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Abstract. The image B, , of a product of balls B, x B, under a
compression ¢, (X,V) = (X, V(1 — X X) %) is called a compressed
product of balls of exponent o € R. The present note obtains the group
Aut(Bye ) of the holomorphic automorphisms and the Aut(B. ,)-
orbit structure of Bps , and its boundary 0B, ; for o > 1. The
Bergman completeness of By- 4 is verified by an explicit calculation of
the Bergman kernel. As a consequence, local lower boundary estimates
on the Bergman kernels of the bounded pseudoconvex domains are
obtained, which are locally inscribed in Bs , at a common boundary
point.

For a strictly pseudoconvex domain D = {z € C™; p(z) < 0} with a smooth
boundary, Fefferman [6] and Boutet de Monvel-Sjostrand [2] have expanded
the diagonal values kp(z) := kp(z,z) of the Bergman kernel in the form

Eo(2) = ¢n(p)p ™ + Un(p)log(—p), whete pn(p) and n(p) ate power
series in the defining function p = p(z).

Only few results are known for the boundary behavior of the Bergman kernel

of a weakly pseudoconvex domain. For arbitrary m = (my,...,m,) € N” let
Em ={2€C™"; pl2) = X0y 2517 — 1 <0}, 2° € 08,

P,:={jeN;zj=0andm; > 1}, Q,:={jcN;z;#0o0rm; =1}.

Kamimoto has established in [11] the existence of an open subset U C C™ with
z° € QU and a real analytic function ®,,: U — {r € R; r > 0}, such that

ke (2) = @y (2)pra(2)  2iern ™ 4@ oy U If P, = 0 then ®,,(2) is
bounded around z°, while lim,_, .. ®,,(z) = oo for P, # (.
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In the spirit of Kamimoto’s result, the present note provides local lower bound-
ary estimates on the Bergman kernels of the bounded pseudoconvex domains,
which are locally inscribed in a compressed product of balls. More precisely,
on a product of balls

B, x B, ={X € Mat,,(C),V € Mat,(C); ‘XX < 1,'VV <1} (1)

let us consider a compression map
¢si By x By = B, x By, ,(X,V):= (X,V(1 'XX)%) (2

of a positive real exponent o. Its image
Byo g i=c¢.(B, x By) ={X € B,,Y € By; ppo o(X,Y)

=YY - (1 -'XX)” <0} ©)

will be referred to as a compressed product of balls.

In Section 1 an explicit holomorphic action of the group G = SU(p,1) x U,
on B,- , (cf. (5) from Lemma 1(ii)) is recognized. After describing the G-orbit
decompositions of B, ,, 0B,. , and the geometry of the corresponding orbits,
Proposition 1 establishes that the entire group Aut(B,- ,) of the holomorphic
automorphisms of B,. , is depleted by G.

The second section provides the diagonal values k,- ,(X,Y") of the Bergman
kernel of B,. ,. This is done by means of the Aut(B,. ,)-transformation law
of k,- , and an explicit calculation of k,- , at the canonical Aut(B,. ,)-orbit
representatives on B,. , (cf. (8) from Lemma 1(iv)). If the diagonal values
of the Bergman kernel of a bounded domain D tend to infinity, while ap-
proaching each of the boundary points, then D is called Bergman complete (cf.
[1,16]). Bremermann has shown in [4] that any Bergman complete domain
is pseudoconvex and any bounded domain with a strictly plurisubharmonic
exhaustion function is Bergman complete. However, there exist bounded pseu-
doconvex domains, which are not Bergman complete, €. g., the punctured disc
A" := A\ {0}, A:={z € C; |z| < 1}. This raises the problem of obtaining
sufficient conditions for the Bergman completeness of bounded pseudoconvex
domains. Blocki and Pflug [1] and, independently, Herbort [8] have shown that
the existence of a plurisubharmonic exhaustion function of a bounded domain
D is sufficient for its Bergman completeness. In [16] Zwonek proves that if
a bounded pseudoconvex Reinhardt domain D does not admit an embedding
g: A* — D, which extends to £: A — D with €(0) € 9D, then D is Bergman
complete. The present note derives the Bergman completeness of the domain
B, , from the explicit formula for k. ,.

