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Abstract. We study some properties of the tangent bundles with metrics
of general natural lifted type. We consider a Riemannian manifold (M, g)
and we find the conditions under which the Riemannian manifold (T'M, G),
where T'M is the tangent bundle of M and G is the general natural lifted
metric of g, has constant sectional curvature.

1. Introduction

In the geometry of the tangent bundle 7'M of a smooth n-dimensional Riemannian
manifold (M, ¢g) one uses several Riemannian and pseudo-Riemannian metrics, in-
duced by the Riemannian metric g on M. Among them, we may quote the Sasaki
metric, the Cheeger-Gromoll metric and the complete lift of the metric g. The
possibility to consider vertical, complete and horizontal lifts on the tangent bundle
TM (see [18]) leads to some interesting geometric structures, studied in the last
years (see [1-3,8,9,17]), and to interesting relations with some problems in La-
grangian and Hamiltonian mechanics. On the other hand, the natural lifts of g to
TM (introduced in [5, 6]) induce some new Riemannian and pseudo-Riemannian
geometric structures with many nice geometric properties (see [4,5]).

Oproiu [11-13] has studied some properties of a natural lift G, of diagonal type,
of the Riemannian metric g and a natural almost complex structure J of diagonal
type on T'M (see also [15,16]). In [10], the same author has presented a general
expression of the natural almost complex structures on 7'M. In the definition of
the natural almost complex structure J of general type there are involved eight
parameters (smooth functions of the density energy on 7'M). However, from the
condition for J to define an almost complex structure, four of the above parameters
can be expressed as (rational) functions of the other four parameters. A Riemann-
ian metric G which is a natural lift of general type of the metric g depends on other
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six parameters. In [14] we have found the conditions under which the K&hlerian
manifold (7'M, G, J) has constant holomorphic sectional curvature.

In the present paper we study the sectional curvature of the tangent bundle of a
Riemannian manifold (M, g). Namely, we are interested in finding the conditions
under which the Riemannian manifold (7'M, G), where G is the general natural
lifted metric of g, has constant sectional curvature. We obtain that the sectional
curvature of (T'M, G) is zero and the base manifold must be flat.

2. Preliminary Results

Consider a smooth n-dimensional Riemannian manifold (M, g) and denote its
tangent bundle by 7 : T'TM —— M. Recall that T'M has a structure of a 2n-
dimensional smooth manifold, induced from the smooth manifold structure of M.
This structure is obtained by using local charts on 7'M induced from usual local
charts on M. If (U,¢) = (U,z!,...,2") is a local chart on M, then the cor-
responding induced local chart on TM is (1=1(U),®) = (r~Y(U),z!,..., 2",
Y. ,y"), where the local coordinates z', ), i,5 =1,...,n, are defined as fol-
lows. The first n local coordinates of a tangent vector y € 7 1(U) are the local
coordinates in the local chart (U, o) of its base point, i.e., ! = 2% o 7, by an abuse
of notation. The last n local coordinates ¢/, j = 1,...,n, of y € 7~ 1(U) are the
vector space coordinates of y with respect to the natural basis in 7",y M defined by
the local chart (U, ¢). Due to this special structure of differentiable manifold for
T M, it is possible to introduce the concept of M -tensor field on it. The M -tensor
fields are defined by their components with respect to the induced local charts on
T M (hence they are defined locally), but they can be interpreted as some (partial)
usual tensor fields on 7'M . However, the essential quality of an M -tensor field on
T M is that the local coordinate change rule of its components with respect to the
change of induced local charts is the same as the local coordinate change rule of
the components of an usual tensor field on M with respect to the change of local
charts on M. More precisely, an M -tensor field of type (p, ¢) on T'M is defined by
sets of n?+4 components (functions depending on z? and 4*), with p upper indices
and g lower indices, assigned to induced local charts (771(U), ®) on TM, such
that the local coordinate change rule of these components (with respect to induced
local charts on T'M) is that of the local coordinate components of a tensor field of
type (p, q) on the base manifold M (with respect to usual local charts on M), when
a change of local charts on M (and hence on 7' M) is performed (see [7] for further
details); e.g., the components yi, t = 1,...,n, corresponding to the last n local
coordinates of a tangent vector y, assigned to the induced local chart (7—1(U), ®)
define an M -tensor field of type (1,0) on T'M. An usual tensor field of type (p, q)
on M may be thought of as an M-tensor field of type (p,q) on T'M. If the con-
sidered tensor field on M is covariant only, the corresponding M -tensor field on



