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ABSTRACT. In this paper some types of complex vector systems of partial linear
and non-linear functional equations are solved.

0. INTRODUCTION

In the first part of the paper two types of complex vector systems of linear
functional equations are solved. The first type of these systems are the systems
of linear complex vector functional equations in which each equation contains
all of the unknown functions. The last two theorems represent the second type of
systems of partial linear functional equations considered in which not all equations
contain all the unknown functions.

The complex vector systems of nonlinear partial functional equations presented
in the second part may be sorted in two types. The first three systems solved
are considered as complex vector systems of partial quadratic functional equations
with real parameters. The last three systems solved represent complex vector
systems of partial functional equations of higher order without parameters.

The results presented here expand the results which were obtained in [16].

Now we will introduce the following notations:

Let V, V' be finite dimensional complex vector spaces. Throughout the paper
Z,, r € N are vectors in V. We may assume that Z, = (2,1(¢), ..., 2 (t))?, where
the components z,;(t) (1 < j < n) are complex functions, and O = (0,0,...,0)T
is the zero vector in V or V'. We also denote by V° the subspace of all real vectors
in V (thus V = V2 @iV?), and by £(V°,V’) the space of linear mappings V° — V.
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1. COMPLEX VECTOR SYSTEMS OF LINEAR PARTIAL FUNCTIONAL EQUATIONS

1.1. Systems in which each equation contains all the unknown func-
tions.

Now we prove the following results.
Theorem 1.1. The general solution of the system of functional equations
fo(Z1,Z2) + f1(Za2,Z3,Z4) + g1(Z1,Z3,Z4)
+ fQ(Z3a Z4a Z57 Z6) + gQ(Zla Z3a Z57 Z6) =0 )

Jo(Z1,Z2) + f1(Zo,Z3,2Z4) + g1(Z1,Z3,Z4) + 92(Z3, 24, Zs5, Zg)
+ f2(Z1,23,Z5,Z¢) = O,

(1.1)

(1.2)

is determined by

fo(Z1,Z2) = F1(Z1) — F3(Zs),
J1(Z1,29,23) = F5(Zy) + G1(Z2,Z3) ,
(1.3) 91(Z1,22,Z3) = —F1(Z1) + G2(Z1,2Z3) — G1(Z2,Z3) + G2(Z2,Z3) + A,
f2(Z1,29,23,24) = —G2(Z1,Zs) + G3(Z3, Z4),
92(Z1,2,23,24) = —Go(Zy,2Z3) — G3(Z3,24) — A,

where Fy, Fo, G, (r =1,2,3) are arbitrary functions with values in V', and A is
an arbitrary constant complex vector from V'.

Proof. By putting Z, =C, (r = 3,4,5,6) into (1.1), we obtain
(1.4) fo(Z1,22) = F1(Z1) — F»(Z2),
where we introduced the notations

Fl(Zl) - _gl(zlvc3vc4) - 92(Z17037057C6)7
F5(Zs) = f1(Z2,C3,C4) + f2(C3,C4,C5,Cq) .

By virtue of the expression (1.4), by putting Z, =C, (r =1,5,6) into (1.1) we
get

(1.5) f1(Z2,Z3,Z4) = F5(Z2) + G1(Zs3,Z4) ,
where
G1(Z3,2Z4) = —F1(C1) — 91(C1, Z3,Zy) — f2(Z3,24,C5,Co) — 92(C1,Z3,C5,Cs) -
If we put Z, = C, (r =5,6) into (1.1), in view of (1.4), (1.5) we have

(1.6) 91(Z1,2Z3,24) = —F\(Z1) — G1(Z3,Z4) + G5(Z3,2Z4) — H(Z1,Z3),
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where we introduced the notations
G45(Z3,Z4) = — f2(Z3,24,C5,C6), H(Z1,Z3) = g2(Z1,Z3,C5,Cs) -
By substituting (1.4), (1.5) and (1.6) into (1.1) and (1.2), the system becomes
(1.7) G4 (Z3,Zy) — H(Z1,Z3) + f2(Z3,Z4,Z5,Z6) + g2(Z1,Z3,Z5,Z6) = O,
(1.8) Go(Z3,Zy) — H(Z1,Z3) + g2(Z3,Z4,Z5,Z6) + f2(Z1,Z3,Z5,Z6) = O.

By putting Z, = C; (r = 1, 3) into (1.8), after replacing Z4 by Zs and putting
Z, = C; into (1.7), the equations (1.7) and (1.8) become

(1.9)  G4%(Z3,Z4) — H(C1,Z3) + f2(Z3,Z4,Z5,Z¢) + g2(C1,Z3,Z5,Z6) = O,
(1.10) G4(C1,Z3) — H(C1,C1) + 92(C1,Z3,Z5,Z6) + f2(C1,C1,Zs5,Z6) = O.
By subtracting (1.10) from (1.9), we obtain
(1.11) f2(Z3, 24,25, Z6) = F5(Z3) — G3(Zs3, Za) + G3(Zs, Zo)
where
F3(Z3) = G4(C1,Z3) — H(C1,C1) + H(C1,2Z3),
G3(Zs,Zg) = f2(C1,C1,Z5,Zg) .
From (1.7) and (1.11) we obtain
(1.12) 92(21,23,Z5,Z¢) = H(Z1,Z3) — I'3(Z3) — G3(Zs5, Zs).

We substitute the functions fo and g2 determined by (1.11) and (1.12) (with
Zs,Z, replaced by Z1,Z3 and vice versa) into the equation (1.8) and obtain

(L13)  G5(Z3,Z4) + H(Z3,Z4) — F5(Z4) = G5(Z1,Z3) + H(Z1,Z3) — F3(Z1).

It is clear that both sides of this equality are a function just of Zs, say, Fy(Zs3).
Then we have

(1.14) GIQ(Z3,Z4>+H(Z3,Z4) = F3(Z4)+F4(Z3).
If in (1.14) we replace Z3,Z4 by Z1,Z3, we obtain
GIQ(Zl, Zg) + H(Zl, Zg) = F3(Z3) + F4(Z1) .
The last two equalities, together with (1.13), yield
(1.15) F5(Zy) — Fy(Z1) = F3(Z3) — Fu(Zs) .

It is clear that both sides of this equality are equal to a constant complex vector
A, and
Fy(Z3) = F3(Z3) — A.

On the basis of this, the equation (1.14) takes on the form

(1.16) H(Zs,Zy) = —Go(Zs3,Z4) + F3(Zy) — A,
where we introduced a new function
(1.17) Ga(Zs3,Z4) = Gy(Z3,Z4) — F3(Z3) .
From (1.16), (1.15), (1.12), (1.11), (1.6), (1.5) and (1.4) there follows the result
(1.3). O

This theorem generalizes the result given in [6].
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Theorem 1.2. The general solution of the system of functional equations

(1.18) Jo(Z1,Z2) + f1(Z2,Z3,Zy) + 91(Z1,Z3,Zy)

+ fo(Zs3, 2y, Zs, L) + 92(Z1,23,Z5,Z6) = O,
(1.19) Jo(Z1,Z2) + g1(Z2,Z3,Z4) + f1(Z1,Z3,Z,)

+ fo(Z3,24,Z5,Z¢) + 92(Z1,2Z3,Z5,Z¢) = O

is determined by

fo(Z1,Zs) = F1(Z1) — F2(Zs),
f1(Z1,Z2,Z3) = F5(Z1) + F3(Z2) + G2(Z2, Z3) ,
(1.20) 91(Z1,22,Z3) = F5(Z1) — G1(Z2,Z3) — G2(Z2,Z3)
fo(Zh,29,23,24) = G1(Z1,22) — H(Z1,Z3,2Z,),
92(Z1,22,23,24) = —F1(Z1) — F5(Z1) — F3(Z2) + H(Z2,Z5,Z,) ,

where F,. (r =1,2,3), G; (j =1,2) and H are arbitrary functions with values in
V.

Proof. If we put Z, =C, (r = 3,4,5,6) into (1.18), we obtain
(1.21) fo(Z1,Zs) = F1(Z1) — F2(Z2) ,

where

Fi(Z,) = —91(Z1,C3,Cy) — 92(Z1,C3,C5,Cs)
F5(Zs) = f1(Z2,C3,C4) + f2(C3,C4,C5,Cq) .

