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Abstract. The reductions for the first order linear systems of the type:

Lyp(z, \) = (1(% +q(x)—>\J) (e, ) =0, Jeb, qlx)e€gy

are studied. This system generalizes the Zakharov-Shabat system and
the systems studied by Caudrey, Beals and Coifman (CBC systems).
Here J is a regular complex constant element of the Cartan subalgebra
h C g of the simple Lic algebra g and the potential ¢(z) takes values
in the image g; of ad ;. Special attention is paid to the scattering data
of CBC systems and their behaviour under the Weyl group reductions.
The analytical properties of the generating functional of the integrals
of motion and their reduced analogs are studied. These results are
demonstrated on an example of /N-wave type equations.

1. Introduction

The idea that the inverse scattering method (ISM) is a generalized Fourier
transform has appeared as early as 1974 in [1]. In the class of nonlinear
evolution equations (NLEE) related to the Zakharov-Shabat (ZS) system [26,
24] related to sl(2) algebra was studied. This class of NLEE contains such
physically important equations as the nonlinear Schrodinger equation (NLS),
the sin-Gordon and modified Korteweg-de Vries (mKdV) equations.

The multicomponent ZS system leads to such important systems like the mul-
ticomponent NLS, the N-wave type equations, etc.

The classical results of [26,24] have been generalized in several directions.
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One can consider systems with polynomial dependence on A and 1/A:
d N-1
LU(z,t,\) = [i— ONF = A\Nos | U(x,t,\) =0 1
(.I ) (1 dr +k;MQk<x7 ) UB) (x7 ) ) ) (1)

with N > 2, M > 0. Since this is again 2x 2 matrix-valued problem it is also
related to the si(2) algebra.

Another possibility was to generalize to n xn system [5,7, 10]:
d
LU (1)) = (id— bglat) — AJ) Uzt \) @)
T

where ¢(x,t) and J take values in the semisimple Lie algebra g [21,13,25,11]:

q(x,t) = Z (qa(z, 1) Es +q_o(z, t)E_o) € g5

r 3)
J:Za’jHj € [)

Here .J is a regular element in the Cartan subalgebra h of g, g, is the image
of ad;, {F,, H;} form the Cartan-Weyl basis in g, A, is the set of positive
roots of the algerbra, r = rank g = dimbh. For more details see the Section 2
below. The regularity of the Cartan elements means that g; is spanned by all
root vectors F, of g, i.e. a(J) # 0 for any root « of g.

Indeed the given NLEE as well as the other members of its hierarchy posses
Lax representation of the form (according to (2))

[L(A), Mp(M)] =0

where
d P-1

MpU(z,t,A) = [i— + > Vi(z,t) = X' fpl | O(z,t,\) =0, Te€b,
dt = @

which must hold identically with respect to A\. A standard procedure gener-
alizing the AKNS one [1] allows us to evaluate V,(x,t) in terms of ¢(x,t)
and its x-derivatives. Here and below we consider only the class of potentials
q(x,t) vanishing fast enough for |z| — oco. Then one may also check that the
asymptotic value of the potential in Mp(\) namely f(\) = fp AP T may be
understood as the dispersion law of the corresponding NLEE. For example, the
N-wave type equations are obtained in the simplest nontrivial case with P = 1,
fr=1q(z,t) = [J.Qz,t)] and Vo(z,t) = [I,Q(z, 1)}, Q(z,t) € g/h.

The number of roots |A| of the simple Lie algebras given on the table below
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g A, Br, C., D, Go Fy Es E~ Es
N r(r+1) 2r? 2r(r — 1) 12 48 72 126 240

grows rather quickly with the rank of the algebra . The corresponding generic
N-wave equations are systems of |A| equations for |A| independent complex-
valued functions. They are solvable for any » but their applications to physics
for large r become doubtful. Such is the situation and for any other types
NLEE.

Thus another important trend was developing in the framework of the ISM,
initialized by the introduction of the so-called reduction group introduced by
Mikhailov [20], and further developed in [10,11,25,21]. As reductions we
mean algebraic restrictions on the potentitial matrix ¢(x, ) which will diminish
the number of equations and/or the number of the independent functions in
them. Of course such restrictions must be compatible with the dynamics of
the NLEE. This procedure allowed one to prove that some of the well known
models in the field theory [20] and also a number of new interesting NLEE
[20,10,21] are integrable by the ISM and posses special symmetry properties.
As a result its potential ¢(x,t) has a very special form and J can no longer be
chosen real.

