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Abstract. The Dirac problem for the charged heavy top is discussed
and some of its properties are pointed out.

1. Introduction

The notion of charged heavy top was recently introduced by Thiffeault and
Morrison [5] and then was recently studied by Puta and Casu [4]. The goal of
our paper is to point out some new properties of this top from the geometric
prequantization point of view.

2. The Charged Top

A charged heavy top is by definition a heavy top immersed in a fixed gravita-
tional field and in an electric field. We shall denote by

m = (m1,m27m3)
a = (a,,as,as)

b= (bla b23b3)

the angular momentum vector, the position of the center of mass, and the
position of the center of charge, respectively. The direction and strength of the
fixed gravitational and electric forces are given by the vectors

a = (041,042,(3(3)

and respectively

/6 = (/Bla/62a63) .
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The energy of such a top has the following expression:

o\ T, "L, T,
+ B1b1 + B2y + Bsbs

1 2 2 2
H(m,a,ﬁ):—<&+@—|—%)+alal—l—a2a2+a3a3 )

where I, I, I3 are the components of the inertia tensor and we shall suppose
as usually that:

L >1,>13>0.

Then the equations of motion have the following form:

. 1 1
my = (I_ — I_> MaM3 — Q3Qs + Qe — [B3by + Babs
3 2
. 1 1
Mg = | — — — | mymg + aza; — ajas + /6351 - /6le
I, I
. 1 1
mg = | — — — | mims — aaa; + ayas — P20y + PB1bo
I, I
. Maag M3y
ML
. 13 [z1041
Qo = —
2 I, I, (2)
. My Moy
(6% [
’ I I
5 ma 3 ms[3a
b = Ty + T,
. m153 m351
B = =
I I
5 M Ba mo[h
B3 = T, + T,

Let GG be the semi-direct product of SO(3) and R? x R, G its Lie algebra and
G* ~ R? the dual of its Lie algebra.

Theorem 1. ([S]) The system (2) has the following Hamilton—Poisson realiza-
tion:

(G* ~R°II_,H)
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where II  is the minus-Lie—Poisson structure on ¢* given by the matrix

( O —113 ) O —Q3 (8%) 0 7/83 /62

ms3 0 —my a3 0 a1 fs 0 —f

—my Ty 0 —ay o 0 B [ 0

0 = 0 —a3 a 0 0 0 0 0 0
B Qs 0 —ay 0 0 0 0 0 0
0 —fB3 [ 0 0 0 0 0 0

(3 0 —f 0 0 0 0 0 0

L@ B, 0 0 O 0 0 0 O

and the Hamiltonian H given by (1).

3. Dirac Problem

Let us consider the following diagram:

a1
respectively | —

where in the left hand side (M,w) [respectively (P,{-,-})] is a symplectic
(respectively Poisson) manifold and in the right hand H is a Hilbert space and
d is a map which assigns to each f € C>(M,R) [respectively f € C(P,R)]
a self adjoint operator

§p:H —H.

The arrow from left to right is called prequantization, i.e. a procedure to
derive from classical data (M,w) [respectively (P, {-,-})] the quantum data
(H, d) such that the following conditions called Dirac conditions to be satisfied:

(D1) b54g = 05 + 4,
(D2) dxp = A- 4y
(D3) diq,, = Idy
(D4) [5fv g] ihds.g3.,
for each f,g € C*°(M,R) and for each A € R respectively
(D1) 81g = 85 +3,
(D2) dxg=A- 6
(Ds) b, = Idy,
(Da) [65,0,] = ihdys.qy
for each f,g € C>°(P,R) and for each A € R.
The existence of such a prequatization is usually called Dirac problem.
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4. The Charged Heavy Top and the Dirac Problem

Let
R:GxG—G

be the action of G on itself by right translations and RT" its lift to 7. This
action has the momentum map

J: TG — G~
given by
(J(g)) (&) = ag(TLy(£))

which is a Poisson map, see [2].

On the other hand, it is well known that (7*G, w = df) is a quantizable
manifold and let §* be its prequantum operator, see [3]. If we take now:

H = L*(T"G,C), dp = 0%,
for each f € C>(G*,R), then an easy computation leads us to

Theorem 2. The pair (H,§) gives rise to a prequantization of the Poisson
manifold .
(G,11 ),

Using now the same technique as in Chernoff [1] with obvious modifications
we can prove:

Theorem 3. Let O(L*(T*G,C)) be the space of self-adjoint operators on the
Hilbert space L*(T*G,C). Then the map

fe %G R) b, € O(LX(T"G,C))
gives rise to an irreducible representation of C*°(G*,R) onto the space

O(LX(T*G,C)).
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