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Abstract. An exposition of the new results concerning the nonexistence
of local isometric immersions of 3-dimensional Lobachevsky space L3
into 5-dimensional Euclidean space E® with constant curvature of the
Grassmannian image metric, on connections between curvatures of as-
ymptotic lines on a domain of L? C ES, on regularity theorems for
surfaces obtained by Backlund transformation of a domain of L? C §3
and L? C E3,

Isometric immersions of the domains of the n-dimensional Lobachevsky space
L™ into the (2n — 1)-dimensional Euclidean space E?"~! for n > 2 were
considered in works by Moore, Tenenblat, Terng, the present author and others.
It is well-known, that L™ cannot be locally immersed into E*"~2. So the
dimension (2n — 1) is the least possible one. In this case there exist relations
between the extrinsic and intrinsic properties of the submanifolds. It is possible
to prove that on an immersed domain of L” there exist coordinates of curvature

ul, ..., u™ such that the metric of L™ is expressed in the form
ds* = ZSiHQ o;(dut)? (1)
=1

with the condition
Y sin’o; = 1. )
i—1
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The functions o; satisfy some system of nonlinear differential equations which
expresses that the curvature of ds® is equal to —1 and the condition (2) is
fulfilled.

For convenience we shall use the following notation: H; = sino;, 53, =

1 0H; . , .

Hi 8u2 ! # J:
Then the following system of differential equations discribes the isometric im-
mersions of Lobachevsky space L" into E?"~1 (see [1, 2])

OH; _ 9Bi; | 9B, B

a) D, = ﬁsz ) d) 3uj + E + zq:ﬁzqﬁjq =0,
o, 98y | 98 .
03y

¢) 87; = BireBr;j »

where ¢ £ j # k. It is natural to call this system the Lobachevsky-Euclid
system, or, briefly, the LE system.

This system is a generalization of the well-known equation
Wy — Wyy = SINW, 4)

called “sin-Gordon equation”, but in fact Gordon has no relation either to this
equation or to the LE system. In [8] the authors indicated that the first scientist
who wrote this equation was Enneper. So the correct title of this equation must
be the Enneper equation.

Various classes of solutions for the LE system and the corresponding immersions
of domains of L™ into E*"~! were considered.
1) Immersions with one family of curvature curves consists of geodesic curves.
2) Immersions with one family of curvature surfaces consists of totally-
geodesic surfaces.
3) Functionally degenarate immersions, when the functions /7; depend on less
than n — 1 variables.

4) Immersions of L? into E° with a hyperflat Grassmannian image.

Now I would like to consider the immersions with restrictions on the Grass-
mannian image.

Let I'™ be the Grassmannian image of an immersed domain D C E*"~!. The
Grassmannian manifold G, , can be considered as a submanifold in the Eu-
clidean space. The metric of this Euclidean space induces the metric of G,
and consequently the metric of the Grassmannian image. The Grassmannian
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mapping ¢ transfers coordinates v, ..., u™ from L™ onto I'". The standard
metric of the Grassmannian manifold G,,_; 2,1 induces the metric di? of T

di* =) cos® o;(du')? (5)
i=1

with the condition
n
Zcoszai =n—1.
i=1

The following question arises in the natural way: do there exist local immer-
sions of L™ into £*"~! with constant curvature of the metric of the Grassman-
nian image?

I have obtained the answer to this question only for n = 3, [3]

Theorem 1. There is no local C? isometric immersion of L* into E° with
constant curvature of the metric of the Grassmannian image.

In other words, forgetting about immersion and Grassmannian image, we can
reformulate this statment only in terms of metrics: If the metric (1) with con-
dition (2) has a constant curvature equal to —1, then the metric (5) does not
have a constant curvature.

This time there exists a local immersion L? into E® such that the Grassmannian
image has a constant curvature along a line.

The proof of this theorem 1s based on three lemmas.

Let A;;x, be the components of the curvature tensor of the metric (4). These
components have expressions in terms of the functions H; and j3;;.

Let A be the matrix of curvature of (5)

Aozos Asize Asiog
A= * A1z Aqois

* * Ajoro

Lemma 1. [f the matrix A is diagonal, then there exist functions o; = o;(u')
and a function ®(ay, sy, a3) such that the coefficients of the metric ds* are

0P
H> = —
’ 80@ ’

Lemma 2. The functions «; satisfy the following equations

(9&2- 2
au‘ = CG; + Pi

where ¢ and p; are constants.

i=1,2,3.
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Lemma 3. If the metric of the Grassmannian image has a constant curvature,
then under the Grassmannian map the ratio of the volume elements of the
image and the pre-image is constant.

