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CONNECTIONS ASSOCIATED WITH LINEAR DISTRIBUTIONS

MARINA GREBENYUK

National Aviation University, 1 Kosmonavta Komarova Ave., 03058 Kiev, Ukraine

Abstract. This paper applies differential geometry to multi-dimensional
affine space. The three-componentdistributions of affine space are discussed.
Some connections of three-component distributions, which allow to general-
ize theory of regular and vanishing hyper-zones, zones, hyper-zone distribu-
tions, surfaces of full and non-full rank, and tangent equipped surfaces in
multidimensional affine spaces are constructed.

1. Introduction

It is proved here that the first kind normal field for the basic distribution determines
affine connection on the V -distributions. Another affine connection is defined by
an inner invariant way in the second differential neighborhood of forming element
of the three-component distribution. In special case studied connections are analog
connections for the huperzone distributions of the m-dimensional linear elements.
The components of the torsion and curvature tensor of the affine connections are
obtained. The results of research can be applied to general theory of distributions
in multidimensional spaces and to the theory of connections, which are associated
with the multi-component distributions.

The method of my research is based on the differential-geometrical method devel-
oped by Laptev [4, 5].

2. Definition of the Three-Component Distribution

Let us consider (n + 1)-dimensional affine space A,, .1, which is taken to a moving
frame R = {A,¢e;}. Differential equations of the infinitesimal transference of

frame R look as follows

dA = w'ley, de; = wiey
where wf( , w! are invariant forms of an affine group, which satisfy the equations
of the structure

I Ky I K J A K
dw’ = w™ Awy, dw; =wj ANwjy.
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Connections Associated with Linear Distributions 219

Structural forms of current point X = A + x’&; of space A,,,1 look as follows

AXT ¥ qpT 4 c¥uwl + Wl

Combination of current point X and point of frame A leads to the following equa-
tions

AXT =l
Immobility condition of the point A is written down: w? = 0. Frame chosen by
this way is called the frame R.

Let the r-dimensional plane I1,., the m-dimensional plane II,,,, and hyper-plane II,,
in A, 41 be given by the following way

M= [AL|,  Tp=[AM|, T,=]AT]
where
L, =é&,+ Ak, M, =é,+ M%&,, T,=¢&,+ H""é,,,.

The (n+ 1)-dimensional manifolds, which are determined by differential equations
AAL = Abgw™,  AMY = M&w™, AHZ =H)F'W® (1)

are called distributions of the first kind accordingly of r-dimensional linear ele-
ments (A-distribution), m-dimensional linear elements (M -distribution) and hyper-
planes ( H-distribution).

Let us consider that manifolds (1) are distributions of tangent elements: center A
belongs to planes II,., I1,,, II,,.

We demand that in some area of space A, for any center A the following condi-
tion takes place: A € 11, C I1,,, C IL,.

Definition 1. The triple of distributions of affine space A, 1 consisting of basic
distribution of the first kind r-dimensional linear elements 11, = A (A-distribu-
tion), equipping distribution of the first kind m-dimensional linear elements 11, =
M (M -distribution) and equipping distribution of the first kind of hyper-plane ele-
ments I1,, = H ( H-distribution) with relation of the incidence of their correspond-
ing elements in the common center A of the following view: A € 11, C 11, C 11,
are called H(M (A))-distribution [1, 8].

Let us make the following canonization of the frame R: we place vectors €, in
the plane II,., vectors €; — in the plane II,,, and vectors €, — in the plane II,,.
This frame will be called frame of the zero order R?. This definition leads to the
following equations

A% =, Mo =0, H' ' =0.
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Within the frame R°, H (M (A))-distribution is defined by the differential equa-

tions

. _ MZ%{UJK’ wn—l—l Hn+1 K

ApKw o

A partial canonization of zero-order frame R’ is possible when
n+l _ n+1l _
M, =0, H,;~=0.

We will call it the frame of the first order R!. In the chosen frame R!, manifold
H(M(A)) is determined by the system of differential equations

i __ Al K n-+1 n+1 (7]
wy = Apgw™, w, M.
o a K n+1 n+1 U
w? = AP LW

3. Tensor of Ingolonomicity of Basic Distribution

It is easy to show that geometry of three-component distributions can be used for
study of geometry of regular and vanishing hyper-zones, zones, hyper-zone dis-
tributions, surfaces of full and non full rank, tangent equipped surfaces in affine
spaces.

