related by the linear

fractional transformation which fixes 0 and % and which interchanges i and

oo. That our construction approaches the values 0 and % asymptotically per-

haps relates to the interpretation of these ratios: v = % corresponds to the
constant divergence situation which implies that all directions are characteristic
whereas linear isotropic elasticity requires no characteristic directions (see [2]);
v = 0 implies that the stress and strain tensors are related by a scalar matrix,
effectively, that the equilibrium equation is independent of the divergence of

the displacement.
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2. Let € = X*l_x. Then the symmetric identity

1 1 1 1
(——l—eS)X—I—(——eS)X*:(——I—e)Xs—l—(——e)X:
X X Xs X

is satisfied by the co-characters X" and X',

Finally, our construction has the following consequence regarding the strain-
energy function

1 (0w Ou;\
v ) 9 4 U; U

)

W(U) =

where the Lamé constant 1 has been normalized to 1. The case of plane strain
(which applies to prismatic solids with forces orthogonal to the longitudinal
axis) is obtained by taking ¢ = 0, and g = f for some complex analytic
function f(z) on Q. Write Z, - Z, = Re(Z, Z,) for any two complex quantities
/1,75 and let R be the hyperbolic rotation x +— xcoshs + ysinhs, y +—
xsinh s + y cosh s. Then

W(U) =2[(e +1)(f - o) + [Ro2l*| f]?]
+ (26" = o) |(Roz) - (if ") + (2" = e )| ],
W(U") = 2[(e = 1)(f'- ™) + R[]
+(2e + e )| (Ry2) - (T 1) + (2€° + e )
whereby
W(U) = W(U") = (f - ) = d|f' + (- 3i2) - (f' ).

That is, the difference between the strain potential of a ‘spacelike’ displacement
and that of its dual ‘timelike’ solution is independent of v.

References

[1] Malvern L. E., Introduction to the Mechanics of a Continuous Medium, Prentice-
Hall, London 1969.

[2] Olver P.J., Applications of Lie Groups to Differential Equations, 2nd ed., Springer-
Verlag, New York, Berlin, Heidelberg 1993.

[3] Sarli J. and Torner J., Representations of C, Biharmonic Vector Fields, and the
Equilibrium Equation of Planar Elasticity, J. Elasticity 32 (1993) 223-241.

[4] Soutas-Little R. W., Elasticity, Dover, Mineola, New York 1999.

[5] Timoshenko S. and Goodier J. N., Theory of Elasticity, McGraw-Hill, New York
1951.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


