Fourth International Conference on

Geometry, Integrability and Quantization

June 6-15, 2002, Varna, Bulgaria

Ivailo M. Mladenov and Gregory L. Naber, Editors
Coral Press, Sofia 2003, pp 257-270

HARMONIC FORMS ON COMPACT SYMPLECTIC 2-STEP
NILMANIFOLDS

YUSUKE SAKANE' and TAKUMI YAMADA?

" Department of Pure and Applied Mathematics
Graduate School of Information Science and Technology
Osaka University, Toyonaka, Osaka, 560-0043, Japan

¥ Department of Mathematics
Graduate School of Science
Osaka University, Toyonaka, Osaka, 560-0043, Japan

Abstract. In this paper we study harmonic forms on compact symplec-
tic nilmanifolds. We consider harmonic cohomology groups of dimen-
sion 3 and of codimension 2 for 2-step nilmanifolds and give examples
of compact 2-step symplectic nilmanifolds G /T such that the dimension
of harmonic cohomology groups varies.

1. Introduction

Let (M, G) be a Poisson manifold with a Poisson structure G, that is, a skew-
symmetric contravariant 2-tensor G on M satisfying [G, G] = 0, where [, |
denotes the Schouten-Nijenhuis bracket. For a Poisson manifold (M, G),
Koszul [5] introduced a differential operator d*: Q*(M) — QF (M) by
d* = [d,i(G)], where Q*(M) denotes the space of all k-forms on M. The
operator d* is called the Koszul differential. For a symplectic manifold
(M?™ w), let G be the skew-symmetric bivector field dual to w. Then
G is a Poisson structure on M. Brylinski [1] defined the star operator
x: QF (M) — Q> k(M) for the symplectic structure w as an analogue of the
star operator for an oriented Riemannian manifold and proved that the Koszul
differential d* satisfies d* = (—1)* x dx on Q*(M) and the identity ** = id.
A form « on M is called harmonic form if it satisfies da = d*a = 0. Let
HE(M) = H*(M) denote the space of all harmonic k-form on M. Brylinski
[1] defined symplectic harmonic k-cohomology group H* , (M) = HF (M)
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258 Yusuke Sakane and Takumi Yamada

by HE(M)/(B*(M)NHE(M)), as a subspace of de Rham cohomology group
HF o (M). We denote by L,: Q*(M) — QF?(M) the linear operator de-
fined by w and the induced homomorphism in de Rham cohomology groups by
Ly Hpy (M) — Hiyi (M).

Mathieu [6] proved the following theorem.

Theorem 1. (Mathieu) Let (M?*™,w) be a symplectic manifold of dimension

2m. Then the following two assertions are equivalent:

a) For any k < m, the homomorphism Ly, : Hpg" (M) — HEE*(M) is
surjective.

b) For any k, HE (M) = H*, (M).

w-hr

Mathieu’s theorem is a generalization of Hard Lefschetz Theorem for compact
Kihler manifolds. Mathieu [6] proved also that, for ¢ = 0,1,2, H; (M) =
H}-(M). Yan [10] gave a simpler, elegant proof of Mathieu’s Theorem by
using a special type of infinite dimensional s[(2)-representation theory.

In connection with the study of harmonic forms, we are interested in the fol-
lowing question raised by Khesin and McDuff (see Yan [10]).

Question: On which compact manifold A, there exists a family w; of sym-
plectic forms such that the dimension of H u’j‘r W (M) varies for some k?

For 6-dimensional compact nilmanifolds, the above question is considered in-
dependently by one of the present authors [9] and Ibédfiez er al [3]. Actially
Ibafiez et al [3] have proved that there exist at least five 6-dimensional nil-
manifolds M with a family w; of symplectic forms such that the dimension of
HY . (M) varies by computing H;, , (M) and H} , (M). Note that, in [9],
it is proved that the dimension of Hi";;l(M ) for compact 2-step nilmanifold

M?*™ is independent of symplectic forms w (cf. Theorem 5).
In this paper we study symplectic harmonic cohomology groups H?, (M) of
dimension 3 and Hf}”;;Q(M ) of codimension 2 for compact nilmanifolds and

give examples of higher dimensional compact 2-step symplectic nilmanifolds
G /T such that the dimension of harmonic cohomology group varies.