For example, let us suppose that H (M (A))-distribution is holonomic, i.e. the basic
distribution is holonomic. The system of differential equations

w® = A;wp

which is associated with the basic distribution is completely integrable if and only
if the tensor of the first order

o, % (qu - Agp)

where
@ o_ .4 K
Vg = Tpgr
turns into zero.
Tensor { pq} will be called the tensor of inholonomicity of H (M (A))-distribution.

Basic A-distribution determines (n — r + 1)-parametric assemblage of r-dimensio-
nal surfaces V..

In case of displacement of center A along fixed surface V;., differential equations,
which determine H (M (A))-distribution relatively to the frame R,

— ALt AAE= (A'“' + A%, Ag) W, AMS = ( M2 4 M2 Ag)

AH”H (H”H Hg,ngAg) W7
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are differential equations of r-dimensional zone V., of the order m equipped by
field of hyper-planes H. Geometrical object { H”™1} (object H) is the fundamen-
tal equipping object of this zone V(..

Let us note that, relatively to the frame RO, differential equations of the manifold
H(M(A)) have the more simple form

w =0, wg = quwq, qu = Ag‘p 3)
Wit = Miw! 4)
wo = Hog'w )

where equations (3) and (4) are analogous with equations of zone V,.(,,,), which are
discussed in [7] and [6]. Equations (5) characterize equipment of such zone V..,
by field of hyper-planes H.

On the other hand, equations (3)) and (5) determine hyper-zone H, in the frame
RY, and equations (4) characterize equipment of hyper-zone H, by the field of
planes M.

Thus, the theory of three-component distribution is generalization of theories of

regular hyper-zone H, and r-dimensional zone V() of the order m of affine
space.

4. Tensors of the Ingolonomicity of the Equipping Distributions

Let us consider the system of differential equations
w& = M2w® (6)
which is associated with the equipping M -distribution. This system is completely

integrable if and only if the tensor of inholonomicity {rfb} of equipping M -

distribution
1

Tab = ) ( ab — M&) ; Vrg, = roppw”
is equal to zero. In this case, system (6) determines (n — m + 1)-parametric assem-
blage of the m-dimensional surfaces V,,,. In case of displacement of center A along
fixed surface V,,,, equations that determine H (M (A))-distribution define tangent
r-equipped surface V;,,(,), which is equipped by field of tangent hyper-planes H.
Really, from system, which consists of differential equations (6) and equations,

which determine H (M (A))-distribution, we can pick out the subsystem
wg‘ = M, f“wg
where
AMS = Mgwg, AN =Awi, My =0.
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This subsystem determines the tangent r-equipped surface V), which is dis-
cussed in the paper by Dombrovskyj [3].

On the other hand, in this case H (M (A))-distribution can be interpreted like
hyper-zone H,,, which is equipped by field of tangent r-dimensional planes A.

Hence, geometry of H (M (A))-distribution of affine space, really, is richer than ge-
ometry of tangent r-equipped surfaces and geometry of hyper-zones H,, of affine
space, because it consists of constructions, which do not have sense for the latter
ones.

Also, geometry of H (M (A))-distribution can be used for study of vanishing hyper-
zones and tangent vanishing surfaces.

The system of differential equations
which is associated with equipping distribution of hyper-planes H (H -distribution)
is completely integrable if and only if the tensor of the first order

1 1] 23]
pitl = 2 (Fﬂ —-H! ) : Vit — pitl e

TO 2 TO TO — "OoTK

turns into zero.

On condition that tensor of inholonomicity {r”f!} of equipping H-distribution

is equal to zero, the system (7) determines one-parametric assemblage of hyper-
surfaces V,,. In case of displacement of center A along fixed hyper-surface, equa-
tions, which determine H (M (A))-distribution, represent equations of the hyper-
surface, which is equipped by fields of planes A and M.

Hence, theory of three-component distribution is also a generalization of theory of
hyper-surfaces of affine space.

