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Abstract. We review the theory of Chaplygin gas. This theory arises from
the non-relativistic fluid mechanics with exotic state equation. This condi-
tion actually admits that the fluid theory reduces to the simple relativistic
geometrical objects. This means that the non-relativistic fluid theory has hid-
den Poincare symmetry. We will show that the geometrical object is the brane
described by the Nambu—Goto action. The application of this Chaplygin gas
to the universe model is also briefly reviewed.

1. Introduction

We consider the non-relativistic fluid dynamics without viscosity. In this case the
dynamical equation reduces to the usual Euler equation. We further give the exotic
state equation to this theory such as

p—_2) (1)
P

with pressure P, density p, and some constant A.

Such a fluid is called a Chaplygin gas which turns out to be a special effective
theory of the gas fluid. Despites that it seems to be a trivial classical problem, this
theory contains marvellous symmetries and beautiful geometrical contents. The
symmetry is one-dimensional higher that the Poincare symmetry, and the related
geometrical object is the brane with less extrinsic mean curvature. This means that
the theory of Chaplygin gas is equivalent to the relativistic brane theory [10-13].

In this paper, we briefly sketch the relation to brane picture, then we find many
types of solutions, and we show the symmetries of this theory. According to the
relation to relativistic brane, we find the equivalence to the Born-Infeld theory.
From this picture, we find different types of solutions. In the final section, we
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discuss the application of exotic state equation to the universe model, called Chap-
lygin cosmology. The quantization of this theory is not yet done, but it is a very
attractive open problem.

2. Fluid Mechanics

Let us start with the non-relativistic Euler equation in D + 1-dimensional space
time

ov VP
— -Viv=—— 2
5t 0 V= @
‘We assume the irrotational condition,
v = V6. 3)

Making use of the state equation (1) the equation (2) can be obtained from the

action \
S = /dD+1:L' [9;3 - <§(v9)2 + —)
p

After eliminating the variable p by using the equation of motion, we can simplify
the action to the form

)

2
S = —2\/X/dD+1:c 0+ @- 5)

The Euler-Lagrange equation for this action is

0 1 Vv
- 4V |——— | =0 (6)
O\ [+ (ve)2/2 (\/9 + (va)2/2)

3. Brane Solution

Let us consider the solution for §. First we consider the static solution. Its equation
is

Div(n) = 0 (7)
where -
E —_— 8
"= o) ®)
The unit vector 7z above is normal to the hypersurface
O(zt 22, . .. ,:z:D) =0. ©)

Let us now consider the meaning of the equation (7). For that purpose we intro-
duce the hypersurface €) defined by equation (9), and set the curved coordinate
¢*,...,q”" on this hypersurface as shown in Fig. 1. Then we can define the
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Figure 1. Surface ) with coordinates and metric

metric tensor on {2 as
X 0X

=3 oy
where Latin indices (i, j) run from 1to D—1,and X = X (¢, ..., ¢P~1) specifies
a point on €. We further introduce another coordinate ¢” in normal direction by
using the relation

10)

Oz
dqP
where x specifies the point of D-dimensional Euclidean space. Making use of
this coordinate, the hypersurface € is defined by ¢” = 0. The set of coordinates
{q%,...,q"} covers all D-dimensional Euclidean space = = x(q*, . .., q").

The line element in this D-dimensional space is given by

dS? = g,,dg*dg” an
where
=g = (0 1) -
The Greek indices p, v, ... run from 1 to D. And we have the relation

9i5 = Gij(q” = 0).
The extrinsic curvature of the hypersurface {2 is defined by

090X 0On

i = o — o 1
) aqz aqj ( 3)
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The extrinsic mean curvature is given by
H:gijax L on :gwa_:c' on
¢t O¢ dgt  Og¢¥
_ A 0T On
oxA  9xB

where the last term vanishes due to the fact that n = dx/9q”.

_gbp oz On
Q oqP  oqP Q

14

+ (last term) = Div(n)
Q

Therefore the meaning of the equation (7), £ = 0, is that {2 is a minimal hypersur-
face just like the soap film which boundary is a closed line [19].

