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Abstract. In the present paper we consider a class of hypersurfaces of
conullity two in Euclidean space, which are one-parameter systems of
developable surfaces of codimension two and we prove a characteriza-
tion theorem for them in terms of their second fundamental tensor.

1. Preliminaries

It is well-known that the curvature tensor R of a locally symmetric Riemannian
manifold (M, g) satisfies the identity

R(X,Y)-R=0. (1.1)

for all tangent vector fields X and Y. This is the reason why the spaces
satisfying the identity (1) are called semi-symmetric spaces.

In 1968 Nomizu [6] conjectured that in all dimensions n > 3 every irreducible
complete Riemannian semi-symmetric space is locally symmetric.

In 1972 Takagi [9] constructed a complete irreducible hypersurface in [E* which
satisfies the condition (1.1) that is not locally symmetric. In 1972 Sekigawa [7]
proved that in E™" (m > 3) there exist complete irreducible hypersurfaces
satisfying the condition (1.1) but are not locally symmetric. In 1982 Szabo [8]
gave a local classification of Riemannian semi-symmetric spaces. According
to his classification there are three types of classes, namely:

1) trivial class, consisting of all locally symmetric Riemannian spaces and all
2-dimensional Riemannian spaces;
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2) exceptional class of all elliptic, hyperbolic, Euclidean and Kahlerian cones;

3) typical class of all Riemannian manifolds foliated by Euclidean leaves of
codimension two.

Riemannian manifolds of the typical class were studied under the name Rie-
mannian manifolds of conullity two in [2] with respect to their metrics.

Let (M™, g, A) be a Riemannian manifold endowed with a two-dimensional
distribution A. Since our considerations are local, we can assume that there
is an orthonormal frame field {W, ¢} on M", which spans A, i.e. A, =
span{W, &}, p € M™. We denote by T,,M™ the tangent space to M™ at a point

p € M™ and by XM™ — the Lie algebra of all C'*™° vector fields on M™.

A Riemannian manifold (M", g, A) with curvature tensor R is of conullity
two [2], if at every point p € M™ there exists an orthonormal frame {e; =
W,es =€, e3,...,¢,} of the tangent space 7, M" such that

1) R(el, €o, €9, 61) = —R(GQ, €1, €, 61) = —R<€1, €o, €1, 62) =
R<€27 €1,€1, 62) — k(p) 7é 07
i) R(e;,e;, ey, ;) = 0, otherwise.
Let M™ be a hypersurface in Euclidean space E™"'. We denote the standard

metric in E"*! by ¢ and its Levi-Civita connection by V’. Further, let V be
the induced connection on M™ and

hMX,Y) =g(AX,)Y), X,Y € XxM"

be the second fundamental tensor of the hypersurface M™. Hypersurfaces of
conullity two are characterized in terms of the second fundamental tensor as
follows [5]:

Proposition 1.1. 4 hypersurface (M™, g, A) in E™" is of conullity two iff its
second fundamental tensor h has the form

h=dowt+pwentnew)+men, w—p*#0, (1.2)
where w and n are one-forms; A\, |y and v are functions on M™.

Let Ay be the distribution on AM™, orthogonal to W and &, and A — the
distribution orthogonal to &.

The integrability conditions for a hypersurface of conullity two, obtained in [5],
are

1) onf = ’Y(xO)Wﬂ
2) Ve, W = —y(0)&;

vdA(xy) — ndul(x A+ v
3) Q(VWW,HT()) = ( )[\)Z—/:LQ ,u( O> + l;\(l/—,u)
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Adp(xe) — pdM(zo) N +2p° = v

4) g(VW€7 xo) - )\I/ . ,UJ2 )\I/ . ,UJ2 7(1’.0))
vdu(xzy) — ndv(x 22 + 12 — v
5) g(VeW,x0) = il ;) _Mg (&) + M}\ ———(@o);
v— v— i
Adv(zg) — ndu(z A+ v
6 9(Vet, o) = * ) — ) _ A Mﬁ A (0);

) {A=v)* + 4 yg(Vw W, €) = 2pdp(€) — (A —v) dp(W) — 2pdv(W) +
(A =) dA(S);

8) {(A—v)2+4p*}g(Ve&, W) = (A—v) dp(§) +2p dp(W) — (A—v) dv(W) —
2pdA(E),

where z, € A, and v is a one-form on Ay, defined by the eduallity v(zy) =

9(Ve, &, W),

With the help of these integrability conditions two interesting classes of hyper-
surfaces of conullity two are characterized in [5] — the class of ruled hyper-
surfaces and the class of one-parameter systems of torses of codimension two.
Ruled hyper surfaces in E"*! are characterized by the following

Theorem 1.1. Let (M™, g, W, &) be a hypersurface in E"™" with second fun-
damental tensor h. Then M" is locally a ruled hypersurface iff
Dh=plw@n+nRw)+vnemn;
1) v=0;
iii) divé = 0.