By putting Z,. = C, (r = 2,4) into (1.18), by virtue of the expression (1.21) we
get

(122) gQ(Zla Z3a Z57 Z6) = _Fl(Zl) - G(Zla Z3) + H(Z3a Z5a ZG) )
where

H(Z3,Z5,Z¢) = — [1(C2, Z3,Cs) — f2(Zs3,C4,Zs, Zs) + F>(C2),
G(Zl, Zg) = —gl(Zl, Z3,64) .

By virtue of the expressions (1.21) and (1.22), if we put Z,, = C, (r = 1,2) into
(1.18), we get

(123) fQ(Z33 Z4a Z57 Z6) = _H(Z37 Z57 Z6) + Gl(Z37 Z4) 5
where we have put

G1(Z3,24) = —f1(C2,Z3,Z4) — 91(C1,Z3,Z4) + G(C1,Z3) + F2(C2) .
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In view of the expressions (1.21), (1.22) and (1.23), the system of functional
equations (1.18) and (1.19) becomes

(1.24) f1(Z2,23,24)+91(Z1,Z3,Z4)—F>(Z2)—G(Z1,Z3)+G1(Z3,Z4)=0,

(1.25) 91(Zo,Z3,Z4)+ [1(Z1,Z3,Z24)— F5(Z2)—G(Z1,Z3)+G1(Z3,Z4)=0.

By putting Zs = Cs into (1.24), after exchanging the roles of Z; and Z, in
(1.25), subtracting (1.24) from (1.25), we get

f1(Z2,Z3,24) = F5(Z1) + G(Z2,Z3) — G(Z1,Z3) + f1(C2, Z3, Z4) — F5(C2),
or if we put Z; = C3, we obtain
(126) fl(z27z3az4) = G(Z27Z3) +G2(Z37Z4) )

where
G2(Z3,Z4) = f1(C2,Z3,Zy) — G(Ca,Z3) .

From (1.25) and (1.26) it follows that
(1.27) 91(Z2,23,24) = F5(Za) — G1(Z3,Z4) — Go(Z3,Z4) -

We substitute the functions f; and g; determined by (1.26) and (1.27) into the
equation (1.24) and find

G(Zs,Z3) — F5(Z2) = G(Z1,Z3) — F5(Z4) .

It is clear that both sides of this equality are equal to a function F3(Zs3) (inde-
pendent both of Z; and Zs), thus

(1.28) G(Z2,Z3) = F5(Z3) + F3(Z3) .

Thus, on the basis of the equations (1.28), (1.27), (1.26), (1.23), (1.22) and
(1.21), we obtain (1.20). O

Theorem 1.3. The general solution of the system of functional equations

fo(Z1,Z2) + f1(Z2,Z3,Z4) + g1(Z1,Z3,Z4)

1.29
(1.29) + f2(Z3,24,Z5,Z6) + 92(Z1,Z3,Z5,Z¢) = O,

Jo(Z1,Z2) + 91(Z2,Z3,Z4) + f1(Z1,Z3,Z4)

1.30
(1.30) +92(Z3,24,Z5,Z¢) + f2(Z1,Z3,Z5,Z¢) = O
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is determined by

fo(Z1,Z2) = F1(Z1) — F2(Zs),
J1(Z1,2Z2,Z3) = F3(Z1) + G1(Z2, Z3),
(1.31) 91(Z1,22,Z3) = F5(Z1) + F(Zo) + F3(Zs3) — G1(Z2,Z3) — A,
J2(Z1,22,23,2y) = F3(Z1) — F(Zy1) — F3(Z2) + G2(Z3,Z4) + A,
92(Z1,25,73,24) = F3(Z1) — F(Zy) — F5(Z2) — G2(Z3,Zy),

where F,. (r =1,2,3), G; (j =1,2) and H are arbitrary functions with values in
V', F = Fy + F> + F3 and A 1is an arbitrary constant complex vector from V'.

Proof. By putting Z, =C, (r = 3,4,5,6) into (1.29), we obtain
(1.32) fo(Z1,Z2) = F1(Zy) — F»(Z5),
where

Fi(Zy) = —91(Z1,C3,C4) — 92(Z1,C3,C5,Cs)
Fy(Z3) = f1(Z2,C3,C4) + f2(C3,C4,C5,Cs) -

If we put Z, = C, (r = 1,5,6) into (1.29), in view of the expression (1.32) we
get

(1.33) f1(Z2,Z3,24) = F5(Z2) + G1(Z3,24) ,
where
G1(Z3,Z4) = —F1(C1) — 91(C1, 23, Zs) — f2(Z3,2Z4,C5,C6) — 92(C1,Z3,C5,Cs) -

By putting Z, = C, (r = 1,5,6) into (1.30), by virtue of the expression (1.32)
we obtain

(134) gl(Z27Z3aZ4) = FQ(ZQ) +G(Z37Z4)7
where we have put
G(Z3,Z4) = —F1(C1) — f1(C1,Z3,Z4) — g2(Z3,Z4,C5,Cs) — f2(C1,%Z3,C5,Co) -

On the basis of the expressions (1.32), (1.33) and (1.34), the system of functional
equations (1.29) and (1.30) becomes

Fi(Zy) + F5(Z1) + G1(Z3,Z4) + G(Z3,Z,)

1.35
( ) +f2(Z3,Z4,Z5,Z6)+92(Z1,Z3,Z5,Z6):O,

Fi(Zy) + F5(Z1) + G1(Z3,Z4) + G(Z3,Z,)

1.36
(1.36) + 92(Z3,24,Z5,Z¢) + f2(Z1,23,Z5,Z¢) = O.
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We put Z, = C; (r =1,3) into (1.36), and further we replace Z4 by Z3. Also,
we put Z; = C; into (1.35). By subtracting the equations obtained, we get

(1.37)  fo(Zs3,Z4,Z5,Z¢) = F3(Z3) — G1(Z3,24) + G2(Z5,Z¢) — G(Z3,Z4)
where we introduced the notations
F5(Z3) = G1(C1,Z3) + G(C1,2Z3), Go(Zs,Zg) = f2(C1,C1,Z5,Z5) .
From the equation (1.35), on the basis of the expression (1.37), we get
(1.38) 92(Z1,23,Z5,Z¢) = —F1(Z1) — F3(Zy1) — F5(Z3) — Go2(Zs, Zs) .

We substitute the functions f2 and g» determined by (1.37) and (1.38) into the
equation (1.36) and find

Fi(Z1) + F2(Zy) + F3(Z1) — F1(Z3) — Fa(Z3) — F3(Z4)
(1.39) +G1(Zs,Z4) + G(Z3, Zy) — G1(Z1,2Z3) — G(Zl, Z3)=0.

If we put Z; = Cy, the equation (1.39) becomes
(140) Gl(Z3, Z4) + G(Z3, Z4) = Fl(Z3) + Fg(Zg) + F3(Z3) + F3(Z4) — A,

since
G1(C1,Z3) + G(C1,Z3) = F3(Zs3),
3
where we have put A = > F;(C1).
i=1

On the basis of the expression (1.40), the equalities (1.34) and (1.37) obtain
respectively the forms

(1.41) 91(Zo,Z3,Z4) = F5(Zs) + F(Z3) + F3(Z4) — G1(Z3,Z4) — A,
(1.42) fz(Z;;, 74,75, Z6> = F3(Z3) — F(Z3) — F3(Z4) + GQ(Z5, ZG) + A,

where we introduced the new function

3

(1.43) F(Zs) =) Fi(Zs).

=1

On the basis of the equalities (1.43), (1.42), (1.41), (1.38), (1.33) and (1.32),
we obtain the equalities (1.31). O
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Theorem 1.4. The general solution of the system of functional equations

Jo(Z1,Z2) + f1(Z2,Z3,Z4) + g1(Z1,Z3,Z4)
(1.44) + fo(Z3,Z4,Zs5, L) + 92(Z1,Z3,Z5,Z¢) = O,

Jo(Z1,Z2) + f1(Zo,Z3,24) + g1(Z1,Z3,Z4)
(1.45) +92(Z3,24,Z5,7¢) + f2(Z1,2Z3,Z5,Z6) = O,

Jo(Z1,2Z2) + 91(Zo,Z3,Z4) + f1(Z1,Z3,Z4)
(1.46) + fo(Z3,Z4,Zs,Ze) + g2(Z1,2Z3,Z5,Z¢) = O

is determined by the equalities

fo(Z1,Z2) = F1(Zy) — F2(Zs),
f1(Z1,22,Z3) = F>(Z1) + G1(Z2,Z3),
(1.47) 91(Z1,22,Z3) = F5(Z1) + F1(Z2) + F2(Z2) — G1(Z2,Z3) + K,
f2(Z1,22,23,24) = —F\(Z1) — F2(Z1) + G(Z3, Z4) ,
92(Z1,25,23,24) = F\(Z1) — F3(Z1) — G(Z3,Z4) — K,

where Fy, Fy, G, Gi are arbitrary functions with values in V', and K is an
arbitrary constant complex vector from V'.