A domain D C C" is locally geometrically approximated by a family F of
domains in C”, if for any Z € 9D there exist a domain 2, € F and a
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neighborhood U(2z) of Z on C”, such that DN U({23) is a domain in .
A result of Diederich, Fornaess and Herbort (cf. [S] or Lemma 4) implies that
the local geometric approximation by a family of bounded Bergman complete
domains suffices for the Bergman completeness of a bounded pseudoconvex
domain. The third section exposes the ultimate results of the present note in
the form of local lower boundary estimates on the Bergman kernels of bounded
pseudoconvex domains D, which are locally inscribed in some B,- , with o > 1
at their common boundary point (cf. Corollary 2).

1. The Geometry and the Group of Holomorphic Automorphisms
of a Compressed Product of Balls

Lemma 1. Let B,. , be a compressed product of balls of exponent o > 0 (cf.
(3)). Then:

i) B, , fibers by q-balls of variable radii (1 —'XX)% over the p-ball B,
Byoy =Uxep, By (1-'XX)F)
i) the group
G = SU(p,1) x U, 4)

acts by holomorphic automorphisms on B,. ,, according to the rule

g(X,Y) = ((AX + B)(CX + D) ', LY(CX + D) °) (5)

where

g=(N,L)eG, N = (A ) ¢ sU,1),L e,

¢ D)
and

(X,Y) € Byo g

iii) for any (X,,Y,) € Bye , the (p+ 1) X (p + 1)-matrix

Nj= W=

¢xe .:( (I~ X' Xo) 5 (L~ X,'X,)
A\

Xo
1-X, X)) 7 ('X,) (1-'X,X,)” ) ©)

belongs to SU (p,1) and

£5(X,,Y,) = (0,Y,(1 — 'X,X,) #) € {0} x By; (7)



196 Azniv Kaspatian

iv) Bpe o = Useio,1yG M (s) splits into a real one-parameter family of G-orbits
with canonical representatives

M(s)=(X =0,Y ='(s,0,...,0)); (8)

v) for s > 0 the orbits GM (s) = Uxep, S* ' (s(1 — 'XX)¥%) fiber by (2q
1)-spheres of variable radii over the p-ball, while GM (0) = B, x {0} is
an ordinary p-ball.

Proof: Claim (i) is immediate from the definition (3) of a compressed product
of balls.

The indefinite special unitary group

SU(p,1) := {N = (é g) € 8Ly (C); 'N (I(f 01) N= (I(f 01)}

has defining equations
‘AIA - 'CC =1,  'AB 'CD=0,

_ i 9
‘BB—'DD=—1, det(N)=1 ®

in terms of the matrices A € Mat, ,(C), B € Mat,,(C), C € Mat, ,(C),
D € C. The action of N € SU(p,1) on X € B, is N(X) := (AX +
B)(CX + D) '. Bearing in mind (9), one observes that 1 — *N(X)N(X) =
(1—-tXX)|CX + D|~2 and verifies that g from (5) is a holomorphic bijection
of B, ,. Straightforward verification of Ny(N;(X,Y)) = (NoN;)(X,Y) and
I,.1(X,Y) = (X,Y) concludes the proof of (ii).

Concerning (iii), let us choose T € U, rotating X, to 'T'X, = *(w,,0,...,0)
for some w, € [0,1). Then

o 0 - 07 ¢ Mat,,(C)

(Tp — X' Xo)

is well defined positively definite Hermitian matrix. Expressing £%° from (6)
by T and w,, one verifies immediately the defining equations (9) of SU(p, 1).