This problem of constructing the spectral theory for (2) in the most general
case when J has an arbitrary complex eigenvalues was initialized by Beals,
Coifman and Caudrey [2-4,7] and continued by Zhou [27] in the case when
the algebra g is sl(n), q(x,t) vanishing fast enough for |z| — oo and no a
priori symmetry conditions are imposed on ¢(z,t). This has been done later
for any semi-simple Lie algebras by Gerdjikov and Yanovski [16]. there the
minimal sets of scattering data of (2) for complex J are constructed and the
properties of the generating functions of the integrals of motion are studied.

Our basic aim in this paper is to study the effect of the action of the reduction
group G on the scattering data of (2) for any semisimple Lie algebra in the
case of complex J. A special attention will be paid to the sectors in the complex
plane of the spectral parameter and their reductions. In particular the author’s
interest of this problem is inspired of [16].

In Section 2 we summarize some basic fact about the reduction group and Lie
algebraic details.

The construction of the fundamental analytic solutions (FAS) is sketched in
Section 3 which is done separately for the case of real Cartan elements (Sec-
tion 3.1) and for complex ones (Section 3.2).

The reductions of the scattering data of CBC system is described in Section 4.
These results are demonstrated on examples of reductions from the Weyl group
of so(5) algebra in Section 5.
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We finish this report with several conclusive remarks and a brief outlook in
Section 6.

2. Preliminaries and General Approach

The main idea underlying Mikhailov’s reduction group [20] is to impose alge-
braic restrictions on the Lax operators L and M which will be automatically
compatible with the corresponding equations of motion. Due to the purely
Lie-algebraic nature of the Lax representation this is most naturally done by
imbedding the reduction group as a subgroup of Autg — the group of auto-
morphisms of g. Obviously to each reduction imposed on L and M there will
correspond a reduction of the space of fundamental solutions Sg = {W(x, ¢, )}
of (2).

Some of the simplest Z,-reductions of Zakharov-Shabat systems have been
known for a long time (see [20]) and are related to outer automorphisms of g
and &, namely:

CL(U(z,t,\) = A0 (2, t, ki A)AT = Tz, 6, N),  ki(A) = £X%(5)
where A, belongs to the Cartan subgroup of the group &:
Ay = exp(miHy) , (6)

and H, € b is such that a(H,) € Z for all roots « € A in the root system
A of g. Note that the reduction condition relates the fundamental solution
U(x,t,\) € & to a fundamental solution W(x,¢,\) of (2) which in general
differs from W (x, ¢, \).

Another class of Z,, reductions are related to outer automorphisms of the type:
Oy (U(2,t,0)) = AU7T (2,8, ko (V) Ay = U (2,8, 0),  ka(A) = 2N (7)

where A, is again of the form (6). The best known examples of NLEE obtained
with the Z, reduction (7) are the sin-Gordon and the MKdV equations which
are related to g ~ si(2).

In fact the reductions (5) and (7) provide us examples when the reduction is
obtained with the combined use of outer and inner automorphisms.

Along with (6), (5) one may use also reductions with inner automorphisms:

Cs (U(x,t,\)) = A5 (x, ¢, ki (V) A = U(x, ¢, \), (8)
and

Cy (U(z,t, M) = AgU(z, b, k2(N) A7 = (a1, \). ©)



266 G. Grahovski

Since our aim is to preserve the form of the Lax pair we limit ourselves by au-
tomorphisms preserving the Cartan subalgebra h. This conditions is obviously
fulfilled if Ay, k = 1,...,4 is in the form (6). Another possibility is to choose
Ay, ..., As so that they correspond to a Weyl group automorphisms.

In fact (5) 1s related to outer automorphisms only if g is from the A, and D,
series. For the B, and C, series (6) 1s equivalent to an inner automorphism (8)
with the special choice for the Weyl group element w, which maps all highest
weight vectors into the corresponding lowest weight vectors. Z, reductions of
the form (5) in fact restrict us to the corresponding real form of the algebra g.