Proof. The equations (1.44) and (1.45) form the system of functional equations
given by (1.1) and (1.2). Consequently, the functions determined by the equalities
(1.3) satisfy the equations (1.44) and (1.45).

In order for the functions (1.3) to satisfy the equation (1.46) we must have
(148) Fl(Z1)+F2( ) GQ(Zl,Zg) Fl(Z2)+FQ(Z2)—G2(ZQ,Z4) =0.

It is clear that both sides of equality (1.48) are equal to a constant complex
vector M, thus

(1.49) Gz(zl,Z3)=F1(Z1)+F2(Zl)+M,

where M = Gz(Cz,C4) - F]_(CQ) - F2(CQ>.
If we introduce a new function G by

G(Z1, Zz) = G3(Z1, Zz) + M

and denote K = A —2M, from (1.49) and (1.3) there follows (1.47). O
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1.2. Systems in which not all equations contain all the unknown func-
tions.

Theorem 1.5. The general solution of the system of functional equations
(1.50)  fo(Z1,Z2) + f1(Z2,Z3,Z4) + 91(Z1,Z3,Z4) = O,
(1.51)  fo(Z1,Z2) + 91(Z2,Z3,Z4) + f1(Z1,Z3,Z4) + f2(Z3,24,Z5,Z6) = O,

is given by the equalities

fo(Z1,Z2) = —F(Z1) — F(Z2),
f1(Z1,22,Z3) = F(Z1) — G(Z2,Z3),
(1.52) 91(Z1,23,23) = F(Z1) + G(Z2,Z3) ,
f2 (Zl,ZQ,Zg,Z4) O,

where F' and G are arbitrary functions with values in V'.

Proof. The general solution of the functional equation (1.50) is

fo(Z1,Zy) = Hi(Z,) — F1(Z3) ,
(1.53) f1(Z1,Z2,Z3) = F1(Z1) — G1(Z2, Zs) ,
91(Z1,23,23) = —H\(Z1) + G1(Z2,Z3)

where I}, H; and G, are arbitrary functions with values in V’.

We substitute the functions fy, f1 and g; determined by the equalities (1.53)
into the equation (1.51). We must have

(1.54) Fi(Zy) + Hi(Zy) — FA(Z2) — Hi(Z2) = — f2(Z3,24,Z5,Zs) .

It is obvious that both sides of this equality are constant. By putting Z1 = Zy
into (1.54), we get

(155) f2(z37z47z5ﬂz6) = 07
and further
(1.56) Fi(Zy) + Hi(Z1) = F1(Z2) + H1(Z3) = 24,

where A is a constant complex vector from V.
By introducing new functions F' and G by the following equalities

F(Z,) = Fi(Z,) - A,
G(Z1,Z2) = G1(Z1,Zy) — A,

on the basis of the expressions (1.56), (1.55) and (1.53), we obtain (1.52). O
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Theorem 1.6. The general solution of the system of functional equations

Jo(Z1,Z2) + f1(Z2,Z3,Z4) + 91(Z1,2Z3,Z4) = O,
fo(Z1,22) + g1(Z2,Z3,Z4) + f1(Z1,2Z3,Z4) + f2(Z3,24,Z5,Z6) = O,
fo(Z1,Z2) + f1(Z2,Z3,2Z4) + 91(Z1,Z3,Z4)

+ fo(Z3,Z4,Zs5,Z¢) + 92(Z1,2Z3,Z5,Z¢) = O,

k1
fo(Z1,22) + Y 9r(Zri1, Zoya, -, Larg)

r=1

k-1
+ Z Jr(Z1,2s3, ..., 0oy i1, Lo 2) + fro(Zpyr, Zyyo, .
r=1

k
f0(Z1,22) + > fr(Zri1, Zoya, -, Dorio)

r=1

k
+ ZQT(ZL Zs,..., 29 41,Z2,12) =0,
r=1

m—1

f0(Z1,22) + > 9r(Zri1, Ly, - - Loy y2)

r=1

m—1
+ Y fr(Z1,Zs, . Dori1, Zor )+ (B, Zomg,
r=1

f0(Z1,22) +> fr(Zri1, Ly, - -, Doy ia)

r=1

+Z gT(Z17 Z3a s Z2T+17 Z27’+2) = 07

r=1
is given by
fo(Z1,25) = —F(Zy) — F(Zs),
f1(21,22,23) = F(Z1) — G(Z2,Zs),
91(Z1,2Z5,Z3) = F(Z1) + G(Z2,Z3) ,
fr=9r=0 (2<r<m),
where F' and G are arbitrary functions with values in V'.

Proof. The proof of this theorem follows from Theorem 1.5.

We have noticed that this approach to the solution of systems

.. ,Z2k+2) ()7

Il
o

oy Loymyo)

O

of linear complex

vector functional equations is not considered in the references [7, 8, 9].
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2. SOME COMPLEX VECTOR SYSTEMS OF
NONLINEAR PARTIAL FUNCTIONAL EQUATIONS

In this section the unknown functions depend on arguments in an arbitrary
finite dimensional complex vector space V and take values in the field of complex
numbers C so that their products make sense.

2.1. Systems of quadratic functional equations.
Consider the system of functional equations

f(Z17 Z27 Z37 ey Z2n717 Z2n) + f(Zh Z37 Z47 ey Z2n7 Z2)
+- - +,f(z17 Z2na Z27 R Z2n—27 Z2n—1) + sgna [Q(Zh ZQa Z3a DRI ZQn—la ZQn)
+9(Z1,23,2s, ..., Lon, Zo) + -+ g(Z1,Lon, L, ..., Lop—2,Z20,1)] =0,

WZy,Z2,Zs, ..., 200, 1,Z2,) + 21,23, Zy,...,25,,Z5)
+- - +h(Z1, ZQna ZQa ) Z27L—27 ZQn—l) + k(Z1, ZQa Z37 RS Z2n—17 Z2n)
+k(Z1,Z3,2y,...,29,,29) + -+ k(Z1,Z2,, 2, ..., 29,_2,Z9, 1) =0,

where

f(Z1,23,Zs3, ..., 25, 1,25,) = [F(Z1,Z2) + F(Z3,24) + - - - + F(Z2y_1, Z3,))
X [F(Zary1,Zon) + F(Zoryo, Zop—1)+ -+ F(Zyyn, Zrynt1)],

9(Z1, 0, Zsy, ..., Zon—1, Zoan) = [G(Z, Z) + C(Zg, Za) + - - + G(Zoay_1, Zy)]
X [G(Zory1,Zon) + G(Zory2,Zon-1)+ -+ G(Zrin, Zyrini1)],

(2.2)

WZy,Zo,Zs, ..., 2Zon—1,2Z2,) = [F(Z1,2Z2) + F(Z3,Z4) + - -+ F(Zor—1,Z2,))
X [G(Zary1,Zon) + G(Zors2,Zop—1) + -+ G(Zrin, Zrint1)],

k(Z1,Z3,Zs3,...,29,_1,Z2,) = [G(Z1,Z2) + G(Z3,Z4) + -+ + G(Z2r—1,Z2,]
X [F(Zary1, Zon) + F(Zary2,Lon—1) + -+ F(Zrin, Zryni1)],

F,G : V? — C are arbitrary complex functions, a is a real constant and n > 2,
1<r<n-1.

Definition 2.1. A solution (F(U,V),G(U,V)) of system (2.1) is called isotropic
if (F(U, V), G(U, V) £ (0,0) and

(2.3) F(U,V)+G*(U,V)=0.

The general solution of system (2.1) includes all solutions of this system with
the possible exception of the isotropic ones.
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Theorem 2.1. The general solution of the system (2.1) is given by the formulas
(2.4) F(U,V) = P(U) - P(V),

(2.5) G(U, V) =Q(U) - Q(V),

where P and Q are arbitrary complezx functions defined in V.
Each isotropic continuous solution of (2.1) has the form

F(U,V) = P(U) - P(V), G(U,V) = +i(P(U) - P(V))
(i? = —1; we take the same sign for all vectors U,V € V).