For the proof of (iv) one multiplies the second component of (7) by an appro-
priate L € U,, in order to obtain L&*(X,,Y,) = (0, s,) for some s, € [0, 1).
Towards the description of the G-orbits on B,. ,, we note that the projec-
tion II: B,. , — B,, II(X,Y) = X commutes with the SU (p, 1)-actions on
B,-, and B,. Thus, for an arbitrary X € B, there exists N € SU(p, 1),
such that X = N(0) = NIIM(s) = IINM(s) € IIGM(s) for all s €
[0,1). In other words, any II,: GM(s) — B, is surjective and the fibers
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I;(X) = II;Y(N(0) = I;Y(BD ') = {(BD~,L!(5,0,...,0)D°); L €

U} ~ {Y € Mat,1(C); 'YY = (s|D| °)*} are (2¢ — 1)-spheres, which
degenerate to the origin 0 € C? for s = 0. O

The next lemma describes some geometric and analytic properties of the bound-
ary 0B, ,. The case of an ordinary ball B, , = B, is well known.

Lemma 2. Let OB, ;= {X €B,,Y €By; ppo (X, Y) =YY — (1 - X X)°
= 0} be the boundary of a compressed product of balls B, ,. Then:

i) in the notations of part (ii) of Lemma l, any g € G extends to a real
analytic diffeomorphism of 0B, ,;

ii) for o > 1 the boundary 0B,. , is of class C* and the singular boundary
locus is the orbit

OBy ,N{Y =0} =S5 ' x {0} =U,(N)

of
N = (X =%(1,0,...,0),Y = 0) € B0 ,;

i) the smooth boundary locus

(0B, o) = Uxep, 51 (1 - 'XX)%) (10)
fibers by (2q — 1)-spheres of variable radii over the p-ball and constitutes
the orbit

(0Bye o) = (SU(p,1) x U, )M (11)
of

M=(X=0Y="%1,0,...,0)) € (8B, ,)° .

Proof: We claim that £%° from (6), Lemma 1 (iii) extends in a neighborhood
of OB, ,. Otherwise, there is X; € Mat,,(C) with *X, X, =1 and X, X, =
1. Cauchy-Schwarz inequality for the standard Hermitian inner product in
Mat,,;(C) implies that 1 = *X,X; < VIX, X1 X, X; = ViIX, X, < 1,
which is an absurd. This justifies the extendability of £X° over B, ,. For
an arbitrary g = (N, L) with N € SU(p, 1), let X, := N *(0) where 0 € C?
stands for the origin of B,. Then XN~ € Aut,(B,) = U, acts linearly on
B, and extends to Mat,;(C) D B,. Similarly, L € U, induces a diffeomor-
phism of 0B, ,.
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Towards the verification of (i1), one calculates that the real gradient

( Opprq OPpog Oppoq OPpoq
O(rzy)’ O(izy)’ 7 O(rz,) O(iz,)’
Opprq OPpr g Opprq Py q )
O(ry:) " Oiyn) " Olry,) " Aiy,)
= (20(rz:)(1 — ‘X X) ' 20(iz,)(1 — "X X)7 ..., 2ry,, 2iy,)

vanishes exactly when X € S ' =U,(N) and Y =0 € C.

As an immediate consequence of (ii) and the defining equation (10) of 0B,. ,,
follows. The argument of Lemma 1 (ii) reveals the G-invariance of (B,- ,)°,
whereas GM C (B, ,)°. Conversely, for any (X,,Y,) € (B, ,)° the
proof of Lemma 1 (iii) provides ¢¥- € SU(p,1) with £%°(X,,Y,) = (0,Y;),
Y; = Y, (1 —'X,X,)”%. Then an appropriate L € U, brings Y; € S~ to
“(1,0,...,0). O

We are now in the position to describe the reduction of the identity component
Aut(B, x B,)1 = SU(p,1) x SU(q, 1), caused by a compression map ¢, (cf.
).

Proposition 1.