Hypersurfaces of conullity two, which are one-parameter systems of torses of
codimension two, are characterized as follows

Theorem 1.2. Let (M"™, g, W, &) be a hypersurface of conullity two in E"H!
with second fundamental tensor (1.1). Then M™ is locally a one-parameter
system of torses iff

1. A#£0;

2. the distribution A is involutive;

3. v=0;

4. p=-W (arctan

di;§>.

In this paper we prove a characterization theorem for hypersurfaces of conullity
two in E"T!, which are one-parameter systems of developable (n — 1)-surfaces
in terms of their second fundamental tensor (Theorem 3.1).
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2. Developable Surfaces in Euclidean Space

A (k+ 1)-dimensional surface M**' in Euclidean space E"*!, which is a one-
parameter system {E¥(s)}, s € J of k-dimensional linear subspaces of E"t1,
defined in an interval J C R, is said to be a ruled (k + 1)-surface [3, 1]. The
planes E*(s) are called generators of M**'. A ruled surface M**! is said to
be developable [1], if the tangent space T, M**! at all regular points p of an
arbitrary fixed generator E*(s) is one and the same.

We call a developable ruled hypersurface M™ = {E"!(s)}, s € J in E"*! a
torse. Torses are characterized in terms of the second fundamental tensor as
follows [4]:

Lemma 2.1. Let (M", g) be a hypersurface in B with second fundamental
tensor h. Then M™ is locally a torse iff

h=kv®w,
where k and w are a function and a unit one-form on M™, respectively.

If N is a unit vector field, normal to the torse M™ = {E""!(s)}, s € J, then
according to Lemma 2.1

ViN = —ko(X)W, X eXM",

where W is a unit vector field, orthogonal to the generators and corresponding
to the one-form w.

Remark 2.1. Every hyperplane M™ = E" can be regarded as a torse with
k = 0. The hyperplanes are trivial torses.

Now we shall consider a developable (n — 1)-surface @' = {E"2(s)},
s € J in Euclidean space E"*!. Let {N, £} be an orthonormal frame, normal
to @"~'. We denote by h, and h, the second fundamental tensors of Q"'
corresponding to the vector fields NV and &, respectively:

hl(x7y> =g(A1:U,y), hZ(xay) :g(AQxay)> T,y € %Qn_l-
According to Gauss and Weingarten formulae
Va/;y:vxy+h1(xay>N+h2(xﬁy)€v xij%Qn—lj
V.N=—-Ax+ D,N, (2.1)
Let p € Q"' be an arbitrary point and E"~2(s) be the generator of Q"

containing p. Let Ay(p) denote the subspace of 7,,QQ" !, tangent to E"~2(s)
and Ay; p — Ag(p) be the corresponding distribution. The unit vector field
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on Q™! orthogonal to A, and its corresponding one-form are denoted by W
and w, respectively (W is determined up to a sign).

Since Q"' is a developable surface, then the normal frame {N, £} is parallel
(constant) along each generator E"~2(s), i. e.

VN =0,
V=0,

To

Zo € AO . (22)

So, the equalities (2.1) and (2.2) imply
A1$0:O, DmoN:()a

AgajO:O, Dmﬁ:O, To & Bo.
Hence,
hl(LCan) :Oa
Ty € Ay, cxQ" . 2.3
hz(ﬂjo,y) :0’ 0 0 Y Q ( )

If = and y are arbitrary vector fields on Q™~!, then
r—w(x)W e Ay, y—w(y)W e Ay, (2.4)
and using (2.3) we get

hi(z,y) = pw(z)w(y)
ho(z,y) = qu(z)w(y),

where p = hi (W, W), q = ho(W, W),
Hence, the second fundamental tensors of a developable (n — 1)-surface Q"
are

Az = pw(z)W ,

n—1
Ay = qu(z)W TE X

So, the Weingarten formulae for a developable (n — 1)-surface Q™' takes the
form
VIN = —pw(x)W + D,N ,

Vi = —qulmW + D¢, CEXOT @)

Now we shall characterize the developable (n — 1)-surfaces in E"*!,

Let (M™', g,W) be a surface of codimension two in E"*! endowed with a
unit vector field W and let w denote the unit one-form corresponding to W.
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Lemma 2.2, Let (M"™ 1, g, W) be a surface in E™*! with normal frame { N, £}.
Then M™ 1 is locally a developable (n — 1)-surface iff
VilN = —pw(a)W — pw(z)€,

n—1
ViE = —quw(z)W 4+ pw(x)N , re XM, (2.6)

where u, p and q are functions on M™~1, such that p* + ¢* > 0.