5. Connection Induced by the Field of the First-Kind Normal

Let us consider basic distribution equipped by the first-kind normals. The first-kind
normal is defined by the objects which are determined by the differential equations

D p, n+1 P _ P K
Vi — v Wpil T Wna1 = Vo 1gW -

Let us make the following canonization of the frame of first-order, where the values
v? = 0. In the chosen frame we get the conditions

14 _ P K
Wnt1 = Upp1g@ - (8)

Geometrical sense of this canonization consists of the placement of the vector €, 1
in the invariant plane — in the first-kind normal of A-distribution.
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According to conditions (8), it is easy to obtain the system

DwK:wJ/\wa{, pr:wq/\wp—l—Rngﬁ/\wK
)
Duwl = wj Awl + RqKLw A wh
where the values Rf ., Rl are defined by the relations
p
R {A[m}], Aupa n+1p} (10)

Rikr, = (AZ[KA| 1 T At A+ AV ) -

Consequently, the system of the forms {wp , wfl’} defines the affine connection I’
on the A-distribution, which is induced by the field of the first-kind normals for the
A-distribution. It is possible to say that this connection is induced by the field of
the equipping vector v.

6. Affine Connection Determined by Inner Way

Let us consider the affine connection determined by the following transformations

~pD _ .p D K
Wy —wq-{—fywa

where
1 ~
DWE =w’ A wﬁ(, Do = wi ANGE + §R§(LwK A wl (11)
D&P = &) AGE + APy Aw®

PP _ P q

Ricr =2 (Al + 0 s + 8 fom) 12)
AVl = Vig + ”YqK’YrLW + Ag LAD wh + AqLVn+1KWL
According to differential equations (11) the forms w?, W¥ define the affine connec-
tion if and only if the relations

A'YgK = ’YgKLWL (13)
hold.

The tensor RZ}’( ; 1n equations (11) is the torsion tensor of this affine connection
space, and

P . P
RqKL = 2’Yq[KL]
is the curvature tensor.

According to relations (12) and (13) we get the system
= K K
Vb = ’Yf,’sxw Vol = ’yunw
n+1 D, u K

(14)
V’an+1 7qn+1wn+l Yqun+1 = 7qn+1Kw
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It is easy to show that the objects constructed below satisfy equations (14). Corre-
spondingly,

Hg,,. = AP? (Asqr - AsuAgr - ASTH-lAqT)

HE, = AP ( Asqu — Asni1Aqu — AspAZy, + AL My, + AZ, Hau)

ch;n-l—l = AP? (Asqn-i-l - Asn+1Aqn+l - Astgn+1 + Aiqu‘n-i-l + Acsquan-}-l)
where

P — P — p _ Igp n+l  ryp . u _
V6Hq7" T 0’ V5Hqu o O’ V51{(1%-{-1 an-{-lﬂ-n-{-l Hquﬂ-n-f-l -

Consequently, in case of invariant normalization of the A-distribution, the forms

P ~p _ .p p K
w? and wq—wq—{—Hwa

define the affine connection on the A-distribution by inner way.

7. Analog of the Affine Connection for the Hyperzone Distributions

Next, we proposed the following transformations

=p . J
_,.p
wq = wq + ﬁqw

where
= 1z
Dw¥ =’ AWK, pr:wq/\wz—{—iR%LwK/\wL

D&, = Gy A&y + AFE, AW
Ricr =2 (SicAfyn + T osainy — Sl Tia)
Myxe = Vg + Vg Toew + AgLALgw” + Al ew”.
The forms w?, 52 define the affine connection if and only if the following relations

~ ~ L
AﬁK = 751{1:”
hold. These relations are equivalent to the following differential equations

. =p K == =p K
P _ P _
v’qu - f)/quw ) VFyuq - ’Yquw

~P ~Pp n+l ~p u _ =P K
V+1g = Tnt1¢¥nt1 — Yug¥n+1 = Tntlg@ -
The affine connections for the hyperzone distributions in the projective space are
discussed by Stoljarov [9]. In case when the relations
=p

wP, W, = wg db ’Ay’ng‘] (15)

with
ﬁgq = 01 ﬁ’[}zq = _AZq? i/)]’;-}lq = _V£+1q (16)
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hold, we have the connection which is an analog of the connection obtained by
Stoljarov [9].