1) The holomorphic automorphisms, fixing the origin 6 = (X = 0,Y = 0)
of a compressed product of balls B,. , of exponent o > 1 form the group

Auty;(Bye 4) = Auts(Bpe ) NG =S(U, xUy) x U, ~U, xU,. (12)

i1) The group of the holomorphic automorphisms of a compressed product of
balls B,. , of exponent o > 1 is

Aut(B,e ,) = SU(p, 1) x U,. (13)
Proof:

i) By definition (3), the domain B, , is circular, i.e., invariant under the
action (X,Y) — (e*X,e?Y) of U; = {e; a € [0,27)}. The holo-
morphic automorphisms, fixing the origin of a bounded circular domain
act by unitary linear transformations on the ambient Euclidean space (cf.
[10,13]). Therefore, any ¢ € Auts;(B,- ,) € U,., extends to a real ana-
lytic diffeomorphism of the boundary 0B, ,, preserving the smooth and

é IB;) € Upyq with

A € Mat, ,(C), B € Mat, ,(C), C € Mat,,(C), D € Mat, ,(C) trans-
forms any (X,Y =0) € §* ' x {0} in (AX,CX =0) € S# ' x {0},
then C = 0. Further, ‘pp = I,;, implies that B = 0, A € U,

the singular boundary loci. More precisely, if ¢ = (
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and D € U,, whereas Aut;(B,.,) C U, x U,. The obvious inclusion
U, x U, = Autys(Bye o) NG C Auts(B,. ,) concludes the proof of (i).
ii) Let us suppose that ¢ € Aut(B,- ,) maps 0 = M(0) in (X,,Y,) € By ,.
According to Lemma 1 (iv), there exist ¢ € G and s € [0,1), such that
9(X,,Y,) = M(s) (cf. (8)). If s =0 then gy € Auts(B,-,) C G, so that
¢ € G and Aut(B,. ,) = G.
The opposite assumption s # 0 implies that GM (s) € Aut(B,. ,)M(0),
whereas 2p+2¢—1 = dimg GM (s) < dimg Aut(B,- ,)M(0). According
to Braun, Kaup and Upmeier’s article [3], the Aut(B,. ,)-orbit of the
origin M (0) of the bounded circular domain B, , is a bounded symmetric
domain, embedded as a closed complex analytic submanifold of B, ,.
Therefore, Aut(B,. ,)M(0) = B, , is a Hermitian symmetric space of
noncompact type. In particular, the boundary 0B,. , is smooth. This
contradicts Lemma 2 (it), thus justifying that s = 0.

O

2. The Bergman Kernel of a Compressed Product of Balls

Lemma 3. At the canonical Aut(B,. ,)-orbit representatives M (s) of By ,
with o > 0 (cf. (8) from Lemma 1), the diagonal values of the Bergman kernel
are

=0 (14)
x [(1— s?)att — s2@tD)(1 - g2y Pt 25%) !
where
Coi= ()T ra F(o) = (p+q)lo” (15)
q (p—1 [p—i ) )
Fj(o) := lH(j + 5)] iz lH(Jq it l)] a; ;(o) + ap,j(a)} 7 a6
=1 1=j Li=1
forall 0<j<p—1,
are expressed by the recursively defined a; ;,
a;o(o):=0, forall i €N
i1
a,1(0) :==[[(c = 1), forall i N\{1} 17

=1

a; (o) =1, forall i c NU{0}
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a;;(0) == (0j —i+1)a; 1;(0) + ja; 1; 1(0),

18
forall 1>3,2<j7<71—1. (18)

Proof: The compressed product of balls B, , is a bounded Rein-

hardt domain, i.e., B, , is invariant under the action *(z,...,z,) X

Yy yq) — t(eialxl,...,‘ei%@p) x t(ePry,,...,ePfy,) of the torus

TPt = Uy x---xU; , e eP* ¢ U;. Therefore the monomials
| pt+q |

ah ...xéﬂy{l ...yl with 4,5, € NU {0} form an orthogonal basis of the
Hilbert space of the holomorphic square integrable functions Op , N L2Bpa .
and

b i [

yl”B .

