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Abstract. This paper is an introduction to the theory of algebras with poly-
nomial identities. It stresses on matrix algebras and polynomial identities
for them. The notion of Bergman polynomials is introduced. Such types of
polynomials are investigated being identities for algebras with symplectic in-
volution. In the Lie case more information is given for Bergman polynomials
as Lie identities for the considered algebras.

1. Algebras with Polynomial Identities

We fix a countably infinite set X = {z1,zo,...} and consider a field K of char-
acteristic zero. We work in the algebra K (X) which has a basis the set of all
words

Tiy - .- Tip, .Z'ijEX
and multiplication defined by
(.”Eil coo l”z‘m)(le co ':Ejn) = Tjp .- xima:jl oo .$jn.

Definition 1. i) Let [ = f(z1,...,2,) € K(X) and let R be an associative
algebra. We say that f = 0 is a polynomial identity for R if

flry, ... ryn) =0, 1,...,7n € R.

ii) If the associative algebra R satisfies a non-trivial polynomial identity f (ie., f
is a nonzero element of K (X)), we call it PI-algebra.

It could be shown that f € K (X) is a polynomial identity for R if and only if f is
in the kernel of all homomorphisms K (X) — R. We give some examples:

292



Algebras with Polynomial Identities and Bergman Polynomials 293

Example 1. The algebra R is commutative if and only if it satisfies the polynomial
identity
[x1,22] = T122 — TDT1 = 0.

Example 2. Let R be a finite dimensional associative algebra and let dim R < n.
Then R satisfies the standard identity of degree n

Sn(T1,. . Tn) = Z (sign o)y . Tom) =0
g€Sy
where S, is the symmetric group of degree n. The algebra R also satisfies the
Capelli identity
An(T15 - T3 YL Y1) = D (SIENO)YTo)Y2 - - - YnTo(m)Yns1 = 0.
g€Sy

Example 3. Let M(K) be the 2 x 2 matrix algebra. It satisfies the following
polynomial identities:

1. The standard identity sy(x1,x2,23,24) = 0
2. The Hall identity [[x1, x2]?, x3] = 0.

The algebra My(K) does not satisfy the Capelli identity dy = 0 and the standard
identity s3 = 0.

Example 4. The n x n matrix algebra M, ( K) satisfies the identity of algebraicity
dn+1(11 $3I27 ‘e axn; 13 Y1,y Yn, 1)
= Z (sign a):cg(o)ylxg(l)yg oy =0

TESp41
where the symmetric group Sy, 11 acts on {0, 1, ..., n}, and the identity
Sﬂ([xa y]a [$2a y]a st [xn’y]) =0.

Example 5. Let U, (K) be the algebra of n x n upper triangular matrices. It
satisfies the identity

[$1,m2] e [$2n_1, $2n] = O

Some important properties of the associative algebras are expressed in the language
of polynomial identities. We have seen this for the commutativity. Other examples
come from the nonunitary algebras. The algebra R is nilpotent of bounded index if
there exists n € IV such that " = 0 is an identity for R. The algebra R is nilpotent
of class < nifz7...x, = 0 for R. More details could be found in [4]. It turns out
that the class of all PI-algebras has a structure and combinatorial properties similar
to those of the commutative and the finite dimensional algebras.
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2. Bergman Polynomials in Associative PI-Algebras

We define a class of homogeneous associative polynomials, called Bergman poly-

nomials [1]. These are homogeneous and multilinear in y1, ..., y, polynomials
f(x,y1,...,y,) from the free associative algebra K (z,y1, ..., y,) which can be

written as
f(mayla"'ayn) — Z v(gi)(xay’ila"'ayin) (1)

i=(i14er0yin) ESn
where g; € K[t1, ..., tn+1] are homogeneous polynomials in commuting variables
Gilt1s o tpg1) = Y aptht . ] )
and

v(gi) = v(gi) (@, Yiys- - Yi,) = Zapxplyil cooaPry; Pt 3)

The following theorem of Bergman shows how one could investigate PI-algebras
using commutative theory approach.

Proposition 1 ([1, Section 6, (27)]). i) The polynomial v(g;) from (3) is an identity
for My (K) if and only if
I -t

1<p<g<n+1
divides gi(t1, ..., tpe1) forall i = (i1, ..., iy).

ii) The polynomial f(x,y1,...,yn) from (1) is an identity for M, (K) if and only
if every summand v(g;) is also an identity for M, (K).