Proof. Let F(U,V), G(U, V) represent an isotropic continuous solution of sys-
tem (2.1). This means that for any pair of vectors (U, V) € V2 we have

(2.6) G(U,V) = +iF(U,V)

(both signs are possible). It is clear that the real dimension of V2 is 4 dim V, the real
codimension of the set {(U,V) € V2: F(U,V) =0} is 2. Hence its complement
is a connected set in which the function G(U,V)/F(U,V) is continuous, thus it
can take just one of the values i or —i. Henceforth, when we write +:¢ (as in (2.6)),
we mean only one of these two signs.
By virtue of (2.6) system (2.1) implies
.f(Z17 ZQa ey Z2n—1a ZQn) + f(Z17 Z37 ey Z2na ZQ)

2.7
27) + o+ f(Z1,Z2,Zs,...,Z9,—1) =0.

The general solution of this equation for n > 2 according to [12] is (2.4):
F(U,V) = P(U) - P(V),
where P(U) = F(U, A) for some fixed vector A. Then
G(U,V) = +i(P(U) — P(V)).
Next we are looking for solutions of system (2.1) not satisfying (2.3). We will

distinguish the following cases:

1°. Let a < 0. In this case the system of complex vector functional equations
(2.1) will be

f(Zy1,Zs,...,Z2,)+ f(Z1,Zs,. .., 22y, Z2)
+- 4 f(Z1,29,,2Zs,...,Zo, 1)
—9(Z1,Zs,...,25,) — 9(Z1,Z3, . ..,Z2p,Z2)
— o —9(Z1,Zon,Zs,. .., Z2,—1)=0,

WMZy, 2o, ..., 2Zo,) + W(Z1,Zs, ..., 20,,2Z5)
+- -+ h(Z1,Z20, 2o, ...,Z5,1)
+k(Z1,2s,...,25,) + k(Z1,Zs,...,72,,Z5)
+- 4+ k(Z1,Z2,,2Zso,...,22,-1)=0.

(2.8)
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If we substitute all the variables Z, (1 < r < 2n) in the system (2.8) by U,
then we obtain

F*(U,U) - G*(U,U) =0, 2F(U,U)G(U,U) =0,
so that
(2.9) F(U,U)=0, G(U,U)=0.

For any nontrivial solution of the system (2.8) there exists at least one pair of
vectors (A, B) € V? such that

(2.10) F?(A,B) + G*(A,B) #0.

a) Let r = 1. If we execute the substitutions Zs = Zg = -+ = Za, = Z1 =
Z, = A, Z3 = B, Z, = U, on the basis of the equalities (2.9) the system (2.8)
becomes
oy FABIFUA) 4 F(AU) - GAB)GU,A) + G(A,U) =0,

' G(A,B)[F(U,A) + F(A,U)] + F(A,B)[G(U,A) + G(A,U)] =0.

In view of (2.10), from (2.11) it follows that
(2.12) F(A,U)=-F(U,A), G(A,U)=-G(U,A).

Byputting Z5 = ZG == Zgn = Z1 =1§7 Z2 :V, Z3 = B, Z4 = U into
(2.8), on the basis of the expressions (2.9) and (2.12) we get
(2.13) G(A, B)[F(U, V)~ F(U, A)+F(V, A)
whence

F(U,V)-F(U,A)+ F(V,A)=0, G(U,V)-G(U,A)+G(V,A)=0,
which implies (2.4), (2.5):
F(U,V)=PU)-PV), GUV)=QU)-Q(V),

where we have introduced the notations P(U) = F(U,A), Q(U) = G(U, A).

b) Let l<r<n—-1.ForZy=25=---=%25,=721=A, Z, =B, Z; =U,
the system (2.8) becomes (2.11) and again we have (2.12).
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Byputting Z5 = Z6 = - = Zzn = Z1 = .A7 Z2 = U7 Z3 = \/v7 Z4 = B,
on the basis of the equalities (2.9) and (2.12) the system (2.8) takes on the form
(2.13). In view of (2.10) this again leads to (2.4), (2.5), where P(U) = F(U, A)
and Q(U) = G(U,A).

c) Let r = n — 1. If we substitute all variables Zy, Z3, ..., Z2,—1 (except
for Zs and Zs,) by A, and if we put Zo = U, Z,, = B, then the system (2.8)
becomes (2.11), which implies (2.12).

If we substitute in the system (2.8)
Zy3=Z2y= - =Zon 20=2Z1=A, Z3=V, Z3, 1=B, Z;,=1U,
on the basis of equality (2.12) we obtain (2.13), and we find (2.4), (2.5).
Consequently, if a < 0, the theorem is proved.
2°. Let a = 0. In this case the system (2.1) becomes
f(zla Z27 Z37 ) Z2n717 Z2n)+f(Z17 Z37 Z47 B Z2n7 Z2)
+ - +,f(z17z2naz27---7Z2n—1) = Oa
h(Zy, 2, . .., Lop)+(Z1, 23, . .., Loy, Zs)
+- A+ W2y, Zon, La, - Lizn 1)
+ k(Zlv Z27 ey ZQ’IL) + k(zla Z3) R Z2n7 ZQ)
(2.14) o+ k(21,220 2o, Zop—1) = 0.
The first equation of the system (2.14) is (2.7), hence its general solution for
n > 2 according to [12] is (2.4):
where P(U) = F(U, A).

In the second equation of the system (2.14), if we put Z; = B and substitute
all the other variables Z, (2 < r < 2n) by A so that F/(A,B) # 0, we obtain

F(A,B)G(A,A) =0,
whence

(2.15) G(A,A)=0.

Now, we will distinguish three cases.

a) Ifr = 1, by putting Z5 = ZG = - = Zgn = Z1 = .A7 Z2 = V, Z3 =
B, Z, = U, the second equation of the system (2.14) in view of the equalities
(2.4) and (2.15) becomes

F(A,B)G(U,V) + F(A,B)G(A,U) + F(B,A)G(A, V)

+G(A,B)F(U,V) + G(A,B)F(A,U) + G(B,A)F(A,V)
(2.16) + F(A, V)G(A,U) + F(A, V)G(U,A) = 0.
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If we put V = A into (2.20), on the basis of the expression (2.15) we obtain
G(A,U) = —G(U, A), and then (2.16) becomes

G(U, V) =Q(U) - Q(V),

where Q(U) = G(U, A).

b) In the case 1 < r < n—1, if we substitute all variables Z1,Z4,Zs, ..., Zo,_1,
Zs, (except for Zs and Z3) by A, and if we put Zo = B, Z3 = U, the second
equation of the system (2.14) becomes

F(A,B)[G(A,U)+G(U,A)| =0,

whence
(2.17) G(A,U) = —G(U,A).
For Z5 = Z6 = = Zgn = Zl =A7 Z2 = U7 Z3 ZV, Z4 ZB, on the basis

of the equality (2.17) and (2.4), the second equation of the system (2.14) takes on
the following form

G(U,V) =Q(U) - Q(V),
where Q(U) = G(U, A).

C) Ifr:n—l, for Z3 = Z4 = = Zgn_l = Zl :A7 Z2 :U, Zgn ZB,
by virtue of the equality (2.4), from the second equation of the system (2.14) we
obtain (2.17).

By putting Z3 = Z4 == Zgn,Q = Z1 = .A7 Z2 = V, Zznfl = B7 Zzn = U,
on the basis of the equality (2.4) and (2.17) from the second equation of the system
(2.14) we find

G(U,V) =Q(U) - Q(V),

where Q(U) = G(U, A), i.e. Theorem 2.1 is proved if a = 0.
3°. If @ > 0, then the system (2.1) becomes

f(Z1,29,Zs,...,Z5,) +f(Z1,Z3,24,...,79,,7Zs)
+oo+ f(Z1,2Zon, 2o, . .., Zop_1)
+9(Z1,29,Zs,...,29,)+9(Z1,2Z3,2Zy,...,20,,Z>)
+- 4+ 9(Z1,Z2n,2Zo,...,Z5,1) =0,
WMZy,Zs,Zs, ..., 22,) + W(Z1,Z3,2y4,...,79,,7Zs)
+ W2y, Zon, Zs, ..., Lop—1)
+k(Z1,Zs,Zs,...,25,)+k(Z1,Z3,Zy,...,22,,Z5)
+ -+ k(Z1,Zoy,2s,...,2Z5,—1) =0.