Proof: 1. Let M~ ! be a developable (n — 1)-surface Q! = {E"%(s)},
s € J. Hence, the equalities (2.5) hold good. Since N and £ are unit vector
fields, then g(V. N, N) =0, g(V.£,£) = 0. Denoting

p=g(Vig&, N) = —g(Viy N, §),
we get
VéVN = _pW — M£>

2.
Viré = —qW + uN . 2.7)

Taking into account the presentation (2.4) of arbitrary vector fields  and y
from the equalities (2.2) and (2.7) we obtain (2.6).

II. Let the equalities (2.6) hold good for a surface M™~! in E"™. If " =0 is
the curvature tensor of the canonical connection V’ in E"*!, then calculating
R'(xz,y)N and R'(x,y)¢ from (2.6) we find

{pdw(z,y) — (WA dp)(z,9)}€ + {pdw(z, y) — (WA dp) (@, y) ;W
— pw(z)V,W + pw(y)V,W =0
tpdw(z,y) = (WA dp)(,y)}N = {gdw(z,y) = (WA dg)(@, )W ¢
+ qw(x) VW — qu(y)V, W = 0.

From (2.8) it follows that for each x, € A, we have
dw(zg,y0) =0, vV, W =0. (2.9)

The first equality of (2.9) implies that the distribution A, is involutive. Hence,
for every point p € M"~! there exists a unique maximal integral submanifold
Sn=2 of Ay containing p. Using (2.6) and the second equality of (2.9) we get

VIN=0, V.6=0, V.W=0, x5€LA,

which shows that 57~ lies on a (n — 2)-dimensional plane E!~2 with canon-

ical normal frame {N,£, W}. Hence, M™ ! lies on a one-parameter system
{E"=2(s)}, s € J of planes of codimension three. Besides that, the normal
frame {N, ¢} of M™! is constant along each generator E"~*(s) (V. N =0,
V! & = 0), which implies that A/" " is locally a developable (n—1)-surface. [
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Remark 2.2. Let Q"1 be a developable (n — 1)-surface. From the equalities
(2.6) and (2.8) it follows that

pdw(z,y) — (WA dp)(z,y) = 0.

Hence, d(pw) = 0, i. e. the I-form pw is closed. Then there exists locally a
function © on Q™' such that unw = do. Now the equalities (2.6) take the
form

VN = —pw()W — de(z)¢,

ViE = —qu)W + dplr)N . 210
Setting
[ = cosp& —sinpN |
n = sin @& + cos N ,
from (2.10) we find
Vi=—-kw(x)W, 2.11)

Vin = —kyw(z)W ,
where ki = qcos — psin p, ks = pcos p + ¢ sin .

Hence, for each developable (n— 1)-surface Q"' there exists locally a normal
frame {l,n}, satisfying the equalities (2.11), where k; and k- are functions on
Q" '. We shall call {/,n} the canonical normal frame of Q" .

3. Hypersurfaces of Conullity Two, which Are One-parameter
Systems of Developable (n — 1)-surfaces

Let (M", g, W,£) be a hypersurface of conullity two in E"™! with second
fundamental tensor (1.1). The integrability conditions 1)-8), given in Section 1
hold good. We denote by A, the distribution on M", orthogonal to W and &,
1. e.

Ao(p):{[l’}oETpMn;SCoJ_W,LU()J_g}, pEMn
and by A the distribution on M™, orthogonal to &, i.e.

Alp)={zeT,M";xz L&}, peM".
Now we shall prove the main theorem in our paper

Theorem 3.1. Let (M™, g, W, &) be a hypersurface of conullity two in E*!,
Then M™ is locally a one-parameter system of developable (n — 1)-surfaces iff

i) the distribution A is involutive;
i) v =0.
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Proof: 1. Let M™ = {Q™ '(s)}, s € J be a one-parameter system of devel-
opable (n — 1)-surfaces Q" '(s), defined in an interval J. For an arbitrary

s € J the surface Q™' (s) has a canonical normal frame {/(s), n(s)}, satisfying
(2.11).