Here ||y{||23pa‘q = (%) prqu ly1|% dzy A dzy A oo Adx, A dT, A dyy A
dys A --- Ady, A dy,. The real analytic diffeomorphism B, , > (X,Y) —
(X, Z=Y(1 - 'XX) 1_70) € B,., followed by polar coordinate changes
T, = ule'e zm = v,,e™ where 6,7, € [0,27), u,v,, € R, r :=
SPup A+ w2 < 1, yields

lyil2,.
(e=1)(G+a)
=001/(1—Zu?) vy dvf Advy Ao Adop Adui A A du
1 =1
il o(j+q)
—c [LG+m [ (1-w) dwdaceada
m=1 » 5 I—1
Zl:l ul <1
g p
=C LG +m 1{H[o(j+q>+l] }
m=1 =1
m 6{n+k—1)
bearing in mind the fact that / (5 — Z wf) dwi A---A dwfn —
m =k
w; <e

m 6(n+k—1)+1
[b(n+k—1)+1]! / (5 Zw?) dwi , A+ Adw?,

for arbitrary k,m,n € N, k < m, real positive €,0 and real variables
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Wyy Wity ---,Wy. Then
p
ke o (M CZ{H ]—I—mH +l]}
m=1 =1

de dr $oatp
= Co 36 [dtp (1ta>

t= 3/5}

6=s2

$oatp
according to 7 = Z t°U*9+P By an induction on i one verifies that
_ pard
di ay—1 : j 4o ]—1 ay—7—1 .
T (1-t°) "= a; (o)t (1 -t7)" for all + € NU {0}
j=0

where a, ;(o) are defined by (17) and (18). Consequently,

L1ty ]
dtr -7
p—1 | p—1 [p—:2
= Z l (cqg+1i+ l)] a; (o) +a, (o)
j=0 | =i Li=1 )
0193+q( o 9)*1’*1 + p!0p9p+q(1 . 9)*:071.
Making use of

q

dg«

41— ) 7]

oo - 3 (75

(15) and (16), one obtains (14). O

Proposition 2. At an arbitrary point (X,Y') of By , with o > 1, the diagonal
values of the Bergman kernel

o |

(=0 )
( ) vy ] vy 1)
8 i T Ooxxye | |0 _txx) }

yy ] vy 17
* (1= T 1-2—————| (1 -'XX) 7"
1 ‘XX) (1 ‘XX)

in the notations from (15), (16), (17), (18), Lemma 3.
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Proof: The Aut(B,. ,)-transformation law of the Bergman kernel states that
kpoq(Zo) = Kpe (9(Z0))| det J7g|z,

for arbitrary Z, = (X,,Y,) € B, , and g € Aut(B,. ,) with holomorphic
Jacobian matrix J%g (cf. [12]). According to Lemma 1(iii) and the proof of
Lemma 1(iv), there exist {*° € SU(p, 1), given by (6) and L € U, such

1
p

that(£¥7, L)(X,.,Y,) = M(s,) for s, = ['V,Y, (1~ 'X,X,) 7|" €[0,1). It
is straightforward that gZ° := (¢%°, L) has
J(CgZo |ZO

((Ip ~X,'X,) T (1-1X,X,) ® 0.4

— € Mat C).
% L(l . tXOXO)%) P+qvp+q( )

Plugging in X, = T*(w,,0,...,0) for appropriate T € U, w, € [0,1), one
observes that det(l, — X,'X,) = 1~ w? = 1 *X,X,. Consequently,
|det Jg7°1* = (1 —'X,X,) 97 7', Putting together with Lemma 3, one
obtains the announced k,. ,(X,,Y,). O

A bounded domain D C C” is Bergman complete if for any 2° € 9D and
any z, € D with lim,, .., z, = 2°, the diagonal values of the Bergman kernel
lim,, ... kp(z,) = oo,