2. Harmonic Cohomology Groups of Nimanifolds

For a 2m-dimensional symplectic manifold (M,w) let G be the skew-
symmetric bivector field dual to w. Then G is a Poisson structure on M. By
the Darboux’s theorem, going to the canonical coordinates {p1, ¢, - -, Pmyqm
we can write symplectic structure w as w = dp; Adgy, + - - - + dp,, A dg,,, and

respectively the Poisson structure G as G = — A — + -+ — A —.
dgq1 Op g Opm
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Brylinski [1] defined the star operator x: QF (M) — Q*™*(M) by requiring
a Axf = (N(G)) (e, Bloum

for k-forms «, 3, where vy = w™ /m!. The star operator * satisfies the iden-
tities
%2 = id

d* = (—1)* x dx

and consequently, the Koszul differential d* is a symplectic codifferential of
the exterior differential d with respect to the star operator x. We denote by
L, = L: QM) — QF2(M) the operator defined by L(a) = a A w.

The following Propositions are due to Yan [10]:

Y

Proposition 1. (Duality on forms) The linear mapping L*: Q™ *(M) —
Q™ k(M) is an isomorphism for any k.
Proposition 2. (Duality on harmonic forms) The linear mapping L* : H™ (M)

— H™* (M) is an isomorphism for any k. In particular, we have
HytH (M) = Tm{L*: Hy3™" (M) — HER" (M)},

Note also that we have H; (M) = H},,(M) for i = 0,1,2. Thus we have the
following corollary from Proposition 2.

Corollary 1. We have
Hy (M) =TIm{L™ *: Hpp(M) — Hpp '(M)}

and
HpP (M) =Tm{L™?: Hjp(M) — HZg (M)} .

Let g be a Lie algebra and put (¥ = g and let g@*Y = [g, g®@] fori > 0. A Lie
algebra g is said to be (r + 1)-step nilpotent if g £ (0) and g™ = (0)
and a Lie group G is said to be (r + 1)-step nilpotent if the Lie algebra g is
(r + 1)-step nilpotent. If G is a simply- connected (r + 1)-step nilpotent Lie
group and I is a lattice of G, that is, a discrete subgroup of GG such that G/T" is
compact, then G /T is called an (r + 1)-step compact nilmanifold. We denote
by A" g* the space of all left G- invariant k-forms on G and regard it as a
subspace of Q*(G/T"). Then we have a subcomplex (A" g*,d) of the de Rham
complex (Q*(G/T'),d) of compact nilmanifold G/T" and denote by H*(g) the
k-th cohomology groups of the complex (A" g*,d).

Theorem 2. (Nomizu) For a compact nilmanifold G/U, the inclusion
v (N g7, d) — (2*(G/T),d) induces an isomorphism on cohomology groups

V1 HY(g) = Hpp(G/T).
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For a symplectic form w on a compact nilmanifold G/T", there exists a
G-invariant closed 2-form w, on G/T" such that w — wy, = d~v. Note that
wy is also a symplectic form on G/T". For a G-invariant symplectic form wy,
we denote by H*(g) the space of all G-invariant harmonic k-forms on G/I" and
by H: , () = H"(g)/(B*(g)NH"(g)) a subspace of Lie algebra cohomology

group H*(g).
In [9] we have proved the following propositions:

Proposition 3. Let (G/T',w) be a compact symplectic nilmanifold and let wy
be a G-invariant symplectic form such that w — wy = dvy as above. Then we
have

H, hr (G/T) = H, . (G/T') = H, hr(g) (D

for any k.

Proposition 4. Let (G/T',w) be a 2m-dimensional compact symplectic nilman-
ifold with a G- invariant symplectic form w € N°(g*). Then the linear mapping
L*: M7, (g) — H 2 (9)

w-hr

is an isomorphism for any k.

Now we may assume that symplectic structures on G/I" are G-invariant in
order to study harmonic cohomology groups on compact nilmanifolds M. A
nilpotent Lie algebra g with a non-degenerate invariant closed 2-form is called a
symplectic nilpotent Lie algebra. For an (r+1)-step nilpotent Lie algebra g, let
a‘) denote a complementary vector subspace of g@*tV in g(¥: g = glt+1) 4 (@
for i = 0,1,...,r. For simplicity, put A" = A® a@ A A AT AT
Then we have A\*g" =3, . ., _, Aot

The following lemma is due to Benson and Gordon [2].