4, Time Dependent Solution

Now we look for the time dependent solution. Since our theory is just the non
relativistic fluid mechanics, it has the Galilean invariance. The Galilean boost is
defined by

=z — Vyt (15)

The corresponding Lie transformation for the velocity potential is given by the
following relation [14—16]

1
O(x,t) — 0'(x,t) = 0(x +tVo,t) —x - Vo — 5‘/6%. (16)

We can easily find its validity by taking the space derivative, i.e., it reduces to the
relation v’ = v — Vj,.

By using this boost, we can construct time dependent solution from time indepen-
dent solution 6, (x)

1
O(x,t) = O,(x +tVp) —x- Vo — 51/0%. a7

Note that we have hidden symmetry as follows. The time independent solution 8

satisfies the equation
Vi,
A =0. 18
() 4o

The above equation is invariant under the transformation with any function F'(x)
satisfying dF'/dz # 0

Os — 0. = F(05). (19)
Therefore, more general solution for the Chaplygin gas is given as
1
O(z.t) = F(0s(w + tVp)) — - Vo — SVi't. (20)

We have obtained (D, 1) = (space, time) dimensional solution for Chaplygin gas
from D — 1 dimensional minimal hypersurface. Two examples of two-dimensional
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Figure 2. Catenoid and helicoid

minimal hypersurfaces are shown in Fig. 2 [9, 19]. The corresponding solution
generated by the catenoid is

/22 2
0s(z,y,z) = z — Aarccosh (:ET—i—y> 2D

and that one associated with the helicoid is given by
Os(x,y,z) = z — arctan <g) . 22)
g5
5. Another Solution

‘We look for the solution in the form
0=t—V2f(zt 2%, ..., 2P). (23)

By putting this expression into (6), we obtain

) oaf B
OxA (~/1 = (Vf)2) =0 @4

where A = 1,2,...,D. The meaning of this equation is as follows. Let us con-
sider the D-dimensional hypersurface in (D + 1)-dimensional Euclidean space in
the form

z:f(ml,:c2,...,xD). (25)
This is shown in Fig. 3. The infinitesimal area of this hypersurface d.S is related to
the projected area dz*dz? - - - dz” on the flat D-dimensional hypersurface

cospdS = dzldz? - - -dz? (26)

where ¢ is the angle between 72 and the positive z direction. Therefore cos ¢ = n,
and we obtain the hypersurface area

13,2 .. 3..D
S:/d:v dzx dx . @7
n

z
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Figure 3. D-dimensional hypersurface

The normal vector 72 can be calculated as
" Vpsi(z—f) __k-Vs
IVpyi(z =)l V1I+(Vf)?

where Vp 1 is (D + 1)-dimensional differential operator and k is the unit vector
in z direction. Then we have

S:/,/H(Vf)? Bl ool 2, (29)

The Euler-Lagrange equation for this action (surface area) gives the equation (24).

(28)

This time we have obtained (D, 1)-dimensional solution for Chaplygin gas from
D-dimensional minimal hypersurface [19].

6. Symmetries of Chaplygin Gas

The theory has two kinds of hidden symmetries. One is Dilatation (time rescaling)
with the scalar parameter A
0'(t,x) = e*0(et, ) (30)
and the other one is the highly non-linear transformation called field dependent
transformation [1,2] generated by the vector parameter w
1

T(t,x)=t+w- -x+ EwQH(T, R)

R(t,xz) = x + wl(T, R) (€29

&' (t,z) =6(T, R).
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This transformation mixes the field and space time parameters.
Actually the theory includes the following symmetries [1,2, 10-13]:

Time and Space translations: DD + 1 generators

Space rotations: D(D — 1)/2 generators

Galilean boost: D generators

Field translation: one generator
o Time rescaling (dilatation): one generator

Field dependent transformation: D generators.

This means that the total number of generators is (D + 2)(D + 3)/2 which is the
same as that of (D + 2)-dimensional Poincare generators, and they really induce
the Poincare algebra.