Here we fix up the notations and the normalization conditions for the Cartan-
Weyl generators of g [18]. We introduce h, € h, k=1,...,rand E,, « € A
where {h,} are the Cartan elements dual to the orthonormal basis {e; } in the
root space E”. Along with h, we introduce also
2 T
Ha = Z(Qv ek)hk ’ a€ A (10)

(o, @) —

where (o, e,) is the scalar product in the root space E" between the root o and
ex. The commutation relations are given by:

[hka Ea] — (047 ek)Ea s [Eom E—a] — Hoc s

Na,ﬁEa—l—B for oo + 6 €A (11)
[EowEﬁ] =
0 fora+ 08 & AU{0}.

We will denote by @ = >, _; ayei, the r-dimensional vector dual to J € b;
obviously J = >, _, aphs. If J is a regular real element in b then without
restrictions we may use it to introduce an ordering in A. Namely we will
say that the root o € A, is positive (negative) if (a,d) > 0 ((a,@) < 0
respectively). The normalization of the basis is determined by:

2

(a,) (12)
N—a,—ﬁ = _Na,ﬁ7 Na,ﬁ = i(p + 1)

E ,=F,, (E_.FE.,)=

where the integer p > 0 is such that o + s € A for all s = 1,...,p,
a+(p+1)3 ¢ A and (-,-) is the Killing form of g. The root system A of g is
invariant with respect to the Weyl reflections A ; on the vectors i € E” they
act as

Aly =4 — «, a € A. (13)
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All Weyl reflections A’ form a finite group W, known as the Weyl group. One
may introduce in a natural way an action of the Weyl group on the Cartan- Weyl
basis, namely:

Al (Hg) = AuHg AL = s,

14
AZ(Eﬁ) = AaEﬁA;1 = naﬁEAm ) naﬂ = :|:1 . ( )

It is also well known that the matrices A, are given (up to a factor from the
Cartan subgroup) by

A, = efrePoefo g, (15)

where H, is a conveniently chosen element from the Cartan subgroup such
that H% = 1. The formula (15) and the explicit form of the Cartan-Weyl basis
in the typical representation will be used in calculating the reduction condition
following from (16).

The reduction group G is a finite group which preserves the Lax representa-
tion, 1. e. it ensures that the reduction constraints are automatically compatible
with the evolution. G must have two realizations:

l) G r C Aut g

ii) Gr C Conf C, i.e. as conformal mappings of the complex A-plane.

To each g, € G we relate a reduction condition for the Lax pair as follows
[20]:

Ce(UTe(N))) = mU(A) (16)
where U(x, A) = g(x) — AJ, Cy, € Aut g and I';(\) are the images of g; and
n. = 1 or —1 depending on the choice of C;. Since G is a finite group then

for each g, there exist an integer N, such that g, * = 1. In all the examples
below N, = 2 and the reduction group is isomorphic to Z,.

The condition (16) is obviously compatible with the group action. Therefore it
is enough to ensure that (16) is fulfilled for the generating elements of G.

In fact (see [8]) every finite group G is determined uniquely by its generating
elements g, and genetic code, €. g.:

g =1, (gige)Y* =1, Ny, N, €Z. (17)
For example the cyclic Z, and the dihedral DD, groups have as genetic codes
g =1, N>2 for Zy, (18)

and

gd=09=(pg)" =1, N >2 for Dy. (19)
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It is well known that Autg = V ® Autyg where V' is the group of outer
automorphisms (the symmetry group of the Dynkin diagram) and Aut, g is the
group of inner automorphisms. Since we start with 7,.J € b it is natural to
consider only those inner automorphisms that preserve the Cartan subalgebra f.
Then Autg g ~ Ady ® W where Ady is the group of similarity transformations
with elements from the Cartan subgroup:

Xecyg, (20)

Adg X =CXC™', O =exp <27”HC> :

and W is the Weyl group of g. Its action on the Cartan-Weyl basis was
described in (14) above. From (11) one easily finds

CH,C~'=H,, CE,C™! = ¢¥«d/Np (21)

where ¢ € E7 is the vector corresponding to H, € b in (20). Then the condition
CY = 1 means that («,¢) € Z for all « € A. Obviously H, must be chosen
so that ¢ = Y7 _; 2¢,wy /(ag, ) wWhere wy, are the fundamental weights of g
and ¢, are integer. In the examples below we will use several possibilities by
choosing C}, as appropriate compositions of elements from V', Ady and W. In
fact if g belongs to B, or C, series then V = 1.