If the algebra has some additional properties the analog of the Bergman theorem
could be formulated. These properties are concerned with the existence of involu-
tions (i.e., antiautomorphisms of second order) in the considered algebras.

We recall that in the matrix algebra Mo, (K, *) the symplectic involution * is de-

fined by

A B\" (D' -Bt

C D) \-Ct At
where A, B, C', D are n X n matrices and ¢ is the usual transpose.
For an algebra R with involution * we have the splitting (R, *) = RT & R™, where
R* = {r e R,v* = %r}.
We call f(z1,...,z,) € K(X) a *-polynomial identity for (R, *) in symmetric
variables if f(r],...,7F) = 0 for all r{,...,r7 € R*. Analogously
f(z1,...,25) € K(X) is a x-polynomial identity for (R, *) in skew-symmetric
variables if f(r{,...,r;) =0forallr],...,r; € R™.
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The algebra RT is a Jordan algebra with respect to the multiplication r] o 7} =

riry +ryr] where r{,r; € R* and the identities in symmetric variables are
weak polynomial identities for the pair (R, R™).
Similarly, the algebra R~ is a Lie algebra with respect to the new multiplication
[r1,r3] =r{ry —ryr] wherer vy € R~ and the identities in skew-symmetric
variables for ( R, ) are weak polynomial identities for the pair (R, R™).
In order to state the next result we introduce the following notation, namely
92n0 = 1T &=t —tan).

1<p<g<n+1

(p.@)#(1n+1)
Proposition 2 ([9, Theorem 3]). Considered in Mo, (K, *) the polynomial f in-
troduced by (1) satisfies f(a,r1,...,r,) = 0 for any skew-symmetric matrix a
and all matrices r1, . ..,ry if and only if (t1 + ty41)gon o divides the polynomials
gi(tla N ,tn+1)f0r alli = (7:1, RN ’l:n).

The sufficient condition of this proposition could be improved.

Proposition 3 ([6, Theorem 1]). Let the polynomial (1) be a *-identity in skew-
symmetric variables for the algebra My, (K, *). Then the polynomial gy, o divides
the polynomials g; in equation (2) for all i = (i1, ..., i,)-

Some other results are the following:

Proposition 4 ([8, Proposition 3]). The linearization in y of the standard polyno-
mial S3([2®, 9], [x2,y], [x,]) is an identity in symmetric variables for Mg(K, *)
of minimal degree.

Proposition 5 ([5, Theorem 3]). A polynomial f is a Bergman type identity in
skew-symmetric variables for My(K, x) if and only if it has the form
[ =a(v(g)(@,y1,y2) + v(g2)(z. y2,51))

+ Bu(gs) (@, y1,y2) + yv(ga) (2. y2, 1)
where

L. g1 = gaoIl;(aits + bita + cit3), g2 = gao[l;(—cit1 — bita — a;t3) and
t1 + t3 is not a factor of the polynomials g1 and g

2. The polynomial (t1 + t3)g40 divides g3 and g4
3. The identity v(g1){(z,y1,y2)+v(g2)(z, y2,y1) = 0 follows from the identity
Jo(z, y1,92) = 20652 v(g4,0)(z, Yo(1)> ya'(2)) =0.

We are able to formulate and prove a result for Mo, (K, *) generalizing “only if”
part of Proposition 5 for n = 2.
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Theorem 1 ([8, Theorem 3]). Forn = 2,3 (mod 4) every Bergman type polyno-
mial of degree k of the form

f = azv(gi)(:cayip“'ayén) +/Bzv(gj)(xayj1a s "yjn)
g J

is a x-identity in skew-symmetric variables for My, (K, ), where

N 1
1. 9i = g2n,0 Hlen 2+l > m=1 az(,':)’ntm
k—n2—2n+1 l
g’H-"—! = g2n,0 Hl:ln nr (_ Zn =1 az(,':)'b—l-l—mtm)

1=1,..., %‘ and t1 + t,1 is not a factor of these polynomials
2. The polynomial (t1 + t,41)g2n,0 divides g;
3. The identity Y v(g:)(x, Yi,, - - -, Yi, ) = O follows from the identity

’U(ggn’o)(l', Yirs Yios -+ y’in) + U(QQTL,O)(xa YiprYig_15-- > yil)
for (il, ig, e ,in) c Sn.