200 Simona L. Druta

T M may be identified with the induced (pullback by 7) tensor field on 7'M . Some
useful M -tensor fields on 7'M/ may be obtained as follows. Let u : [0,00) — R
be a smooth function and let ||y[|* = g,(,)(y,y) be the square of the norm of the
tangent vector y € 7 1(U). If 5} are the Kronecker symbols (in fact, they are the
local coordinate components of the identity tensor field 7 on M), then the com-
ponents u(||y||*)d% define an M-tensor field of type (1,1) on TM. Similarly, if
gi;(x) are the local coordinate components of the metric tensor field g on M in the
local chart (U, ¢), then the components u(|y||?)g;; define a symmetric M-tensor
field of type (0, 2) on T'M. The components go; = 5" gr; define an M-tensor field
of type (0,1) on T'M.

Denote by V the Levi-Civita connection of the Riemannian metric g on M. Then
we have the direct sum decomposition

TTM =VTM @& HTM (D

of the tangent bundle to 7'M into the vertical distribution VT'M = Ker,
and the horizontal distribution HT'M defined by V. The set of vector fields

(a%l’ ce %) on 771(U) defines a local frame field for VT'M and for HT M
we have the local frame field (%, ey 5%), where

O _9 w9
Saxt Oxt 0L Gyl
and T'?,(z) are the Christoffel symbols of g.

The set (8%1, cee 8%, %, e 6%) defines a local frame on 7'M, adapted to the

direct sum decomposition (1). Remark that

i) ()
oyt \oxt) ozt \ 9z

where XV and X denote the vertical and horizontal lift of the vector field X
on M respectively. We can use the vertical and horizontal lifts in order to obtain
invariant expressions for some results in this paper. However, we should prefer to
work in local coordinates since the formulas are obtained easier and, in a certain
sense, they are more natural.

h krh
Ty, =y T

We can easily obtain the following

Lemma 1. Ifn > 1 and u, v are smooth functions on T'M such that
ugij + vgoigoj =0

on the domain of any induced local chart on T M, then u = 0, v = 0.

Remark. In a similar way we obtain from the condition

UCS; + Ugojyi =0



The Sectional Curvature of Tangent Bundles ... 201

the relation u = v = 0.

Consider the energy density of the tangent vector y with respect to the Riemannian
metric g

1 1 1 - ~
t= §HyH2 = 50 (¥:) = iguc(x)yly’“, yer (U).

Obviously, we have ¢ € [0, 00) forall y € T'M.

3. The Sectional Curvature of the Tangent Bundle with General
Natural Lifted Metric

Let GG be the general natural lifted metric on 7'M, defined by

5 6 1

“ ((556 ozi ) = 195+ digoigo; = Gy’
GG _a®

G (ayz" ay]) = ca2gij + d2goigoj = Gjj @

g 0\ 5 0\ e
¢ (W’ 6953) =G (5;]5@" 8y3) = c39ij + d3goigoj = Gij

where ¢y, ¢, ¢3, d1, do, d3 are six smooth functions of the density energy on T'M.

The Levi-Civita connection V of the Riemannian manifold (7'M, G) is obtained
from the formula

2G(VxY,2)=X(G(X,2)+Y(G(X,2)) - Z(GX,Y)) + G([X,Y], 2)
-G([X,Z7],Y)-G([Y, Z],X)
forall X,Y, Z € x(M) and is characterized by the conditions
VG =0, T=0

where T’ is the torsion tensor of V.

In the case of the tangent bundle 7'M we can obtain the explicit expression of V.

The symmetric 2n X 2n matrix
1 ~3)
a® @
ij

ij

é 9
) §xm ) Oyl

Hey H)
HY HY

C) )

associated to the metric G in the base (%, e %) has the inverse
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where the entries are the blocks
H{) = plgk’ +qy™y
H(z) = p2g™ + a2y’ (€)
(3) = p3g™ + g3y

Here gkl are the components of the inverse of the matrix (gij) and p1, q1, P2, q2,
p3, q3 : [0,00) — R, some real smooth functions. Their expressions are obtained
by solving the system