Generically each element g, € G maps A into a fraction-linear function of .
Such action however is appropriate for a more general class of Lax operators
which are fraction linear functions of A.

3. The Caudrey-Beals-Coifman Systems

3.1. Fundamental Analytical Solutions and Scattering Data for Real J

The direct scattering problem for the Lax operator (2) is based on the Jost
solutions:

lim op(x, \)e™* =1, lim ¢(x,\) e =1, (22)

X—00 L——00

and the scattering matrix
T(A) = (¥, A) "oz, ). (23)

The fundamental analytic solutions (FAS) x*(x, \) of L(\) are analytic func-
tions of A for Im A = 0 and are related to the Jost solutions by [13]

X (2, A) = ¢z, \)SH(A) = 9™ (2, VTT(A) DF(N) (24)
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where T=()), S£()\) and D*()) are the factors of the Gauss decomposition
of the scattering matrix:

T(A) =T~ (A)DT(NST(A) =THN)D ™ (A)S™(A) (25)
TH()\) = exp <Z T, ()\)Ea> , S*(X) = exp (Z sia()\)Ea> \

T 2dt(N)

DY(\) = ITexp (Z

j=1 (aj, 5)

HJ) . D (\)=Texp <Z 2d_(A) Hj>.

j=1 (a, ;)

Here H; = H,,, H; = wy(H;), S = S-1, I is an element from the uni-
versal centre of the corresponding Lie group g and the superscript + (or —)
in the Gauss factors means (upper-) or lower-trianguality for T=()), S(\)
and shows that Dt (\) (or D~ ()\)) are analytic functions with respect to A for
ImA > 0 (or Im A < O respectively).

On the real axis x*(z,\) and x~ (x, A) are linearly related by:
X N) = x (@ ANGo(N),  Go(\) =S (NS~ (N, (26)

and the sewing function Gy(A) may be considered as a minimal system of
scattering data provided the Lax operator (2) has no discrete eigenvalues [13].

3.2. The CBC Construction for Semisimple Lie Algebras

Here we will sketch the construction of the FAS for the case of complex-valued
regular Cartan element J: «(¢) # 0, following the general ideas of Beals and
Coifmal [2] for the si(n) algebras and [16] for the orthogonal and symplectic
algebras. These ideas consist of the following:

1. For potentials ¢(x) with small norm ||g(z)||.: < 1 one can divide the
complex A-plane into sectors and then construct an unique FAS m, (x, \)
which is analytic in each of these sectors (2,;

2. For these FAS in each sector there is a certain Gauss decomposition problem
for the scattering matrix 7'(\) which has an unique solution in the case of
absence of discrete eigenvalues.

The main difference between the cases of real-valued and complex-valued J
consists in the fact that for complex .J the Jost solutions and the scattering data
exist only for the potentials on compact support.

We define the regions (sectors) €2, as consisting of those A’s for which
Im(Aa(J)) # 0 for any « € A. Thus the boundaries of the 2,’s consist
of the set of straight lines:

lo ={X; ImAa(J) =0, a € A}, (27)
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where in the first equality we take A = pe® and for the second — X\ = jre™1°
with ¢+ € [,. The corresponding expressions for the Gauss factors have the

form:

ST(N\) =exp ( Z s:a()\)Ea> , ST (A) = exp ( Z s;a()\)Ea) ,

aEAT aEA;"_l
T (N —exp( >t A ) T, (A —exp< >t )
acA} | aCAF
Dy (A) = exp(d)(A) - H,), Dy (A) =exp(d, (A)-H,1). (35)
Here df(\) = (d;,,...,d%,) is a vector in the root space and
! (cn1, 00,1) (v, )

" 2dE, (N H (36)
(dF (V) H,) = 37 ot
k—1 (OémkvO‘n,k)

where a5, is the k-th simple root of g with respect to the ordering A} and
H, . are their dual elements in the Cartan subalgebra .