Corollary 1. Let B, , be a compressed product of balls of exponent o > 1.
Then:

i) for any smooth (X,,Y,) € 0B, , there exist a neighborhood U
of (X,,Y,), a positive real constant ¢ and a real analytic function
G, ,: U — (0,¢), such that

tYY )U] (19)

kpa,q(X,Y) - on’q(X, Y) ll - m

forall (X,Y) € Bye ,NU;

ii) for any singular (X,,0) € 0B, , there exist a neighborhood U of (X1, 0),
a positive real constant ¢ and a real analytic function V. ,: U — (0,¢),
such that

vy 17T
)G] (1 'XX) Pt

ke (X, Y) =T, (X,Y) llt—
P9 P g (17 XX (20)

forall (X,Y) € Byo ,NU. In particular, B,. , is Bergman complete.
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Proof: Let B, , = {X € B,,Y € By; (X,Y) = =i <1}, so that

T (1-tXX)e

O, [0 o)1y ] [S, (1 7))
(1 r)pran (1 B tXX)aq+p+1 .

P
Then W0, = kpo o (1 — 7)P77H (1 - tX)g)UqHJH is a bounded real analytic
positively valued function on the closure B, 4. In particular, if (X,,Y,) is a
smooth boundary point of B,. , then ‘X, X, < 1 (cf. Lemma 2(iii)), so that
the function @, , := (1 — *XX) """ ¥, _ satisfies Corollary 1 (i). J

3. Lower Boundary Estimates on Bergman Kernels of Bounded
Pseudoconvex Domains

A domain D C C” is locally geometrically approximated by a family F of
domains in C" if for any z € 0D there exist a domain €2, € F and a neigh-
borhood U(€),) of Z such that D N2, is a domain in £2,. We need a result
of Diederich, Fornaess and Herbort (cf. [S]) in the following slightly modified
form:

Lemma 4. (Diederich, Fornaess, and Herbort [5]) Let D C C™ be a bounded
pseudoconvex domain and U be a neighborhood of Z, € 0D, such that DU
is a subdomain in a bounded domain D, C C". Then for any neighborhood
V CC U of Z, there exists a constant ¢ € (0, 1] such that

kp(z) > ckp,(2)

for all z €¢ DNV. In particular, if a bounded pseudoconvex domain D admits
a local geometric approximation by a family F of bounded Bergman complete
domains, then D is Bergman complete.

Proof: The aforementioned theorem from [5] asserts that for any V' CC U,
and Z, € V, there exists a constant ¢ € (0, 1], such that kp(z) > ckpny(z) for
arbitrary z € DNV. As far as DNU is a domain in D, a result of Kobayashi
from [9] applies to provide kpny(2) > kp,(z) for z € DNU. O

Putting together Corollary 1 and Lemma 4, one obtains the following

Corollary 2. Let D C Mat, ;(C) x Mat,,(C) ~ CP*? be a bounded pseudo-
convex domain, B,. , be a compressed product of balls of exponent o > 1
and Z, = (X,,Y,) € 0D N OB, , be a common boundary point. Suppose that
there is a neighborhood U of Z, with connected D NU C By 4.
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(i) If Z, is a smooth boundary point of By , then there exists a neighborhood
V CcC U and a real analytic function ®,. ,: V — (0, 00), such that

21

kp(Z) = (I)p”,q(Xa Y) ll o vy )o ] N

(1-tXX

foral (X, Y)YeDNV.

(ii) If Z, is a singular boundary point of B. , then there exist V CC U and
a real analytic function V. ,: V — (0, 00), such that

YY

p—g—1 -
m] (1-"XX)77= (22)

kp(Z) = ¥po (X, Y) ll -

foral (X, Y)YeDNV.

In particular, if D admits a local geometric approximation by the family of
the compressed products of balls B, , of exponent o > 1, then D is Bergman
complete.
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