(2.18)

If we introduce new functions S and T by the formulas

(2.19) S(U,V)=F(U,V)+G(U,V), T(U,V)=F(U,V)-GU,V),
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the system (2.18) becomes

$(Z1,Z2,2Zs3,...,2%9,)+ $(Z1,2Z3,2Zy,...,22,,72)
+ooo+5(Z1,2on, 2o, ...\ Loy 1) + (21,22, Zs,...,Zs,)
+ t(Z1,Z5,2Zy,...,729,,Z5)
+ 4+ t(Z1,Zon,Zs, ..., Zop—1) =0,
$(Z1,229,23,...,2Zo0)+ $(Z1,Z3,2Zy,...,79,,75)
+oo o+ 8(Z1,2on, 2o, ..., Loy—1) — t(Z1,22,2Zs3, . ..,Zs,)
— t(Z1,23,24,...,25,,Z5)
(2.20) — o —t(Z1,2y,22,...,2o,_1) =0,

where

$(Z1,Zo, Zs, ..., 2on_1,Z9,) = [S(Z1,Z2) + S(Z3,Z4) + - -+ S(Z2r—1,Z2;)]
X [S(Zary1,Zon) + S(Zory2, Zop—1)+ -+ S(Zrin, Zrini1)),

t(Z1,22, Zs, ..., Zon—1,Z2,) = [T(Z1,Z2) + T(Z3,Z4) + -+ T(Zor_1,Z2,))
X [T(Zary1,Zon) + T(Zory2, Zon—1) + -+ T(Zrins Lrini1)] -

Comparing the equations of the system (2.20), we find

$(Z1,Z2,Zs, ..., 2Zon—1,Z2n) + $(Z1,2Z3,Zy,...,2Zo,,Z>)
+ o+ 8(21,20n, 2o, ..., 2oy_2,Zo,_1) =0,
H(Z1,22,Zs,...,29,-1,Z2,) +t(Z1,Z3,2y,...,25,,75)
+ 4 t(Z1,Zon,Zs, ..., Zop—2,Z2p,—1) =0.

(2.21)

The general solution of the system (2.21) is
(2.22) S(U,V)=M(U)-MV), T(U,V)=H(U) - H(V)

where M and H are arbitrary complex functions.

On the basis of the equalities (2.19) and (2.22), we obtain
F(U,V)=PU)-P(V), GUYV)=Q(U)-Q(V),

where



SOME COMPLEX VECTOR SYSTEMS OF PARTIAL FUNCTIONAL EQUATIONS 93

Next we consider the system of functional equations

F(Z1,22,23)f(Z4,Z5,Zs) + f(Z2,Z1,Z4) f(Z3,Zs5, L)

+ f(zl,ZQ,ZS)f(zg,z4,zﬁ) + [(Z2,Z1,Z6) f(Z3, 24, Zs5)

alg(Z1,22,23)9(Zs, Zs, L) + (Lo, Z1, Z4)g(Zs, Zs, L)
9(Z1,Z2,25)g(Z3, Ly, Zg) + g(Zs, Z1, Z)g(Z3, Za, Zs)] = 0
f(Z \Z,23)9(Za, Z5, Zg) + f(Z2,Z1,Z4)g(Zs3, Zs, Zg)
f(Z \Z,25)9(Z3, 24, Ze) + f(Z2,Z1,Z6)g(Zs3, Ly, L)
9( ( ( )
9( ( ( )

[

(

—~

(2.23)

~—~ o~ —~

)
)
Z1,725,75)f(Z4,Z5,Z¢) + g(Zo,Z1,24) f(Z3,Z5,Zs
Z1,Z5,Z5)f(Z3,Z4,Z¢) + g(Z2,2Z1,Z¢)f(Z3,Z4,Z5
+ b[9(Z1,22,73)g(Zy,Z5,Z6) + 9(Z2,Z1,Z4)9(Zs3,Z5,Zs)
9(Z1,22,25)9(Zs3, 24, Ze) + 9(Z2,Z1,Z6)g(Z3, Z4,Z5)] = 0,

where f,g: V3 — C and a and b are real constants.
Definition 2.2. Let b?/4-+a < 0. A solution (f(U, V, W), g(U, V, W)) of system
(2.23) is called isotropic if

(f(U,V,W),9(U,V,W)) # (0,0),

(2.24) (U, V,W) +bf(U,V,W)g(U,V,W)) —ag*(U,V,W)) =0.

The general solution of system (2.1) includes all solutions of this system with
the possible exception of the isotropic ones.

Theorem 2.2. The general solution of the system (2.23) is given by the following
formulas
1°if v*/4+a=—-p* (p>0):

2pf(U, V,W) = A[H:1(U), H2(V), (2p + b) H3(W))]
- A[K1(U) 2(V), 2pH3(W) + bK5(W)]
A[H1(U), K3(V),2pK3(W) — bH3(W)]
(2.25) A[K1(U), H2(V), 2pK3(W) — bH3(W)]

pg(U,V, W) = A[K1(U), K2(V), K3(W)] — A[H1(U), H2(V), H3(W)]
(2.26) + A[K1(U), H2(V), H3(W)] + A[H1(U), K2(V), H3(W)]

for the continuous isotropic solutions we have

2pf(U7 V7 W) :(2p + bZ)A[Hl (U)7 H2(V)7 HB(W)] )

(2.27) )
pg(Uv V, W) == ZA[Hl(U)v HQ(V)7 H3(W)]) ;
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2° if b2/4 + a = 0:

g9(U,V, W) = A[HI(U) Hy(V ) H3(W)]

(2.28) + A[HL(U), Ko(V), H(W)] + Al (0), Ha(V), Hy(W)],
F(U,V, W) = A[H,(U), Hy(V), Hs(W) — 7 K5(W)
(2.29) — SAUN(U), Ko(V), Hy (W] — SATEL V), Ha(V), Hs (W)

3°if b’/4+a=p> (p>0):

4pf(U,V,W) = (2p - b)A[Hl(U)7 Hy(V), H3(W)]

(2.30) + (2p + b)A[K1(U), K2(V), K3(W)],
2pg(U,V,W) = A[Hl(U)a HQ(V)7 H3(W)]
(2.31) _A[KI(U)7K2(V)7K3(W)]7

where H,, K; (1,7 = 1,2,3) are arbitrary complex functions defined in V, and

Hs(U)
A[H: (U), Ho(V), Hy(W)] = | Hy(V)  Ha(V)  Hy(V)
H. Hs

Proof. If we introduce the function h by
b

the system of functional equations (2.23) becomes

WZy,Zo,Z3)h(Zs, 25, Ze) + h(Za, Z1,Z4) (23,75, L)
+h(Zy,Z2,Z5)0(Z3,Z4,Z¢) + h(Z2,Z1,Z6)h(Z3, L4, Zs5)
+(b°/4 + a)[g(Z1, Z2, Z3)g(Za, Zs, Zs) + g(Z2, Z1, Z4)g(Zs

] =

(2.33) +9(Z1,22,Z5)9(Z3, 24, Z¢) + 9(Z2,Z1,Z6)9(Z3, 24, Zs) 0,
WZy,Z,Z5)g(Zy,Z5,Z¢) + h(Zo,Z1,74)9(Z3,Z5, Z¢)
+h(Z1,29,Z5)9(Z3,Z4,Z¢) + h(Zo,Z1,Z6)9(Z3,Z4,Z5)
+9(Z1,Z9,Z3)h(Zy,Zs5,Zs) + g(Zo,7Z1,Z4)W(Z3, Zs5, Z6)
+9(Z1,Zo,Z5)h(Z3,Z4,Z¢) + g(Zo,Z1,Z6)N(Z3,Z4,Z5) =0

According to [1,17], we will distinguish three cases:
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1°. Let b?/4 + a = —p? (p > 0). In this case the system (2.33) will be

hZy,Z2,Z3)0(Zy,Z5,Z6) + h(Z2,Z1,Z4)h(Z3, L5, Zs)
+h(Z1,Z2,Z5)N(Z3,Z4,Z6) + N(Z2,Z1,Z6)N(Z3,Z4,Z5)
—[k(Z1,2Z2,23)k(Zs,Zs5,Z) + k(Z2,Zy1,Z4)k(Zs3,Zs, Ze)

(2.34) +k(Z1,2Z2,Z5)k(Z3,24,Z¢) + k(Z2,Z1,Z6)k(Z3,24,Z5)] = 0,
. h(Zy,Zo,Z3)k(Zy,Z5,Ze) + h(Z2,Z1,Z4)k(Z3,Z5, Zs)
+h(Z1,22,Z5)k(Z3,Z4,Z6) + W(Z2,Z1,Z6)k(Z3, 24, Zs5)
+k(Z1,Z2,Z3)h(Zy,Z5,Z6) + k(Zo,Z1,Z4)N(Z3, Zs5, Zs)
+k(Z1,2Z2,Z5)0(Z3, 24, Z6) + k(Za,Z1,Z6)N(Z3,24,Zs5) =0,
where
(2.35) k(U,V,W) =pg(U,V,W).