Lemma 1. Each closed 2-form 6 ¢ \* g" belongs to ABO 0L s Aot 0,

Let {\1,..., A\, } beabasis of A "', By Lemma 1, a G-invariant symplectic
form w can be written in the form

’L,,-10

wzﬁl/\)\lJr---Jrﬁnr/\)\nr modulo z /\ 2)

where f34,...,[3,, are elements of A" Note that G, . .., 3, are linearly
independent, since w is non—degenerate We extend these elements to a basis

{BryevyBrsyenns By} for AV 0 Put a{o) = span{ﬁl, .+ n, } and S(O) =
span{f,. +1,...,6n0}. Then a®” = al®" + a{”". Put n! = dimal”" = n,

)~

and no = dimay,’ = ny — n,. For simplicity, we also put /\(Z G e
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AP a§°)* AN a§°>* AN a® A A AT al . Moreover, let {,Bﬁk), . ,87(1’2)}
be a basis of a®” and put

{1y ee s wam} = {Brye ey Bagse oy B B A A T

Let {X1,..., X, } be a basis of g which is dual to the basis {wy,...,wa,,}-
If we write the symplectic form w as

w = E aijwi /\(.UJ aij = *Clji & R

then it is easy to see that the Poisson structure G which is dual to w is given
by

where ¢;; is the inverse of the transposed matrix of (a;;).

Lemma 2. With respect to the basis {X,,...,X,,,} above, G is given in the
form
Onrr"n-r On'r"n()*nr Onra2m7n07n-r Enw‘
On — Tl T2 * * *
(cij) = 0 - . )
2Mm—ng—"Np,Nr * * *
—F,. * * *

Proof: Note that (c,;) is an alternating matrix. We have a;,,, 4. yn,_,+i = 0j
fori,7=1,...,n,and aj, =0forj=1,...,n.;k=1,...,n9+--+n,_
from (2). Then we have
ng+--+n,
Cik = CikQing+-4np_1+i = E Clk Qg+ 4rp_r+i = Ok mg-tetrip_y +i
=1

fore=1,...,n,and k=1,...,n9+---+n,.. 0O

Lemma 3. Let G /T be a 2-step compact nilmanifold with a G-invariant sym-
plectic form w = 1 Ay + -+ + P, ANy, modulo \*°. Then we have

(2,0),0 (1,1),0

= S BB+ Y WEBAB e N+ A

1<g<n1 1<ni <J

for k=1,...,n,.
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PI'OOf: PUt d)\k — Zz<g<n1 13162/\/6J +E1,<n1<j 23182/\/6J +Zn1<z<3 13182/\/63
Since w is closed, we have

BuAN D BLBAB; A Buy A D VB AB; =0,

ny <i<j ny <i<j

Therefore, since 51 ABi, A By, -« By A By, NBi,, (N1 <'ip < ji) are linearly
independent, we conclude that bfj =0forn <1<j. 0

Note that, from Lemma 2, we have i(G)(A®?) = i(G)(A"Y) = 0.

Theorem 3. Let G/T" be a 2-step compact nilmanifold with a G-invariant
symplectic form w. Then we have B?*(g) C H?*(g).

Proof: Since d A*° =0 and dA"' ¢ A*°, we have to consider only the case
of /\0’2. From Lemma 3, we end with
(2,001 (1,1)1

A A+ A

Thus, from (4) in Lemma 2, we get

0,2 1,0
GYdA)c A\
which implies that d A®* € H3(g). O

By a straightforward computation, we have also that
(g Ao Aw,)
== Z (—l)sadet (Ckh): zi 7777 fswl/\---/\d)jl /\/\(:)Js N N\ Wy, (5)
J1<--<Js

~

where w”/m! =a- (wj, Ao - Aw;, ) A(wWr Av- - A@j Ao Awj, Ao Awap,).
In fact, let

~

w(wi, A Aw) = Y @l w A A, A ADy A A W

Then, we get that

(Wi, Avers Awj ) As(w, A Aw;,)

= (A(G)(ws N A
= det(i(G)(wy, wn) )i w™ fml = (+1)* det(cg )i w™ fml

.....
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Thus we have finally

alsl = (- 1)*a- det(cpm)nl 0l

11...2¢ N T/ 7 TEENTRRV/ N=12,..., 2g

Theorem 4. Let g is an (r + 1)-step symplectic nilpotent Lie algebra. Then,
for g =0,...,n,, we have

N, Nr—1,Nr—4

A C H™ U(g).

Proof: Note that the star operator x: H™ *(g) — H™"*(g) is an isomor-
phism for each k£ and we have NG00l H?(g) from (4) in Lemma 2.
Now, from (5) and (4) in Lemma 2, we see that the star operator

(410)70,~~~10 Qe =1,Tp —q
< N— N
is an isomorphism. Thus we have A" "=t"1 C H*™i(g) for ¢ =
0,...,n,.0

Corollary 2. Let G /T be a 2-step compact nilmanifold with a G-invariant
symplectic form w. Then we have

ng,n1—q

A CH™ Yg).