3. Lie Algebras

Starting with the free Lie algebra L{X') we can define the notion of a polynomial
identity for a Lie algebra GG. We give some examples:

Example 6. Let G be the two-dimensional Lie algebra with basis {a, b} as a vector
space and multiplication [a,b] = a. G satisfies the polynomial identity (namely the
metabelian identity)

[[x1,z2], [x3,24]] = 0.

Example 7. If G is a finite dimensional Lie algebra and dim G < n, then G satis-
fies the Lie standard identity of degree n. + 1 (but in n skew-symmetric variables)

zosp(adzy,...,adx,) = Z (signo)[zo, (1), - -+ Tom)] = 0.
g€S,

Example 8. The Lie algebra (U, (K))™) of all upper triangular n. x n matrices
satisfies the identity

[[z1,z2],. .., [Ton—1,z2n]] = 0.
Example 9. Let W), be the set of all derivations of the polynomial algebra in n
variables. (The linear operator 6 of the vector space K [x1, . .., xy] is a derivation
if 0(uv) = §(u)v + ud(v) where u,v € K|z1,...,xy].) Wy, is a Lie algebra with
respect to the operation [1, da].

1. The algebra W satisfies the standard Lie identity

zpss(ad z1,ad z9,ad z3,ad z4) = 0.
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2. The algebra W,, satisfies some standard Lie identity.

As in the case of associative algebras, some classical properties and results for
Lie algebras can be stated in the language of polynomial identities. A Lie algebra
G is abelian if it satisfies the identity [21,22] = O meaning that G has a trivial
multiplication. The algebra G is nilpotent of class < n if it satisfies [z1,...,2,] =
0. The algebra G is solvable of class < n if it satisfies the identity f,, = 0, where
fn = fulz1, ..., zon), is defined inductively by

fl(xla -7"2) = [.Zl, -272]

o = fn=1(z1,. .., 2on-1), fno1(@on-1,1, ..., 227)], n> 1.

The solvable Lie algebras of class two are called metabelian. Any solvable finite
dimensional Lie algebra satisfies the identity

[[z1,22], ..., [r2n—1,720]] = 0

for some positive n.

4. Bergman Polynomials in Lie Algebras

It is a natural question to consider Bergman polynomials in Lie algebras as well.
Working in the Lie algebra so(4, K, %) of the skew-symmetric with respect to the
symplectic involution * variables of the matrix algebra of fourth order My(K, *)
we are interested in finding the minimal degree of these polynomials. In [7] us-
ing the Hall basis of the free algebra L(X) for X = {z,y1,y2} we have con-

sidered the following elements of a given degree k + 2: [yi,,z,...,Z,yi,] and
N——
k
([Yiy» Ty - - s 2], [Yin, T, - - ., x]], where (i1, 12) is any permutation of {1,2} and [ =
| |
1 k-1
1,...,k— 1

The left normed commutators are written as elements of the free associative algebra
K (X) and thus the commutative polynomials are uniquely defined.

For example for

[ =y, 2,92] = y12y2 — Ty1y2 — Yoy1T + Yoy
= v(g1)(x,y1,y2) + v(g2)(z, y2, 1)

we have g1 = to — t1 and go = —(t3 — t2).
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For
f = [y, 2], [y, 2, 7]] = yizyex® — 2y12%y2x + y12°y2
— Y1y’ + 2TY1 YT — TY1T Y2 — Y22 1T + Y2z Y
+ 2zyozynx — 2303/29323/1 - 5823/21/133 + 5823/2583/1
= v(g1)(z,y1,92) + v(92) (%, Y2, Y1)

one gets g1 = (tg — tl)(tg — t2)2 and go = —(tg — t1)2(t3 — tQ).

We denote the Lie algebra of the skew-symmetric due to the simplectic involution
variables of My, (K, *) as so(2n, K, *).

Applying Proposition 3 and some technical manipulations we get the following
result:

Proposition 6 ([7, Theorem 1]). No Bergman polynomials are Lie identities for
the Lie algebra so(4, K, x).

There was a comment made during the Conference on the possibility of getting the
above result from more general considerations connected with the Lie structure of
the algebra. But the pattern of proof of Proposition 6 introduced in [7] gives the
possibility for an analogous result concerning so(6, K, ) as well.