8. Ricci Tensor of the Affine Connection

The components of torsion tensor and curvature tensor for this connection have the
forms

2 n+1 n+1
Rier, = 2 (8 Al o) + R Vi) + 0y ALy + 87 ey

RPy ;=2 (008 AL, AT, — 675180 vr AP

ugor ~ 9K n+1g‘or
— o) lAuqvﬁHr + AU A+ AV (17)
+”n+lqAT[K5£] 5L]Vp+1quu - [ 57] n+1qHafy
Azq[K(SL] Au[L(sK]A q[K‘SZ]+1 £+1u +v +1q[L5?<J]r1) .

The components of curvature tensor R”., have more simple form
qst

Ry = ( tlal A5 + AdisAluyg T Adls¥ sty T Vna1gArisdy — AFstlAzq) :

The values

Rys = FP

qsp

( la A% T AQsAbup T AglsVini1pp) T Vna1gArlsOp) — Afgp]Azq)

form the tensor called Ricci tensor of the affine connection for the normalized A-
distribution.

9. Another Similar Affine Connection of the Invariant Normalized
A-distribution

Let us come back to the case when we have the affine connection which is the
analog of the connection received by Stoljarov [9].

Another similar affine connection is determined by the transformations

~p
—D _ ¥4 K
Wy =W, + Fwa

under the condition that relations (16) hold.

It is easy to obtain the following differential equations

1
Dw® = w’ AWk, pr:wq/\wg+§§][)(LwK/\wL

—p  — — P K
Dot =g ANWY + AT e Aw



226 Marina Grebenyuk

where B
Ryp, = Ricp, — 2P}[)KL]’ Loy =

ATPy = VTP + (TP AL, — Thi AL ) o

D 72 D n+1 P L
(F KVn-i—lq FqKVn-{-lr) w ( RqLK LF?"K) b

The forms w?, ©7 define the affine connection if and only if the following relations

VI?, =T?,  wk, VIP, =P w
(18)
VFqn+1 huwni1 — Fpn+1“’2ﬂ Fpn-HKWK
hold.
It is easy to show that the objects (scopes)
%, = H, T%,=HP, T, =Hb,

satisfy the differential equations (18) correspondingly, and in this case the forms

— =p
WP, T =0y + Hygw"
define the affine connection on the A-distribution by inner way.

The torsion tensor of this affine connection space is the tensor Ry ;, and the cur-
vature tensor is the tensor

—=p
RqKL = 2F§[KL]

10. Projective Connection Associated with Basic Distribution

It is considered the space of the projective connection P, ,, which has been
determined by the following way: affine space A,,.1 is (n + 1)-dimensional base
of this space, and the r-dimensional planes II,. of the basic A-distribution are layers
of this space [2].
The projective connection I' of space P, 1 , is determined by the system of forms
9p:wp—I’ZKwK, 07 = wh — Pp

The transformed forms 67, 6 satisfy the following structural equations

DO” = 09N 02 + W AATD ., DOP =07 AGD + W A AT,
where

AT?y = VI, + 65wl | — TPpw? — T2, TP w’ — Af ™

AT?y = VTP + Agrewl s + (Al AD — Tl ) w?
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The forms AT? ., AT? ., wX on H(M(A))-distribution constitute a completely
integrable system and determine the field of the geometrical object {I'} ., TV x }

over the initial base (w). This geometrical object will be called the object of the
projective connection of the space Py, 11 ,.

To determine the projective connection in the layers of the space P, , by the
forms 6, 67, it is necessary and sufficient to determine the field of the object of
the connection I'.

Structural equations for layer forms 67, 62 look as follows
1 1
DOP = 97 A 0P + §R§KLMK Awh,  DOP =07 AOE + §R§KLwK Awh

where { Rf;;, R } is the torsion-curvature tensor of the projective connection
I" of this space P, 11,

RZKL = 2FZ[KL]’ Rf,’m = 2F§[KL]'

11. The Scope of Object of the Projective Connection I' by the
Fundamental Objects of the H (A (A))-distribution

The projective connection I' is constructed, which is defined by the three-compo-
nent distribution H (M (A)) by inner way, i.e., the scope of the object of the pro-
jective connection I' is constructed by the fundamental objects of the H (M (A))-
distribution.