In particular, we have that

dimH2 ,(G/T) — dim H2™ 2(G/T)
ng—3,n1 np—2,m1—1 (6)

=dim(d /A NH(g)+dimd A —n.

Proof: Since dA™ ™ ' < A™™ 2 dA™ *™ ' is a subspace of
H?>™=2(g). Thus we have that
dimH*(g) — dim H;," *(g)
= dimH*(g) — dim(B*(g) N H*(g)) — dim H*™ *(g)
+dim(B* *(g) N 1™ *(g))
= dim(B*™ *(g) " H™ *(g)) — dim B*(g)

ng—3,n1 ng—2,n;—1
=dim(d /A NH**(g)+dimd JA - dimB*(g)
ng—3,11 ng—2,n1—1

=dim(d A\ NH"™ *(g)+dimd A —n.
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Theorem 5. Let G/T" be a 2-step compact nilmanifold with a G-invariant
symplectic form w. Then we have

(ng,ni—p)ni—q

A C H*™ P 4(g). (7

In particular,

(ngng—1)m1 (ng,ng)ni—1
A+ A =H" )
which implies dim H;7*"(g) = n2 = dim g — 2dim(g, g].
Proof: From Lemma 3, it is obvious that A"0™0 P)™1—¢ Z*mP~4(g). Since
d* = (=1)F s« ds on A*(g*), it is enough to prove that

(ny.,ni—p)n1—q p+q,0

Note also that
*(w’il /\/\wls)
= Y (—1)adet ()T wr A ADy A A Dy, A A wyy, B)

J1<-<Js

where s = nj+ng+n, —p—q. Thusif {j1,...,7.} Z no+7, then we get that
det(cxp )= 7 = 0 from Lemma 2. In fact, noting that n} = n,, we have

..... is

Ay A L A
det (e )i i = 5
¢y R A
e ) 0 le ol ch i
= :0.
sy ... 0 ... cjsnol Cisjs

Thus we get that if det(cf);=2 " £0, {ji,...,7s} D {no+1,...,n0+m}.

.....

Therefore we have *(A(”é'”gfp)’"I*Q) C /\p+q,0‘ O

In particular, we have Ao70~Dmy Alomo)m—l H*™1(g). Since
L™t HYg) — H*™ '(g) is an isomorphism by Proposition2, we
obtain that dimH*™ '(g) = mny. On the other hand, we have that
dim( A" o e AT oty — () oy = dim H2™ ' (g). Thus
we have proved our second claim. The last claim follows from the fact that
B2m1(g) = A0~ which is due to Benson and Gordon [2].
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3. Examples

Example 1. We consider a 2-step nilpotent Lie algebra of dimension 2m given
by g = span{X,,...,X,,,Y1,..., Y.} with [X;, X, 4] =Y, i =1,...,m,
where we set X,,, ;1 = X;. Then a simply connected nilpotent Lie group G with
the Lie algebra g has a lattice I'. Let {34,..., Bm, A1, - -, An } be the dual basis
of {X1,..., X, Y1,...,Y,,}. Note that d A*® = (0) and d A < AFPH .
It is easy to see that d: A”Y — A%’ ! is injective.

The space of invariant closed 2-forms Z*(g) is given by

Z*(g) = {Z Qi1 (B A Xiv1 — Bira ANi) + Z @ii Bi A i
=1

2=1
m 2,0
+ E Qi1 Pit1 A A5 @i, Qiiy Qi1i € R} + /\
i=1

where we have put 3,,.1 = 31, Bmie = Bas A1 = A1
Now we consider a symplectic form w given by an element of A""'. Then the
Poisson structure G is of the form

G=-— Z Cij Xi AN }/J
ij=1
with respect to the basis {X;,..., X,,,Y1,...,Y,,.}. We see that
3,0 21 1,0 12 01
i(G): /\ — (0), i(G): /\ — /\, i(G): /\ —>/\
and the space of harmonic 3-forms H?3(g) is given by