We skip the details about CBC construction which can be founded in [16] and
go to the minimal set of scattering data for the case of complex J which are
defined by the sets F; and F, as follows:

2M 2M
flzufl,ua F2:Uf2,va
r=1 v=1

= (PhoaN), 0 € bt AEL), G7
Fo={15,aN), €6, Xel,}
where
Phaa(N) = (S5 (MBSH(N), Exa) (38)
T8N = (TEN)BTE(N), Exa) (39)

with « € 67, A € [, and B is a properly chosen regular element of the Cartan
subalgebra h. Without loose of generality we can take in (38) B = H,,.

Note that the functions p3,,,(\) and 75, ,()) are continuous functions of A
for A el,.

If we choose J in such way that 2M = |A| — the number of the roots of
g. then to each pair of roots {«, —a} one can relate a separate pair of rays
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{loyloym}, and I, # Iz if o # £3. In this case each of the subalgebras g,
will be isomorphic to si(2).

4. The Scattering Data of CBS Systems and Reductions

Now we pass to the case when the linear problem L has a symmetry. Under
symmetry we will understand that an invariance condition on L{\) with respect
to some automorphism of the algebra is imposed. To be more specific we
consider two important Z,-reductions:

1) AU (ENNAT ' =UN), Al=1 (40)
2) AU(ENA =U(N), AS=1. (41)

This leads in natural way to the following reduction conditions for the potential
matrix ¢(x) and the Cartan elements J (according to (40) and (41)):

1) Agi(@)AT =q(z),  AJAT =4, (42)
2)  Asq(x)Ay = q(x), Ay JAT = £ (43)

In such way we decrease the number of independent functions ¢, (x) and ¢_, (z)
in the potential matrix ¢(x) and the eigenvalues of the Cartan elements J.
As we mentioned above in order to obtain dynamics of NLEE compatible
with the evolution we must restrict ourselves considering only the group of
automorphisms of g which preserve the Cartan subalgebra hj: Auto g = Ady g®
20(g). the case with Cartan group automorphisms is discussed in [14].

We remind also that the isometry between the root space £ O A and the
Cartan subalgebra § is given by [18]:

(H;, Hj) = (i, 05) = ci(Hj) - (44)
As a consequence we have:
Im(A*(a(J)A) = Im(a(AJA™HN) = Im(a(J)w) (45)
where A* is the co-adjoint action of A on the root system:
A*a(H) = a(AHA™), Hey. (46)

and w = 1. Clearly if 7, is the set of simple roots of the subalgebra g, on
the ray [, then

lare = {A; Im(a(J)w™'A) =0}, acm,. (47)

Generally this means that [ 4., is obtained from [, through the rotation A — wA,
w = exp(27i/p) in the complex A-plane and therefore the set of lines {/, }oca
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is invariant under the action of the group Z, generated by w. Clearly Z,
maps sectors into sectors. Without loss of generality we can assume that €2,
Qs,...,82 come one after the other in positive direction.

The symmetry of the Lax operator L(\) is of course reflected on the properties
of the FAS by:

1) Ayml(z,wA*)A[!
2) Apm,(x,wA\)A

AeQ,, (48
AEQ, (49)

= MopM—A*(v)+1 (ﬁE', )‘) ’

2_1 = mM+A*(V)($7 )‘) )

where A*(v) is the image of the v-th ray [, under the reflection A*(«).
Thus for the Gauss factors SF(\), TF(\) and DF()\) we obtain:

= Al(SQ_M—A*(y)—i—l(C‘J/\*))TAl_l ;
1) TN = Ai(Toy_aeyya (WA))TATH, (50)
Dy(A) = A1<D2_M—A*(V)+1<MA*)>*A;17
= AsSyriavi) (W) A,
= AsTopy 4y (WA A, (51)
= A2 Dy gy (WA Ay

and as a consequence for the minimal set of scattering data (38):