Suppose that (f(U,V, W), ¢g(U,V,W)) is a continuous isotropic solution of
system (2.23). The relation (2.24) by virtue of the changes (2.32) and (2.35)
becomes

R*(U,V,W) + k*(U,V,W) =0,

ie.
(2.36) E(U,V,W) =+ih(U,V,W).

As in Theorem 2.1 we must take the same sign for all triples of vectors (U, V, W) €
V3.
In view of (2.36) system (2.34) becomes

(2.37) WZy,Zo,Z3)h(Zy,Z5,Z6) + W(Z2,Z1,Z4)h(Z3, 75, Z)
’ + h(Zl, Zs, Z5)h(Z3, Z,, ZG) + h(ZQ, Z, Zﬁ)h(Z3, Z,, Z5) =0.

The general solution of the equation (2.37) according to [4] is given by
(2.38) h(U,V,W)=A[H,(U),H2(V),Hs(W)] (H;:V—C,i=1,2,3),

where

h(A, B, U)

h(A,U,C)
h(A,B,C)’

H,(U) = WA B.C)’

Hy(U) = H3(U) = h(B,U,C),

are arbitrary complex functions and A, B, C are vectors from V such that

h(A,B,C) # 0.
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From (2.32), (2.35), (2.36) we find
2pf(U, V., W) = (2p F bi)h(U,V, W), pg(U,V,W) = +£ih(U,V,W),

and (2.38) leads to (2.27).

Next we are looking for solutions of (2.23) not satisfying (2.36).
By putting Zy = Zg = - -- = Zg = U, the system (2.34) becomes

R*(U,U,U) - k*(U,U,U) =0, AU, U,U)kU,UU) =0,
whence
(2.39) R(U,U,U)=0, k(U,U,U)=0.
For Zy =Zo =Z3 =74, = U, Z5 = Zg = V, the system (2.34) yields
R*(U,U,V) - k*(U,U,V) =0, Ah(UUV)kU,UV)=0,
so that we obtain
(2.40) R(U,U,V)=0, k(U U,V)=0.

If weput Z1 =24 =75 =Zg =U, Zy = Z3 =V, from (2.34) we obtain

2h2(V, U, U)+h(U, V,U)h(V,U,U) — 2k*(V, U, U)
2.41) —k(U,V,U)k(V,U,U) =0,
4h(V, U, U)k(V, U, U)+h(U, V,U)k(V,U,U)
+h(V,U,U)k(U,V,U) =0.

By puttlng Z1 = Z3 = \/7 ZQ = Z4 = Z5 = Z6 = U into (234), we obtain

h?(V,U,U) + 2h(V,U, U)h(U,V,U)
—k*(V,U,U) - 2k(V,U,U)k(U,V,U) =0,
h(U,V,U)k(V,U,U) + h(V,U,U)k(V,U,TU)
+h(V,U,U)k(U,V,U) =0.

(2.42)

Comparing (2.41) and (2.42), we find
R3(V,U,U) - k*(V,U,U) =0, A(V,U,U)k(V,UU)=0,
i.e. we obtain

(2.43) WV,UU)=0, k(V,UTU)=0.
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By the substitutions Zy = Z4 =V, Zs = Z3 = Z5 = Zg = U, the system
(2.34) becomes

R*(U,V,U) - k*(U,V,U) =0, h(U,V,U)k(U,V,U) =0,
i.e.
(2.44) h(U,V,U) =0, E(U,V,U)=0.

For any solution of the system (2.34) there exist at least three vectors A, B, C € V
such that h?(A, B,C) + k*(A,B,C) # 0.

If we put Z1 = U, ZQ = \/7 Z3 = A, Z4 = B, Z5 = Z6 = C into (234), on the
basis of the equalities (2.39), (2.40), (2.43) and (2.44) we obtain
(2.45) R(U,V,C) =—-h(V,U,(C), E(U,V,C) =—k(V,U,C).

Using (245), the system (234) for Z1 = A, Z2 = B, Z3 = ZG = C, Z4 =
U, Zs =V yields

(2.46) hU,V,C)=h(C,U,V), kU, V,C)=kC,U,V).

Ifweput Zy = A, Zy =B, Z3 =Z5 =C, Zy = U, Zs =V, the system (2.34)
becomes

(2.47) h(C,U,V)=—h(U,C, V), k(C,U,V)=—k(UC,V).

On the basis of the equalities (2.44), (2.45) and (2.46), if we put Z, = A, Zy =
B, Z3s=C, Zs,=U, Z5s =V, Zg = W, the system (2.34) yields

WU, V, W) =q[H,(U)F(V,W) — H;(V)F(U,W) + H(W)F(U,V)
~ Ky(U)G(V, W) + K, (V)G(U, W) — K,(W)G(U, V)]
+r[HL(U)G(V, W) — Hi(V)G(U, W) + H;(W)G(U, V)
(2.48) + K1 (U)F(V,W) — K1 (V)F(U, W) + K, (W)F(U, V)],
k(U,V, W) =q[H,(U)G(V,W) — H(V)G(U, W) + H,(W)G(U, V)
+ K1 (U)F(V, W) — K1 (V)F(U, W) + K{(W)F(U, V)]
+r[H (U)F(V, W) — Hi(V)F(U, W) + H,(W)F(U, V)
(2.49) — K1 (U)G(V, W) + K1 (V)G(U, W) — K;(W)G(U, V)],

where we have introduced the notations

Hy(U) = h(A,B,U), K1(U) = k(A,B,U),
(2.50) F(U,V) = h(U,V,C), G(U,V) = k(U,V,C),
’ h(A,B,C) k(A,B,C)

T= WA B,C)+2(AB.C)° | h2(AB.C)+k(ABC)
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ForZ, =72, =C, Zo =S, Z3 =T, Z5s = U, Zg = V in view of notations
(2.50), the system (2.34) becomes

F(S,T)F(U,V) + F(S,U)F(V,T) + F(S,V)F(T,U)
251) ~G(S,T)G(U,V) - G(S,U)G(V,T) — G(S,V)G(T,U) =0,
' F(S,T)G(U,V) + F(S,U)G(V,T) + F(S,V)G(T, U)
+G(S, T)F(U,V) +G(S,U)F(V,T) + G(S,V)F(T,U) = 0.

The general solution of the system (2.51) according to [17] is given by the
formulas

P(UV) = A[HL(0). a5 (V) + 1KY (V)
(252) (U, V) = A[Ky(U), g1} <v> rRY(V)
+ A[H»(U)

On the basis of the equalities (2.32), (2.35), (2.48), (2.49) and (2.52) we obtain
(2.25) and (2.26), with the following notations

H3(U) = (¢° — r*)H3(U) 4 2¢rK4(U),  K3(U) = (r* — ¢*)K4(U) + 2¢rHj(U)..

The functions f and g given by the formulas (2.25) and (2.26) are really solutions
of the system (2.23). Consequently, in the case v?/4 + a = —p? (p > 0) all
functions f and g which are solutions of the system (2.23) and do not satisfy (2.24)
are determined by the formulas (2.25) and (2.26). The functions H,, K, (r,j =
1,2,3) which appear in these solutions are arbitrary complex functions defined in
V.

2°. Let b?/4 + a = 0. In this case the first equation of the system (2.33) takes
on the form (2.37):

WZy,Zo,Z3)h(Zy,Z5,Z6) + W(Zo,Z1,Z4)h(Z3, 75, L)
+h(Z1,22,Z5)(Z3,Z4,Z6) + W(Z2,Z1,Z6)N(Z3,Z4,Z5) =0,

and its general solution according to [4] is given by (2.38):
h(U,V, W) = A[H,(U), Hy(V), H3(W)] (H;:V — C, i=1,2,3),

where

h(A, B, U)
h(A,B,C)

h(A,U,C)

Hy(U) = WA B.C)’

Hy(U) = H3(U) = h(B,U,C),

are arbitrary complex functions and A, B, C are vectors from V such that

h(A,B,C) # 0.
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If weput Zy =25 =24 =75 =C, Z3 = U, Zg = V, the second equation of
the system (2.33) yields

(2.53) h(U,C, V)g(C,C,C)=0.
Using the equality h(U,C, V) = —h(U,V,C), which follows from (2.38), and

by putting U = A, V = B, from (2.53) we obtain g(C,C,C) = 0.