G HE + G HI = o
GV mtk + GO = 0
GOtk + G HME = 0
Gy HIE + G Hl: = o

in which we substitute the relations (2) and (3). By using Lemma 1, we get p1, p2,
p3 as functions of ¢y, ca, c3

C2 C1 C3

pPL=—3, p2=—7y, p3=——"""3 4)
C1C2 — C3 C1C2 — C3 C1C2 — C3

and g1, g2, g3 as functions of c1, ¢, c3, d1, da, d3, p1, P2, P3

cadipy — c3dspy — csdaps + cadsps + 2dydapit — 2d3pyt

CE c1Co — C% + 2codqt + 2¢1dot — 4cesdst + 4d1d2t2 — 4d§t2
dap2 + d3p3
_ 5
q2 ey 1 2dol (5)
n (e3 4 2d3t)[(dsp1 + dap3)(c1 + 2dit) — (dip1 + d3ps)(c3 + 2dst)]
(62 + 2d2t)[(01 + 2d1t)(62 + 2d2t) — (63 + 2d3t)2]
= — (dsp1 + daps)(c1 + 2dit) — (dipl + dsps)(cs + 2dst)

(61 + 2d1t)(62 + Qth) — (03 + 2d3t)2

In [14] we obtained the expression of the Levi-Civita connection of the Riemannian
metric G on T'M.

Theorem 1. The Levi-Civita connection V of G has the following expression in

the local adapted frame <8iyl? ce 6%” %, cee 5%)
o — I+ Pi)=— + P;;
Vay 8y] Qz]a Qz] St h v(;j 8y ( + ]2)6 h + ji 53:
1) ) 0 0 1) 0
— Ph Ph Fh oh h
Vi gar = Pagen P Hugy Vg = Tuto)gm t Sig
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where Fh are the Christoffel symbols of the connection V and the M -tensor fields
appearmg as coefficients in the above expressions are given as

b= 306G + 0,68 — DV H + L(OCD + 5,65 HE
ol = %(&Gﬁ) +9,G) — akG@.)) HEb + = (a G + o, al
Pl = J0GS) ~ G HE + (06 + B, G S
Bl = J@0GS) ~ oGS I + (06 + B, )
Sh = —%(akag )+ RLGY ))H(Q) + csRiogi HE

~ 1
Sihj = _5(‘9sz( )+ ROUG( )) (3) +Cstong( 1)

where RZZ-]- are the components of the curvature tensor field of the Levi Civita
connection V of the base manifold (M, g).

Taking into account the expressions (2), (3) and by us1ng the formulas (4), (5) we
can obtain the detailed expressions of P[]L, f] SZ, P[]L, f] Sh

The curvature tensor field K of the connection V is defined by the well known
formula

K(X,Y)ZZVvaZ—VyVXZ—V[Xy]Z, X,Y,ZGF(TM).

By using the local adapted frame (6(;, %), 1,7 =1,...,n, we obtained in [14],

after a standard straightforward computation

K (5 5) o _ — XXXX},; 55h + XXXV ;h

Sxi’ §23 ) Sk
o 6 )
Ko 5 oF —XXYX;W(S 7 +XXYY]”38 .
o 0 5
K <6yw 8yj> sp = YY XX o+ YYXY,Wa .
o 0 0 .6 o
o 9 ) 5 L d
K (ayw (Sa;j) 5 = VXXX VXXV
g 6 0 .0 5
K <8y 555]) @ = YXYinjélfh + YXYYkij@T/’

where the M -tensor fields appearing as coefficients denote the horizontal and ver-
tical components of the curvature tensor of the tangent bundle, and they are given
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by
XXXXJ, = ShSl, + PhSt, — ShSh — PLS!, + R}l + Rh, Py
XXXV = Sh,.Sh+ Prsty, — Sh.Sh — PSl, + PlLRY,;
_ wiR G HY 4 esViRjom
XXYX}, = PP+ PLSh — PP} — PLSh+ R, Q%
XXYY) = ijPll + Pl;Sh — PPl - Pk:zS + ROszlk + le;

YYXX}[, = 8;Ph — 9; Pl + PLQL+ PL P — PLQ" Pj;