1) pE,V,OC(A) = (p]E 2M—A*(v)+1,A* (a)(wk*))* O 53—,1/7 (52)
P}ia,y,a(k) (PB 2M—A* (1) +1,A (W/\*)* o€ 5J1r,1/ ;
2) pg,y,Oc()\) prg MAA*(v),A* (a) (w)\ ) OS 53—,V’ (53)
plzg,l/oz<)\) pg JMAA(v),A* () ((.U)\ ) o€ 5—1|—,1/
where the sets 67 , and d} , are introduced as follows:
6t,=46%,0Ud., (54)
and
A*<59L,u) = 5—0|—,A*(u) ) A ((XIL ) = 5+ A*(v) "

In the next section we consider an nontrivial example of Z, reductions of type

1) on the so(5) algebra.
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5. Example: g ~ B,

This algebra has 4 positive roots: A5 = {e; — ez, e2,€1,€; +e3}. We will
limit ourselves with a particular case choosing the Cartan element in the form:

J = diag(a,a”,0, —a", —a). (55)
The continuous spectrum of the Lax operator (2) fills up a bunch of 8 rays [,
intersecting at the origin defined by (27):

1) {5 coincides with the real axis in the complex A-plane (see Fig. 1);

2) without loss of generality we can choose [y, = [, and [;; = [g (see the
notations below) to close with the real axis an opposite angles —¢ and ¢
respectively;

3) lio goes through the imaginary axis.

ls

lg

Figure 1. The continuous spectrum of the Lax operator L(\) related to Eq. (55)

Here we use the notations (mn) = ma; + nas, where a; = e; — €3, @y = €
are the simle roots of By-algebra, m,n > 0 and (mn) = —ma; — nay. In
Fig. 1 we note [y = lys, lo = lo1, I3 = l1g, Is = l11 and by l4, I5, lg, [; their
opposite rays respectivelly. These rays devide the complex plane into 8 sectors
Qy,...,8s and each sector €2, is bounded by the rays [, and [, 1, k= 1,...,8.

To each ray [,, corresponds si(2) subalgebra generated by the roots {+«a}. The
minimal set of scattering data is

F= {PliQ,l (/\)7 P1i1,8(/\)7 pim(/\), p(:)tl,Q(/\)7
PN 05, (V) p35 (V) 05 s (N} (56)
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Let us now impose the following reduction:

Ar (U (z, \) =U(N), Uz, ) =q(x) — AJ.

€1—e2

The orbits of the authomorphism (57) are as follows:

{127 l4}7 {lh l5}7 {l67 l8}7 {l3}> {l7};
{90, }, {Qs, Qs {5, Qs }, {6, Q7 ]

and the reduction conditions on the scattering data are:

Plos(N) = (o35, (N))",  p15,(N) = (p10s(A7))",
pzaN) = (5 () 5, (N = (pha (V)
P01,2(>‘) (PljF—l 4(>‘*))*7 Pli—m(/\) (P?)Fl 2 (A")),
Piis(N) = (o s(\))"s 5N = (plis(A))”

Thus the reduced minimal set of scattering data becomes:

Flired = {P;Lo,g (A), p1__0,7 (A), /01i1,8 (A), 011_174 (A), pli2,1 (M)}

6. Conclusions

(57)

(58)
(39)

(60)

(61)

We announced here some preliminary results about the classification of CBC
systems related to (semi-) simple Lie algebras. More detailed article about this

problem containing wider class of reductions is in preparation.
We finish this report with several remarks:

e Note that in the case of reduction 2) it may happen that two or more of the

eigenvalues of .J become equal. Then the construction of the FAS requires
the use of the generalized Gauss decomposition in which the factors DE ()
are block-diagonal matrices while T()\) and SE()) are block-triangular
matrices, see [12].

The Zs-reductions which map A to A* combined with Cartan involution on
g lead in fact to restrictions of the system to a specific real form of the
algebra g 1. e. lead to the case of real J. A classification of such reductions
applied to N-wave type systems is done in [14];

To all reduced CBC systems one can apply the analysis [16] and derive the
completeness relations for the corresponding system of “squared” solutions.
Such analysis will allow one to prove the pair-wise compatibility of the
Hamiltonian structures and eventually to derive their action-angle variables,
see €. g. [23,5] for the A, -series.
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