7. Relativistic Brane

The fact that the theory has the Poincare symmetry, means that it can be interpreted
as a relativistic object. To see this point clearly, we start from the relativistic action
of D-brane in (D + 1, 1) space time. The action is the Nambu-Goto action given

by
0XHoXV
_ D+1 D
S = —/d q\/(—l) det [n””a—qaa—&] (32)
where X is the target space variable with its indices (p,v,...) =0,1,..., D+ 1,
and metric: 7 = diag(1,—1,—1,...,—1). The local coordinates on the brane are

given by ¢ with indices (a,b,...) =0,1,..., D as shown in Fig. 4.

To fix the gauge degrees of freedom, and to check the non-appearance of ghost
field, we go to the path integral formulation. Since our theory include a Hamilton-
ian, momentum constraints and the gauge constraint y, we have

Z = /DX/DPH(S(TQ)H(S(Xb)|det{Ta,xb}|exp (i/PNX“dDHq) .
a b

(33)
Here P is the momentum conjugate to X. The Hamiltonian and momentum con-
straints are

XH
To = P,P* — (-1)PGGY, T, = Pp%—i- (34)
q
The metric field is given by
XHHXY
G 0X7 0 G = det(Ggp). (35)

ab = 'rhu/a—qaa—qba
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X
(D + 1)-dimensional space

Figure 4. Relativistic D-brane

Now we fix the gauge in two different ways. First we use the light cone gauge
defined by

1
0_ 0 0 D+1 E_ k E
=q¢ ——=X"+X , =q¢ —-X", k=1,...,D. 36
i Ed \/5( ), X"=gq (36)
By inserting above equations into (33), we obtain the new action
1
S:/dD+1 [9'—(3%2 —)] 37
q|6p—{5(VO)" + R 37

where the relations § = %(X0 — XD+ and p = %(P0 — PP*1) have been
used.
By using the equation for p, we obtain the action

. 2
Sechap = —ﬁ/dDHq\/é) + (V;) - (38)

This is just the theory of Chaplygin gas as we have already seen.

On the other hand, we can use another gauge fixing condition called a Cartesian
gauge
Y’ =q¢° — X9, szqk—Xk, k=1,...,D. 39
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Then we have the action

S = / dP+lg [t% — 121+ (ve)ﬂ (40)

where this time # = XP*1, p = PP+! were used. By using the equation for p we
obtain also the action

06 06
- _ D+1 T .
Spr = /d Q\/l n oq" 0g" (41)

This action is called Born—Infeld action [1,2,5,6,9-16, 19].

We have two theories due to the different choices of the gauge. These two theories
have the same origin and there should be some relation between their solutions.
This point is clarified by Jackiw and Polychronakos [14—16]. Let Ochap and Oy be
the respevtive solution in each of these theories. Then these solutions are related
to each other by the equations

T(t,2) + Ocnap(T, 2) = V2t 42)
Opi(t,z) = V2T (t,x) —t. (43)

First we define the field T by the first equation, then the second equation follows.
This relation is easily understood from the difference in the two choices for the
gauge, i.e., (36), (39) and the definitions of the fields Oy, = %(X 0_XD+1)and

Opr = XP+1. Since there exists an explicit relation between the solutions of the
two theories we can find the solution from the Born—Infeld theory. Let us compare
the equation (41) and the action of (D + 1)-dimensional minimal hypersurface

(similar to (29))

Sms = —/dD+1q,/1 + (V)2 (44)
By noting n = diag(1,—1,—1,...,—1), we find the relation between the two
theories

0s1(¢°,q) = f(i¢’, q). (45)

This means that (D, 1) Chaplygin or Born—Infeld solution is produced from (D +
1)-dimensional minimal hypersurface [19]. Before finishing this section we give
some conclusions concerning all previous discussions, namely

e Chaplygin gas is deeply related to the minimal hypersurfaces

e D—1, D, D+1 minimal hypersurfaces gives (D, 1) solutions of Chaplygin
gas

e The origin of Chaplygin gas and Born-Infeld theories is the relativistic
membrane theory.
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8. Application to the Universe Model