YY XY}, = 0,Pl — 0;Pl + PLQ4 + P4 Pl — PLQ), Pﬁ

YYY X[y = 0,Q — 0;Q0 + Q4.Qli + Q i — QL QN — QP
YYYY; = 8iQ% — 0;Ql + QékQ + Q’k — Q4Ql — QP h
YXXXJ = 0;Sh + 8L.Qh + S, Pl — PP — Pi.Sh — V; R} mGg)Hﬁ)
YXXY = 0:8h + SLQl + 8L Pl — PPl — PLSh — VR, G\ HLY

h h
YXY Xy, = 0P + ijQ + Pk;] - Q! k:Plj - Qiksjl
YXYY]C’Lj _8Pk]+Pk]Q'Ll+ij Qk‘PI}jL_Qﬁlchhl
We mention that we used the character X on a certain position to indicate that the

argument on that position was a horizontal vector field and, similarly, we used the
character Y for vertical vector fields.

We compute the partial derivatives with respect to the tangential coordinates 3° of

ofG('z) andHf ),fora— 1,2,3

@‘G;-:) = ¢,90i9jk + dp90i90j 9ok + daijgok + dagoigjk
OiH] ) = 19" 90 + 40909’ y" + 4ad]y" + 4ay’ 57
8iajG1(£) = C90i90j 9kl + CaYij 9kt + dugojgorgor + dngijgorgor + dngojgingol
+ d 90590k 9it + degoigirgor + dogoigorgjt + dagikgit + dagirgji-

Next we get the first order partial derivatives with respect to the tangential coordi-

‘ h Oh oh Dh Oh Oh
nates y* of the M-tensor fields P, Q7. Si%, Pir, Q7 Sij

1 2 2 2
0,Qly, = *aiH(h;) (@‘Gl(cz) + 8kG§'l) - 81G§‘k))

= 1 (0:0,G) + 0i0kG;) — 0,016}
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1 1
+701'H(’”) 06 +0GY) + S HI (005G + 0,0,G1Y)
a,Q", a HIE (0;G5) + 0,6 — 8,6

1
+§Hgl;)(aiajagl> +0:0,GY) — 0,0G))

1 1
+faiH(’”) (9,Gi’ + OG)) + S HE (9:0;G1) + 0:0GY)

- 3 3
@Pﬁc 8 H( )(ale(Cl) 81G§k)) + H(2) (aiajG’(ﬁl) B 8¢81G§-k))

+§8iH(3) (8le(cl) + ngle»j))

1
+§H(h3l) (89,64 + Ry, GE) + Ry, 0,GL))

OiFj, = @'H(h?f)(ajG/(fz) G + 5 S (09,6 — 90G)

+%&H(hll) (8le(cl) + nglenj))
+1H(hl) (@0,G + Ry G + Ry G

0:5), = —5 (@0, + R GV + (0,64 + Ry G2 )or i)
+C390iRj0er(3) + c3(Rjir H, ( ) + RjOk:raiH{?g)

0,5, = —5[@:0.GLY) + R GV + (0,65 + Rhy 2o i)
+¢390i Rjorr H{T) + c3(Riire HIY5 + RjorrOiH{JS).

It was not convenient to think c1, co, c3, di, do, d3 and p1, p2, P3, q1, ¢2, 3
as functions of ¢ since RICCI did not make some useful factorizations after the
command TensorSimplify. We decided to consider these functions as well as
their derivatives of first, second and third order, as constants, the tangent vector y
as a first order tensor, the components GS), GZ(JQ), GS’), H (” it H (” %) H (z:],)) as second
order tensors and so on, on the Riemannian manifold M, the associated indices
being h, 7, j, k, I, 7, s.

The tensor field corresponding to the curvature tensor field of a Riemannian mani-
fold (7'M, ) having constant sectional curvature k, is given by the formula

Ko(X,Y)Z = k[G(Y,Z)X — G(X, Z)Y].
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After a straightforward computation we obtain

) ) 0 0
K[) (,) _XXXXOIC’L]5 +XXXYOkZ]a h

Ko (6‘; 5‘;) 62 = XXY X0}, ;h +XXYYO), ;h
Ko ( 8?/” af,j) % =YY X X0}, 55h +YYXYO), aah

9 5\ 0 5 )
K0< A ) gyt = VXY X0 o + VXYY Oy

where the M -tensor fields appearing as coefficients are the horizontal and vertical
components of the tensor K and they are given by

XXXX0},; = kGt — Giel], XXXV, =0

XXY XL, = k[GY ol — Gah,  XXYYop, =0

YYXXO0},; =0, YYXYO},; = kGl — GPah

YYYX0p; =0, YYYYO0), = kG ol — G0l

YXXXO0; = —kG)ah,  YXXYOL, = kG ol

YXY X0l = —kGPsh,  YXYYO},; = kG o,

In order to get the conditions under which (7'M, G) is a Riemannian manifold
of constant sectional curvature, we study the vanishing of the components of the
difference K — K. In this study it is useful the following generic result similar to
the Lemma 1.