Investigating the identities of minimal degree for the Lie algebras so(4), so(3,1),
s0(2,2) and sp(4, R) considered in [3] is a natural step in research. For the phys-
ical reason of considering the above algebras we will mention that the Lie algebra
50(3, 1) is the algebra of the Lorentz group SO(3, 1). The motion of a charged par-
ticle in a constant electromagnetic field can be described by a system of four linear
differential equations, the so called Lorentz equations [2]. The time independent
electromagnetic field is represented by a second order tensor

0 B; -B E;
-Bs 0 By Es
By -B, 0 FEj
E, E, E; 0

where E1, E», E3 and Bj, B2, B3 are the components of the electric respectively
magnetic fields (A is an arbitrary element of the Lie algebra so(3, 1)).

A=

Theorem 2. For the Lie algebras so(4), so(3,1) and s0(2,2) there exists a Berg-
man polynomial of type (1) of minimal degree five, which is a Lie identity. All
Bergman type Lie identities in these algebras are consequences of the minimal
identity.

Proof: Elements of all considered algebras are matrices of the type

(6 »)
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where A and B are some matrices of second order. Thus, we could apply the
well known result that an identity for the considered subalgebras of M4(K) is an
ordinary identity for M5(K). Thus due to the Amitsur—Levitski theorem the degree
of the polynomial f has to be at least four.

We use the Hall basis of the free Lie algebra L(X) on the set X = {z,y2, 41},
namely the elements of type [y;,, 2, .. ., 2, yi,] and [[yiy, 2, - . -, 2], [Win, 2, - - -, 2]].

Thus, the polynomial f = f; of degree four has the form
fo=ally, 2], [y2, 2] + Blyr, z, 2, 2] + VY2, =, 2, y1].
Writing f5 = v(g1)(, y1,y2) + v(92) (%, 52, 91) we get
g1 =ty — t1)(ts — to) + B(t2 — t1)* — (13 — t2)*.
Applying Proposition 1 we get g1 (t1 = t2) = 0 and therefore v = 0. As g1 (t2 =
t3) = 0 we have also § = 0. And g1 (t1 = t3) = 0 implies a = 0.
It means that there is no Bergman type polynomial of degree four, which is a Lie
identity.
Considering degree five, we get
[ =fs=ally1, 2], [y2, z, 7]] + bl[y2. 7], [y1, @, z]]
+ clyr, 2,z 2, y0] + dlya, 2, 2, 2, 1]
= v(g1)(x,y1,92) + v(92) (%, Y2, y1)-
Thus g1 = c(to —t1)® —d(ts — t2)® +alty — t1)(ts — t2)? — b(ta — t1)?(t3 — ta).
As f5 is an identity for Ms(K') we apply Proposition 1 again and get
gti=t2)=0=d=0
gi{ta=t3) =0=¢c=0
g1(t1 = t3) = 0 from which we get (£, — t1)*(a + b) = 0, hence a + b = 0.

Considering the linearization of f5, we could evaluate it only for the basic elements
of the three considered algebras.

For the algebra so(4) these are the elements

a] = €21 — €12, a4 = €32 — €23
a2 = €13 — €31, a5 = €42 — €24
az = €41 — €14, g = €43 — €34.

For the algebra so(3, 1) they are
b1 = e1 — e12, by = e32 — e23
by = e13 —e31, bs = es2 + €24
by = e41 + €14, bs = €43 + e34.
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For the algebra so(2, 2) the basis are the elements

Cc1 = €12 — €21, c4 = €32 + €23
co = e13 + esq, C5 = €42 + €24
C3 = €41 + €14, Cg = €34 — €43.

We consider all the possibilities for the arguments of f5 and make the correspond-
ing evaluations. This procedure is done by Mathematica and it gives either
trivial results or a + b = 0.

Thus f5 is the minimal Bergman polynomial of degree five being a Lie identity for
these algebras.

It is easy to be realized that the consequences of f5 for higher degrees are

fo = afs(z, [y1, x], y2) + Bfs(z, y1, [y2, x])

and

f7 = O{f5(l’, [yla lU], [y27 :L']) + ﬁfﬁ(xﬂ [yla :Ll]a y?) + fyfﬁ(:l’la 1, [yQa $])
They have only factors related to f5 commutative polynomials g1 and go.

Thus all Bergman type Lie identities for the algebras so(4), so(3, 1) and so(2,2)

are consequences of the identity f5 = 0 and this finishes the proof of the theorem.
O

Remark 1. For the Lie algebra sp(4, R) does not exist a Bergman polynomial of
type (1), which is a Lie identity.

We point that the algebra sp(4, R) is the algebra so(4, R, x) and for it Proposition 6
is valid.
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