ForZ, = A, Zo =B, Z3 =724 = Z5 = C, Zg = U the second equation of the
system (2.33) becomes ¢g(C,C,U) = 0. If we put Zy = A, Zy = B, Z3z = Z5 =
Zs =C, Z4 = U, the same equation yields ¢(U,C,C) = 0.

Finally, the substitution Z; = Zy = Z5 =C, Zy = U, Z3 = A, Zg = B reduces
the second equation of the system (2.33) to ¢(C,U,C) = 0.

By putting Z, = U, Zo =V, Zs = A, Z4 =B, Zs = Zs = C, on the basis of
the above result we obtain
(2.54) g9(U,V,C) =—¢(V,U,C).

ForZ, = A, Zyo =B, Zs = Z¢ = C, Z, = U, Z5 = V, the same equation
yields

(2.55) g(U,V.,C)=¢(C,U,V).

Also, based on the previous results, for Z1 = A, Zo = B, Z3 =Z5 =C, Z4 =
U, Zs =V, the second equation of the system (2.33) is reduced to

(2.56) g(C,U,V)=—¢(U,C, V).

By putting Z1 = A, Zo =B, Z3 =C, Z, =U, Z5 =V, Zg = W, on the basis
of (2.54), (2.55) and (2.56) the second equation of the system (2.33) becomes
h(A,B.C)[g(U, V, W) — Hy(U)g(V, W, C) + Hy(V)g(U, W,C)
— Hi(W)g(U,V,0)] +g(A,B,C)h(U, V,W)
—g9(A,B,U)R(V,W,C) + g(A,B,V)h(U,W,()
(2.57) —9(A,B,W)h(U,V,C)=0.

ForZ,=2,=C,Zy =S, Z3 =T, Z5 = U, Zg = V and with the notations
(2.50) the system (2.33) is reduced to

F(S,T)F(U,V) + F(S,U)F(V,T) + F(S,V)F(T,U) =0,
F(S,T)G(U,V) + F(S,U)G(V,T) + F(S, V)G(T, U)
+G(S,T)F(U,V) + G(S,U)F(V,T) + G(S, V)F(T,U) = 0,

The solution of this system according to [17] is given by the formulas

F(U,V) = A[H(U), H3(V)],

(2.58) G(U, V) = A[K»(U), H3(V)] + A[Ho(U), K4(V) — mHL(V)],
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where

9(A,U,C)
h(A,B,C)’

_ 9(A,B,C)
T WA,BC)

On the basis of the equalities (2.57) and (2.58) we obtain (2.28), where

9(A,B,U)

Ky(U) = K4(U) = 2mfa(U), Ka(U) = o000

On the basis of the expressions (2.32), (2.52) and (2.28) we get (2.29).

The functions (2.28) and (2.29) are really solutions of the system (2.23). Conse-
quently, the general solution of the system (2.23) in the case b?+4a = 0 is given by
the formulas (2.28) and (2.29), where H,., K; (r,j = 1,2,3) are arbitrary complex
functions defined in V and m is an arbitrary constant.

3°. Let b?/4 + a = p? (p > 0). Introducing the new functions M and N by
the formulas
M(U,V,W) = h(U,V,W) + pg(U, V, W),

(2.:59) N(U,V,W) = h(U,V,W) —pg(U,V,W),

the system (2.33) becomes

M(Zy,2Z5,Z3)M
+M(Z3,Z,,Z5)M
+N(Z1,Zy,Z35)N
Z1,Z5,7Z5)N

(Z4,Z5,Z6) + M(Zs,Z1,Z4)M(Z3,Z5,Zs)
(Z3,24,Z¢) + M(Zs,Z1,Z6) M (Z3,Z4,Z5)
Z4y,Z5,Z¢) + N(Zo,Z1,Z4)N(Z3,Z5,Zs)
Z3,Z4,Z¢) + N(Z2,Z1,Z6)N(Z3,24,Z5) =0,
1,29, Z3YM (Zy,Z5,Z¢6) + M(Zs,Z1,Z4)M(Z3,Zs, Z)
Z1,Z5,Z5)M(Z3,Z4,Z6) + M(Z3,Z1,Z6)M(Z3,Z4,7Zs5)
N(Z4,Zs5,Z¢) — N(Z2,Z1,2Z4)N(Z3,Zs5, Zs)
N(Z3,Z4,Z6) — N(Z3,Z1,Z6)N(Z3,2Z4,Z5) =0,

—~ o~

(2.60)

Aﬁ

Comparing the equations of the system (2.60), we find

Zy,725,7Z3)M(Zy,Z5,Zs) + M(Zy,Z1,Z4)M(Z3,Zs, Z¢)
Zy,Z5,Z5)M(Z3,Z4,Z¢) + M (Zs,Z1,Z6)M(Z3,Z4,Z5) =0,
N(Zy,Z5,Z¢) + N(Z2,Z1,Z4)N (Z3,Z5,Zs)
N(Z3,Z4,72¢) + N(Zy,Z1,Z6)N(Z3,24,Z5) = 0.

The general solution of this system according to [4] will be

M(U,V,W) = A[H,(U), Hy(V), H3(W)],

(2.62) N(U,V, W) = A[K;1(U), K3(V), K3(W)],
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where H,, K; (r,j = 1,2,3) are arbitrary complex functions defined in V.
On the basis of the equalities (2.32), (2.59) and (2.62), we find (2.30) and (2.31).
The functions (2.30) and (2.31) are solutions of the system (2.23).
Consequently, the general solution of the system (2.23) in the case b%/4 + a

p? (p > 0) is given by the formulas (2.30) and (2.31) where H,., K; (r,j = 1,2,

are arbitrary complex functions defined in V.

o=

Now we will prove the following general result.

Theorem 2.3. The general solution of the system of functional equations

f(Zy,Zs,....20 1,2 f(Zry1, L2, - - Lop)
— f(Z1,Zs,...,Zn 1, Zp1)f(Zn, Zpv2, Zt3, - ., Loy
— f(Z1,Zo, ..., 20 1,2 2) [ (Zpy1, 2, L3, - . -, Zioyy)
— o= f(Z1,22,....,201,Z9,) f (L1, Ly, .o, Lop—1,Zy,)
+sgna(9(Z1,Zay ..., 20—1,2,)9(Zns1,Znsa, . .., Loy)
—9(Z1,2s,...,2y1,2,41)9(Zr, L2, i3, - ., Zoy,)
—9(Z1,Zs,.... 20 1,20, 12)9(Zpy1, 20, Zri3, - . -, Zioyy)
— o —=g(Z1,Z2, ...\ 201, 220)9(Zs1, Lt 2y - - L2 —1,2,)] =0,
f(Z21,Zs, ..., 2, 1,2,)9(Zyi1, L2, - - -, L)
— f(Z1,Zo,..., 201,20, 41)9(Zn, Ly, Zii3, - . ., Do)
— f(Z1,2Zs,...,Z,1,Zp+2)9(Zni1,20, L3, . .., L)
— = f(Z1,2Zo, ..., 20 1,Z9,)9(Zs1, Ly, . s Liop—1,Z)
+9(Z1,2s,....21,2,)f(Zny1,Zny2, - .., ZLop,)
—9(Z1,Zo,.... 21,21 [(Zn,Zrn12,Zs3, - .., Loy)
—9(Z1,Zo,.... 201,21 2) [ (L1, 20, L3, - .., Loy
— o —=9(Z1,Zs,.... 201,22, (L1, Ly .-y Loy —1,Zy,) =0,
where f,g: V" — C and a is a real constant, is given by the following formulas:

1°. if a<O,

(2.63)

f(U1,Us, ..., U,) = A[H,(U,), Hy(Uy), ..., H,(U,)]
(2.64) + A[K1(Uy), K2(U2), ..., K (Un)],

g(Ul, U2, ey Un> = Z{A[Kl(U1), K2(U2); L) K’I’L(U’I’L>]
(265) _A[Hl(Ul)aHQ(UQ)v'"vHTL(UTL)]};
20 if a>0,

f(U1, Uy, ..., U,) = A[H,(U,), Hy(Uy), ..., H,(U,)]
(2.66) + A[K1(Uy), K2(U2), ..., K (Un)],
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g(Ul, U2, N ,Un> = A[Hl(U1>, HQ(UQ), ey Hn(Un>]
(2.67) — A[K1(U1), K2(Uz), ..., Kn(Un));

3°if a=0,

f(U1,U,,...,U,) = A[H,(Uy), H2(Us), ..., H,(U,)]

Hi(U) Hi(Us) ... Hy(U,)
. |0 (0 ()|
Ho(Uy) Ho(Us) ... Hy(U,)

g(Ul, U2, ey Un> = A[Kl(U1>, HQ(UQ), H3(U3), N ,Hn(Un)]
+ A[H1(Uy), K2(Us), H3(Us), ..., H,(U,)]
(269) + o+ A[Hl(Ul)a HQ(UQ)a s aHn—l(Un—l)a Kn(Un)] 5

where H., K; (1 <r,j <n) are arbitrary complex functions defined in V.