1,2

Ho(g) = A +2%(@) N \+H3 (@) N A -

For m > 6, we see that

1,2 m
Zg(g)ﬂ/\: {ij/@j-l—l/\)\j/\)\j—f—l; bj ER, j = 1,...,m$
(=1 )
where we have put 3,11 = 31, A1 = A1
Case 1. The case when w = 3_7" | a;;8; A \; where a;; # 0.
1
Note that G = — 3"} — X; A'Y; and hence we have H3(g) N A" = (0)
ajj
for m > 6.
Case 2. The case when w = 37" ' aj;01(8; A Aji1 — Biz A X;).-
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Note that for the above basis w can be written in the form (t/? /01), where
0 ap 0 0 0 ... 0 —Qpy 1 0
0 0 aos 0 0 0 0 0
—a;p 0 0 ass 0 0 0 0
0 —as3 O 0  ays 0 0 0
0 0 —aszyy O 0 0 0 0
A= 0 0 0 —a45 O 0 0 0
0 0 0 0 0 A 3m-—2 0 0
0 0 0 0 O 0 A 2m 1 0
0 0 0 0 O 0 0 A 1m
0 0 0 0 0 Q- 2m 1 0 0

We can prove also that, for m > 3, the matrix A is non-degenerate if and only
if m = 3¢ for £ € N. Put A™' = (¢;;) for m = 3¢. Then we have also that the
components of the matrix A~' = (¢;;) satisfy the conditions

CJJ:O fij:l,...,m’ Cj+1j :O f()r j:l’__‘,mil and ClmZO-
. . 0o At .
Since G is given by tg1 o ) Wesee that for a« = >2.2, 05511 AN A A

Aji1, 4(G)a = 0 and o therefore is harmonic. This implies that H*(g)NA" =
Z3(g) N A" and dim(H3(g) N A™?) = 3¢ for £ > 2. Thus, from Theorem 3,
we see that compact 2-step nilmanifolds G /T" admit such symplectic structures
that the dimension of harmonic cohomology group H? , (G/I') varies.

Example 2. For p > 2 let h(1,p) be a 2-step nilpotent Lie algebra of dimen-
sion 2p + 1 spanned by {X;,..., Xs,;1} with

-hr

(X1, Xi]| =X, i=2,...,p+1

We consider the Lie algebra g = h(1,p) @ R of dimension 2p + 2.
Then a simply connected nilpotent Lie group ' with the Lie algebra g
has a lattice I Let X,,;» denote a generator of the Lie algebra R
and let {wq,...,wpi1,Wpia,...,Wapt1,wapr2) be the dual basis of the basis
{ X1, o, Xpi1, Xpro, ooy Xopr1, Xopia}. Then we have

(0,1),0 (0,0),1
/\ D span{wapi2}, /\ = span{Wpia, - -+, Wapt1} -

Consider a G-invariant symplectic structure w on G /T". We write the Poisson
structure G dual to w as G = — > ¢; X; A X; with respect to the basis
{ X1, ..., Xopi1, Xopya} above.
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We prove that

Cs, if ¢ 0
dim HQ(g) o dim Hff}hr (g) _ {p 2 12p+2 #

In this example we use the following notations. For 7 < j, we put
(Didjj :wlA/\(:Jl/\/\d)J/\/\QJQp+2

Similarly, for 7; < --- < 7, we put

Wi, oo Wiy, =w1/\---/\wi1/\---/\wik/\---/\w2p+2.

For2 <i<j<p+1, we put

pCQ + (p — 1) if Cropt2 = 0.

&Z‘j:(UQ/\"'/\(:)Z'/\“‘/\C:Jj/\“‘/\wp+1/\(.U2p+2/\d(wp+2/\"‘/\LU2p+1).

Then we have that

for 2 S 7 S Y4 + 1, d(d)ldjid}zp+2) = (*1)p@p+id\)2p+2
{ :twp—kidjp—}—j forz < j
for2 <i,7 <p-+1, A(D10;Wp1 ) = E£Wpy jWpy for j <

0 fori =7

for 2 S 1< ] S p+ 1, d((:)lirjp+i@p+j) =0
for 2 < 7 < Y4 -+ 1, d((:)lwp_f_idlgp_}_g) = 0.

From (6) of Corollary 2, we have

p—1,p p,p—1

dim H*(g) — dim H*?, (g) =dim(d A\ NHX(g)) + dimd A —p.

€))

(10

Note that d(W10;Wop40) = (—1)PDp4W0opra € /\(p’l)’pi1 for 2 < i < p-+1.
Thus, from Theorem 5, we see that d(©,@;@a,12) € H2P(g). From (9), we see

that dimd AP~ " = ,C,. We put
V =span{a;;;2<i<j<p+1}.
Then, from (10), we have

dim H?(g) — dim H?, (g) = dim(V Nn'H>(g)) + ,Cs .