It was believed for along time that the expansion of universe has been decelerating.
This is because Einstein equation requires it should decelerate unless unknown
energy with negative pressure does not exist. In 1998, however, super nova la data
showed that the universe expansion is really accelerating [7,20,21]. To explain this
fact, some new universe models have been discussed. One of them is the Chaplygin
cosmology [3,4,8,17,18]. To see this deceleration property of universe, we first
consider the homogeneous and isotropic universe which requires the metric of the
form

ds? = dt? — a(t)?do?. (46)
Here o is the spatial parameter given by
dr?
2 _ 2 102

where dQ? is the metric on the two-dimensional sphere. The value of K coincides
with the scalar curvature of our three-dimensional space. More exactly, K > 0
means a closed universe S5, K < 0 means an open universe, i.e., a hyperbolic
space, and K = 0 means flat universe. By putting above relation into Einstein
equation without cosmological term, we have the Friedmann equation

<a)2 _8rG  *K

p—— (48)

a 3c2 a

and the energy conservation equation

d(pc2a?®) da®
M p 49
ot ot “49)
Using these two equations, we obtain the deceleration parameter of the universe
ai 1 3P\ 8nG
a
3¢ (5)
Then we see that
ad
g=—-—5>0 (&)9)
a
holds under the condition )
P> —3P (52)
To obtain the accelerating universe, we need the exotic matter satisfying
1
P < —-p. (53)

3
Such a “matter” is called a dark energy.
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What happens to our universe if we suppose that our matter field satisfies the state
equation of Chaplygin gas? This problem was discussed by several authors [3,4,8,
17,18], under the name Chaplygin cosmology. In this review we briefly sketch the
discussion by Kamenshchik ez al [17].

Taken together the Chaplygin state equation and the energy conservation equa-

tion (49) give us
/ B

where B is the integration constant.
From this equation for early universe, i.e., when a® < B/A one gets

VB

pP=—3 (55)
This relation with energy conservation law (49) requires
P=0. (56)

That is, the universe is dust dominated and decelerating, i.e., ¢ > 0. For example
in the case of the Einstein—de Sitter model K = 0, a(t) = ag(t/to)?/. The
decelerating property of universe in its beginning is important for the universe has
time of life, i.e., if it is accelerating exponentially, we do not have to consider its
birth.

On the other hand, for the large value of the cosmological radius, i.e., if a® > B /A
p=VA. (57)

When combined with energy conservation law (49) this relation requires (inc = 1
unit)

P=—VA (58)

The situation is the same as in the case of the empty universe with a cosmological
constant

A =VA. (59)
Then by using the Friedmann equation (48) with the condition
2 3¢t K|
8rGA
we obtain
8rGA
[ t - (60)

3c?

a(t) ~ ag exp [

So we have inflation for the large universe. In this sense, Chaplygin gas interpolates
two phases of the universe. First it expands in power law (deceleration) and later
expands exponentially (inflation).
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Let us compare the Chaplygin cosmology with the observational data. The present
observational fact can also be described by the dust matter with cosmological con-

stant. In such a case
P=P\+Py=-A

61
p=pn+pu =A+pu. ©b
Then the observational data at present time can be represented as
A 7
[— ~ = (62)
PM J present 3
If we believe in the Chaplygin cosmology P = —A/p, we obtain
A= AA + pyr) ~ 1.43A° (63)
and then we have also
VA~ 1.2A.

Since /A is the cosmological constant for large scale universe, the above result
shows the increasing cosmological constant [17]. Such a “dynamical cosmolog-
ical constant” or dark energy is usually called Quintessence [7]. Therefore, the
Chaplygin cosmology can be one of picks of the Quintessence.

9. Summary

In this article, we have considered various aspects of the Chaplygin gas. To sum-
marise the previous discussions, we will list them again:

Chaplygin gas has a geometrical meaning of a minimal hypersurface

Hidden Poincare symmetry is included

Theory of the relativistic brane is equivalent to the Chaplygin gas and Born—
Infeld theory

Chaplygin’s state equation works as a model for accelerating universe.
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