This conclusion can be written in the form

COS 01 COS 09 COS O3
= const .

Sin 0 SIn 09 Sin 03

We thus passed from the condition on the second derivatives of the functions
H, to the condition on the functions H; themselves. So the immersion is some
special subclass of functionally degenarate immersions. Later we can easily
obtain a contradiction.

Asymptotic Lines

It is well-known that on the surface of negative curvature F'? C E° the torsion
of asymptotic curve is
K1 =V —K

for one family and

Ko — _\/ja
for the second family, where K is the Gaussian curvature of FZ2.
These relations are very useful for theorems in the “large”.

Let us consider the generalization of these relations for n-dimensional subman-
ifolds /™ in the Riemannian space M"™*?. The following theorem is proved in

[5].

Theorem 2. Let v be an asymptotic curve on the submanifold F™" C M"™P?,
Let &, ..., 1, be the natural frame along . Let ¢ be the angle between &3
and the normal space to F™. Then for the second curvature ks of v we have
the expression

\/[_((51, &) — Ki(&6, &)

Cos ¢
where K(&,,&,) is the curvature of M™*P, K;(&,,&,) is the curvature of F™.

]{72:

If &5 belongs to the tangent space of F'™ (for example, if the nominator and
denominator are equal to zero) then this formula does not work. But in this
case it is possible to obtain an expression for the next curvature, see [5].

Let us consider now the asymptotic line v on a domain of L? immersed into
E®. Let kq, ko, ks and k, be the curvatures of this curve v C E5, then [4]:

1
Cos ¢

k2:
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Hence, for the regular immersion, £5 does not belong to tangent space cos ¢ = 0.
Moreover, there exists a relation between k-, ks and k4

d? sin ¢ gi
bom iy | £ 1y 50O

- ()
d 1 d

where — = — —. The different signs in this formula probably correspond
dt ]{73 ds

to four different asymptotic curves through one point.

So, an arbitrary curve in E° could not be an asymptotic curve on immersed
domain of L? into E°.

On Regularity of Backlund Transform

Now let us consider immersions of L? into 3-dimensional sphere S* with radius
R and its Backlund transformation.

We are interested in the question of regularity of the surface obtained by this
transformation. The system describing of the Backlund trasformation has been
written for the first time by Bianchi. Let £ be represented by the position
vector = r(u, v). In terms of the curvature coordinates u, v, the metric of F~
can be written as follows

ds? = cos? wdu? + sin’® wdv?.

The Backlund trasformation can be constructed in the following way: let an
arc of a great circle of the sphere S® be going from a point z € F? along a
tangent direction 7 which makes an angle ¢ with the first principal direction.
Let the length of this arc be a constant number. The end point of this arc is a
point of a new surface F*

Define 7 = cos ¢y + sin ¢7,, where 7; and 7, are the unit vectors along the
principal directions. Let ¢ satisfy the following system of equations

% + 8_w = qcoswsin ¢ + Fsinwcos ¢,
ou ov

@ + a_w = —asinwcos ¢ — Jcoswsin ¢,
v ou

where « and 3 are such constants that o — 32 = 1.
Then the transformation ¢’: r — 7, where

r=rsinc+ RTcoso, o = arctan Ro

transforms F2 into a surface F2 with Kk = —1.
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In our joint article with Cieslinski [6] we have considered the question of
regularity of the surface F2.

Let T'(t) be a geodesic disc on F* with a radius ¢ and ¢, be an initial value of
¢ at the center O of T'(t). We assume 0 < ¢y < 7/2. Then the surface F? is
regular at the point corresponding to O.

What is the lower bound for the radius ¢, such that the Backlund trasformation
of T'(,) gives a regular surface?

Theorem 3. Let a pseudospherical immersion F* with principal curvatures
ki, ks belongs to the class C* (k > 2), and let there exist positive constants p
and N such that

V1+ k2 <p, gln\/lﬂ—kfg]\f, 1=1,2,
s

where s is the arc length of a curve on F*. Let M,(¢¢) = min(¢g, 7/2 — ¢p).
M (o)
~a+Bp+2N’

then the image of the geodesic disc T(t,) under the Backlund transformation
is a regular surface of the class C*~1,

if

I remark that similar estimate exists for the Backlund transformation of L?> C E®.
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