(1)

Note that a'® = span{X,, ..., X, 1, Xop1o} and aV = span{X, 9, ..., Xops1}-

Put A

10,21

G =Gy +Gy1+ Gy G, ¢ /\ .
4,9

= A" al@ A A" a® and write the Poisson structure G dual to w as
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Note that
p+1,p—1 p—1l,p—1 p+l,p—2
di(Goo)( A\ )=d A < A
p+1,p—1 pp—2  pt2p-3
di(Gr)( A J=d A c A (12
p+1,p—1 p+1,p—3

Note that, from Lemma 1, the G-invariant symplectic structure w on G /T" is of
the form

w = g a;;w; \w; + g QjoptaWi N\ Wopyo + g a;jw; \wj .

i<j<p+1 j<2p+1 i<p+1<j<2p+1
Since dw,y; = —wi Aw;, we see that a, ;9,40 = 0 for 2 <¢ < p-+1. Thus the
matrix form of G with respect to the basis {X,..., Xo,11, Xopi2} is given
by
Cipt2 .-+ Cr2pt1 Cr2p+2
0
Cp+ip+2 --- Cpi12p+1 Cpti2p+2
—| “Cpt+2 .-+ TCptipt2
“Ciz2pt1 --- “Cpri2p+1 *
—Ci12p4+2 .-+ “Cpii12p42
Thus Gy g = —¢19p+2 X1 A Xop,to. Moreover, we have
dZ(G2,0)(aij) = — d’l(Gz’O)(wl FANRICIWVAN W FANRICIWAN (.Up_|_]_ N\ (.U2p+2

/\wp+2/\"'/\(:lp+j /\"'/\QJ2p+1)
-+ di(GZO)(wl VARRERWAN (.:JJ ARRR /\(.Up+1 /\w2p+2

/\(Up+2/\"'/\(:)p+z'/\"‘/\(ngJrl)

(13)

= *2C12p+2(w2 JAYRERIVAN Wpi1 N Wpt2 AN

/\djp+i/\"'/\djp+j/\"'/\w2p+1)-

i) The case of cy9,12 # 0.
From (12) and (13), we see that V N H?*"(g) = (0), and hence we get

dim H*(g) — dim H?, (g) = ,Cs.

ii) The case of ¢y9,42 = 0.
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Since G is non-degenerate, c;,yr # 0 for some k € {2,...,p + 1}. For
simplicity, we may assume that ¢; ;o # 0.

Now we put
W = span{@, iy j0pir; 250 < j <k <p+1}.

Note that dim V' = ,C5 and dim W = ,Cj.
We consider the linear mapping di(G;,): V — W. We claim that

dim dZ(Gl’l)(V) - p,102 .
Then dim Ker(di(G; ;1)) = ,C2 —, 1C2 = p — 1 and hence
dim H*(g) — dim H?, (g) =,C> +p—1.

By a straightforward computation, we see

di(G11)(ay) =2 (=17 e pin@psr@pi@pss
k<1
— __1\p+
2 ) (F1)P e kG k pe (14)
1<k<j
+2 E : Clp+kwp+z p+3 p+k .
I<k

Consider the basis

{0434, Ty Ot3p—i—1v Qy5,y. .., apP—H’ Qs3,. .., O52;;—1—1}
of V and the basis
{@p+20p13Wpta, Wpr2@p 3Wpis, -+ s WptalopWopi1, Wpt 3WpiaWpis, - - - s
w2p—1w2pw2p+1}

of W. Then, from (14), we see that, with respect to the bases above, the matrix
form of di(Gq ) is of the form

2(*1)pclp+2 O
di(G1,1) = 0 2(=1)Pcypio

D 0

where D is a matrix of , 1C5 x , 1C5 and C' is a matrix of , ;Cs x (p — 1).
Then we see that the rank(di(G;.1)) > , 1C5 and hence dim Ker(dz( 11)) <
pCQ — pflcg =P — 1.
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For j =3,...,p+ 1, we put

Y= (*1)p+201p+2(12j + Z (*1)p+EC1p+EO¢Ej + Z (*1)p+gclp+£aﬂ-

2<E<j J<e<p+1

From (14), it is easy to conclude that, for j = 3,...,p + 1,

di(Gy,1)(7;) =0.

Since {v;; j = 3,...,p + 1} are linearly independent, we have proved our
claim.
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