It is easy to show that the components of the object of the projective connection
{Tk:T7x } are realized by the following way

ng - Oa Fgu = _b];qeqa Pgn—l—l = aubﬁng + Vp
FZK = AqK (a“bﬁtét + Vp) — gKbZr€T°
Thus, it is proved that the forms 67, 9{]’:
0P = WP + BRI W™ — (a¥BPI0, + VP) W
0F = wP — (Aqra"BEily + Agr? — Atgebtr e, ) ™

which define the layer of the space of the projective connection P, 1 ,, are deter-
mined on the H (M (A))-distribution by inner way and associated with the basic
A-distribution where the objects {h”} and {\P}, which have been constructed be-
fore, can be taken as the object {v/"}.
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12. The Reflection Determining Projective Connection on the
Distribution Received by Method of Projection

It is proved that the constructed projective connection I' belongs to the type of the
projective connections which are defined by the way of projection.

Really, the plane
[}T(u, du), €, (u, du)] = I, (u, du)
is the image of the current plane
I (u + du) = [fi’(u + du), €p(u + du)]
of the basic A-distribution in case of mapping

A(u+ du) — A(u,du) = A(u) + w’&;(u) + higher order forms (19)
ép(u + du) — ép(u,du) = ép(u) + wgéj(u) + higher order forms
which determines the connection.

Let us project the image T1(u, du) of neighboring plane TI(u + du) onto the current
plane of the A-distribution TI(u), taking the equipping plane K, _,.1(A) as the
projecting center.

The invariant plane K, ,11(A) is defined by vectors
Kni1 = @np1 + (a"bPI0, + 1P)E,, K, = &, — BPI,E,.
This projection determines the reflection
A(u,du) — ff(u, du) = A(u,du) + (" K, + MK,
= A(u) + w’ &+ (" (Eppr + HY 1 8,) + 04(8, + HEE)
= A(u) + (wP + "L HP | + (HP)E,
4 (W 4 98, + (W £ e,
&y (u, du) — ép(u, du) = Ey(u, du) + 0 K, 11 + OK,
=&+ wi &y + O (Eyp1 + H L 18) + 03(, + HIE,
= &p(u) + (W + G Hy + GHDE,

+ (wp + £p)Eu + (wg+1 + €g+1)€n+1.

(20)

Thus, superposition of reflections (19) and (20) gives the reflection, which deter-
mine projective connection on the H (M (A))-distribution received by method of
projection

A(u, du) — fi’(u, du) = A(u) + 07€,

&y(u, du) — é,(u, du) = &,(u) + %€,
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Here the forms 67, 95

P _ P P P, U P _ P n+l p v
0P = wP — H- ™ 1 _ HPL, 0, =wy — Hy jw, " — Hjw,

determine the main part of the received reflection and are the forms of projective
connection I" on the H (M (A))-distribution, which was determined by the project-
ing method.

The components of the torsion-curvature tensor of the space P, 1 , in the structural
equations look as follows

Ripy = 2(Agren(a"bylly + vP) + Agrealbully + Aqrrebt) na
+ Agirelig @by’ + Aqre vy — Agig b br — q[beJU]
— Al O — Agir A g™ €ea”bh 0 — Agigc Ajpy v a” 05 4,
+ A“[KA|T|J]b""t€ta”bpS€ — q[KA|7.|J]aubzt€th — Mg Ay VP
+ AL g A Bl + Agric Al a" bt ebR%e,
+ Mg Ay 00 — A b b es)

q[
Rixr, =205k,
where
FguJ - = bZiII - bpqqu - 5quuavbpt€t - 5ququ + 5q Av WO
+ AgsbT a6, W8, + VPO I A gy — BITAL 0, — AD &Y
TP = — 01 Apqa" b8t — 67 Apqv® + ST AL BB, — AP 67

Ih 1y =a300%, + v + a0l + a™ by + a™bh g,
- 53(Aqn+1a“‘bﬁ b+ VP Agni1 — Aqn-l—lbﬁrér)
a“bd N ga b0l — 84 AD L — vINga bR,
a"b b Ag P — VIA VP + a“bZTETAnggtEt + VquJbZtﬁt.

The torsion-curvature tensor determines the projective connection space.

Thus, it is proved that projective connection I' for the three-component distribu-
tion is defined by inner way in the differential neighborhood of second order and
belongs to the type of the projective connections which are defined by the way of
the projection.

The results of research can be applied to the general theory of distributions in
multidimensional spaces and to the theory of connections, which are associated
with the multi-component distributions.
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