Let N be a unit vector field, normal to A" and £ be a vector field on A",
orthogonal to the surfaces Q™ *(s). Then {N, ¢} is a frame, normal to each
surface @™~ !(s). Hence,

& = cospl 4 sinpn,
N = —sin ¢l + cos pn,

where ¢ = Z((,&). The equalities (2.11) and (3.1) imply

VIN = —(kycosp — ky sinp)w(z)W — de(x)E,

n—1
Vié = —(ky cos + ko sin)w(z)W + de(x)N , reXQ" . (3.1)

If h(X,Y) = g(AX.,Y), X,Y € XM" is the second fundamental tensor of
M™, then the first equation of (3.2) gives

Ax = (kycosp — ky sin)w(x)W + do(x)é, xeXQ™'.

So, for zy € Ay we have Azy = dp(xy)E. Since M™ is a hypersurface of
conullity two, then dy(zy) = 0,24 € Ag. Hence,

dp(r) = dp(W)w(z). 3.2)

So, the second fundamental tensor / of a one-parameter system of developable
(n — 1)-surfaces is:

h=(kycosp—kisinp)wR@w+ dp(WHlw@n+nw)+vnen,

where v = h(¢, §).

Using (3.3) and the second equality of (3.2), we get V,, { = 0,z € A,. Hence,
the one-form ~ on A is zero.

Since the developable (n — 1)-surfaces Q"' (s) are the integral submanifolds
of the distribution A, orthogonal to &, then A is involutive.

II. Let M™ be a hypersurface of conullity two, for which the conditions 1) and ii)
hold good. Since A is an involutive distribution, then for every point p € M”
there exists a unique maximal integral submanifold Sg_l of A containing p.
Hence, M™ lies on a one-parameter system {S""!(s)}, s € J of surfaces
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S5"~1(s) of codimension two. Taking into account i), ii) and the integrability
condition 4) for M™ we obtain

VieN=- W —pué, V.N=0,

@f:dlng—F/LN, Valjogzo’ :EOEAO- (33)

If v € A, then x — w(x)W € Aq and using (3.4) we get
VN = —dw(z)W — pw(z)€,

V¢ =diviw(z)W + pw(z)N €A

If A\ = 0 and div{ = 0, then according to Theorem 1.1 M™ is locally a
ruled hypersurface {E"~'(s)}, s € J (the integral submanifolds S"~! of the
distribution A are planes E*~1),

If A #£ 0 or divé # 0, then denoting p = A\, ¢ = —divé and applying
Lemma 2.2, we obtain that the integral submanifolds S™!(s) of A are locally
developable (n — 1)-surfaces Q" '(s). Hence, M™ is locally a one-parameter
system {Q"*(s)}, s € J of developable (n — 1)-surfaces. ]

References

[1] Aumann G., Zur Theorie verallgemeinerter torsaler Strahlflichen, Mh. Math., 91
(1981) 171-179.

[2] Boeckx E., Vanhecke L.. and Kowalski O., Riemannian Manifolds of Conullity Two,
World Scientific, Singapore 1996.

[3] Frank H. and Giering O., Verallgemeinerte Regelflichen, Math. Z., 150 (1976)
261-271.

[4] Ganchev G. and Mihova V., On the Riemannian Geometry of a Developable Hy-
persurface in Euclidean Space, C.R. Acad. Bulg. Sci., 50 (1997) 17-20.

[5] Ganchev G. and Milousheva V., Hypersurfaces of Conullity Two in Euclidean
Space Which Are One-parameter Systems of Torses, In: Perspectives of Com-
plex Analysis, Differential Geometry and Mathematical Physics, S. Dimiev and K.
Sekigawa (Eds), World Scientific, Singapore 2001, pp 135-146.

[6] Nomizu K., On Hypersurfaces Satisfving a Certain Condition on the Curvature
Tensor, Tohoku Math. J., 20 (1968) 41-59.

[7] Sekigawa K., On Some Hypersurfaces Satisfying R(X,Y) - R = 0, Tensor, N. S.
25 (1972) 133-136.

[8] Szabo Z., Structure Theorems on Riemannian Spaces Satisfying R(X,Y)- R = 0.
1. The Local Version, J. Differential Geometry 17 (1982) 531-582.

[9] Takagi H., An Example of Riemannian Manifolds Satisfying R(X,Y)- R = 0 but
not VR = 0, Tohoku Math. J. 24 (1972) 105-108.