Lemma 2. If o, ..., aig are smooth functions on T' M such that
a10l'gir + a6l gi, + a3dpgij + 0adligoigo; + 50! goigor + 60, 90590k

+ argirgoiy™ + asgirgojy" + agiigory” + ar0g90igojgory™ = 0
thenay = -+ = a9 = 0.

After a detailed analysis of several terms in the vanishing problem of the compo-
nents of the above difference we can formulate the following proposition.
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Proposition 1. Ler (M, g) be a Riemannian manifold. If the tangent bundle T M
with the general natural lifted metric G has constant sectional curvature, then the
base manifold is flat.

Proof: For y = 0 the difference X XYY} i~ XX YYOP,. ; reduces to R =

If the sectional curvature of the tangent bundle is constant, this difference vanishes,
so the curvature of the base manifold must vanish too. O

4. Tangent Bundles with Constant Sectional Curvature

Theorem 2. Let (M, g) be a Riemannian manifold. The tangent bundle T' M with
the natural lifted metric G has constant sectional curvature if and only if the base
manifold is flat and the metric G has the associated matrix of the form
CYij Bgij + B'goigo;
132 raal4_ /2
+aﬁ +2a[;é7’t 203"t

Bgij + B'g0i90; agij
where o and [3 are two real smooth function depending on the energy density and
c is an arbitrary constant. Moreover, in this case, T M is flat, i.e. k = 0.

90i90;

Proof: In Proposition 1 we have proved that the base manifold of the tangent bun-
dle with constant sectional curvature must be flat. By using the RICCI package
of the program Mat hemat ica, we impose the vanishing condition for the curva-
ture tensor of the base manifold in all the differences between the components of
the curvature tensors K and K of T M. After a long computation we find some

differences in which the third terms are of one of the forms: m 9”5 in the
3

case of the differences YXXX,W YXXXO,W and YXYY,C’“;J YXYYOIW,
Wgwé for the difference YXXY,W YXXYO,W and mgmé

for VXY X[, — VXY X[ .

As all the coefficients which appear in these differences must vanish, we obtain
dy = 0, because ¢; and c3, or ¢s and c3 cannot vanish at the same time, the metric
g being non-degenerated.

If we impose d; = 0in X X X Ykl - XXX YOh we obtain that this difference

contains the factors ¢1¢)(ccs — c1ch + c1ds). Thus, for the annulation of this

. cich—cyd: .
difference, we have the cases ¢; = === or ¢; = const (¢c; = 0 being a

cs
particular case).

cich—cids . .
The first case, ¢} = 15T13 is not a favorable one, because the difference

YYYYkh YYYYO contalns two summands which cannot vanish

1 1

on 200
2tg]k’ 2t.glk’ i
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In the case ¢; = const we obtain
XXXXI}clij - XXXXOZij = —c1k(gxo0l — 9ik5§1)
from whichcy = 0ork =0.If¢; =0
XY X[ — XXY X0, = —k(csgjrd) — csgid) — dsdl goigor + 30 go;90k)-

As we considered c; = 0, we cannot have c3 = 0 because the metric g must be
non-degenerated, so the parenthesis cannot vanish and it remains £ = 0. Now we
can conclude that the tangent bundle with general natural lifted metric cannot have
nonzero sectional curvature.

We continue the study of the general case c; = const, since the case ¢c; = 0 is a
particular case only. Because the sectional curvature of the tangent bundle, k, is
null, we obtain that the difference X XYY" — X XYY 0};; vanishes if and only
if d3 = ¢4. This condition makes vanish all the differences that we study, except
YYYX] i —YYYX ok ;- From the annulation of this last difference, we obtain

chegcly — coc?

2
C3

d2:C,2+2t

If we denote c; by ¢, c2 by a and c3 by 3, we obtain that the matrix associated to
the metric G has the form given in Theorem 2.

Therefore, Theorem 2 gives the unique form of the matrix associated to the metric
G. O
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