Proof. 1°. Let a < 0. Introducing new functions M and N by the formulas

M(U17U27"'7Un) = f(U17U27"'7U’I’L) +ig(U17U27"'7U’I’L>7

(2.70) ,
N(Ul,UQ, .. .,Un) = f(Ul,UQ, .. .,Un) — Zg(Ul,UQ, e ,Un),

(i = —1) the system (2.63) becomes

M(Zy,Zs, ..., 201, Z, )M (Zpy1, 22, L3, - - . Zioy,)
=M(Z1,2s,...,Zn1,Zpn1)M(Zp,Zp12,Zns3, ..., 2La,)
+ M(Z1,Zs,...,20 1,20 2)M(Zp11,Z1, 23, . . ., Zioy,)
+ o+ M(Z1,2Zs, ..., 201,22y )M(Zpy 1,2 s, - - - s Liop—1,Z)
N(Zy,Zs,...,241,Z,)N(Zpi1,Zny2, 23, ..., Zop)
=N(Z1,22,...,2, 1,20, :1)N(Zp, 212,243, .., 2Z2,)
+ N(Z1,Zs,...,Zy1,Zp12)N(Zpy1,Z0, Zi3, - ., Zoy)
+ -+ N(Z1,22,...,2Z,1,22,)N(Zpy1,Zp12,...,22,-1,Z).

(2.71)

On the basis of the equalities (2.71) and (2.70), we find (2.64) and (2.65), where
H,, K;:V — C are arbitrary complex functions.

2°. Let a > 0. Introducing the functions M and N by

M(Ul,Uz,...,Un>:f(Ul,Uz,...,Un)+g(U1,U2,...,Un),

(2.72)
N(Ul,UQ,...,Un) = f(Ul,UQ,...,Un) —g(Ul,UQ,...,Un),
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the system (2.63) is reduced to (2.71). On the basis of the equalities (2.71) and
(2.72) there follow (2.66) and (2.67).

3°. Let @ = 0. In this case, the first equation of the system (2.63) is reduced to

f(Z1,Zs,...,20 1,2 f(Zny1,Zps2, ..., Do)
=f(21,22,....,2, 1,2, 41) [ (Zn, L2, L3, - ., Zop)
+ f(Z1,Zo, ..., 20 1,2 i2) [ (Zps1,2, L, - . ., Zioy)
(2.73) ++ f(Z1,Zo,.... 200 1,Z20) f(Zn1,Zns2s - - - Lop—1,Z,) .

According to [18], the general solution of the equation (2.73) is given by (2.68).
Further in the proof of this theorem, we will use the following

Lemma. If A, €V (1 <r <mn) are such that
f(A17A27"'7An> 7& 07
then the following equality holds

(2.74) f(A,, U, Ug,...,U,_5,A,)=0.

Proof of the Lemma. By putting

Z, = A, (1<r<n),
Z7L+1:Z2n:An; Zj:Uj—n—l (j:n+2,n+3,,2n—1),

the equality (2.73) becomes

FA1, A, . AL 1, A (AL, U, Ug,..., U, 5, A,)
+f(A1,Ag ... A1, U f(An, AL, Us, ..., U, 2, A))
+ f(A1,As,..., A1, Us)f(A,,U1,A,,Us,...,U,_2,A,)
+ -+ f(A1,Ag, . A1, U, 0) f(A,, U, ..., U,—3,A,,A,) =0.

(2.75)

Let E,_a ={1,2,3,...,n—2}, and let S, (0 < v < n —2) be a subset of E,,_2
which contains v elements. For v = n — 2 we have S,,_s = E,_5. Replacing into
(2.73) all variables by A,,, we obtain
(2.76) (AL A, ... A,)=0.

We assume that

(2.77) (AL, V1, Ve ... .V, 2 A)=0
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holds, where

(278) V _{A’I’La TESVJ
’ " lY,, reE,5\S,.

Using this assumption, we will prove that

(279) f(A’I’L7W17W27"'7Wn727An):07
where
An , TE Sllfla
2.80 W, —
( ) { YT’ ) re En—Q\Sl/—l .

Putting U, = W, (1 < r < n —2) into (2.75), on the basis of the hypothesis

(2.77) we obtain

Vf(A17A27 o '7An717An)f(An7W17W27 cee 7Wn727An) =0.

Hence, we obtain
f(An7W17W27 ce aWn72a A-n) =0

if the hypothesis (2.77) is true.
Consequently, by induction we proved that

f(An7U17U27~ .- aUn72aA-n) =0

if there exist just v (0 < v < n — 2) elements among Uy, U, ...

A,
For v = 0, the lemma follows.

We will prove that (2.69) holds by induction.

It n = 2, then
(2.81) f(U1,U2) = A[H:(Uy), H2(Uy)]
where
m(uy) = L5 ) - 18,02
and

,U,_2 equal to

O

f(Z1,22)g(Z3,2s) — f(Z1,Z3)9(Z2,Zs) — f(Z1,24)9(Zs3,Z>)
+9(Z1,Z2) f(Z3,Z4) — 9(Z1,Z3) f(Z2, Z4)

(2.82) —9(Z1,24)f(Z3,2Z5) = 0.
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For any nontrivial solution of the equation (2.82) there exists at least one pair
of complex vectors (A, B) such that f(A,B) # 0.

If we put Z; = A, Z3 = B, Z> = Uy and Z4 = Us, then the equation (2.82)
takes the following form

_ (A Uy) f(A,Uy)
g(U1,Usg) = mg(B,Ug) - mg(Ble)
esy o+ 2 ey - T e vy - SR (0, U
Using the notations
9(A,Uy) - yAB)
m —Kl(Ul)v Q(BaUl) —KQ(Ul)a f(A,B) = s

on the basis of the relations (2.83) and (2.81) we find
9(U1,Uz) = A[Hy(Uy), K3(Uz)] + A[K: (Uy), Hy(Uy)] + mA[H: (Uy), Hy(Us)],

ie.
9(U1,Uz) = A[K1(Uy), Ho(Us)] + A[H1(Uy), K2(Us)],

where
K>(U) = K3(U) + mH(U).

Assume that this theorem holds for n — 1, so that the general solution of the
functional equation

f(Zy,...,2n 2,2y 1)9(Zp, 21y ., Zio—2)
—f(Zy,...,2Z5,Z ) (Zp—1,Zps1, ... Zop—2)
—f(Zv,....20 2,20y 1)9(Zy,, Zy—1, Lo, . .., Loy—2)
— = f(Z,.. ., Zp—2,Z2p,2)9(Zn, L1, .-, ZLop—5,Z 1)
+9(Z1,.... 22,20 1)f(Zy,Zp11, ..., Z2n—2)
—9(Z1, ..., 22,2 f(Zp—1,Zn11, - -, Loy —2)
—9(Zy,..., 29,2 1)f(Zr, 21,22, . . ., Loy —2)
—i—g(Z1,.. 22,209y 2)f(Zn, Lyt s Loy 3,2y 1) =0

(2.84)

is introduced by

g(Uy,Usg, ..., U,_1) =A[K1(Uy), H2(Us), ..., H,—1(Up_1)]
+ A[H;(Uy), K2(Us), H3(Us), ..., Hyp—1(U,—1)]
+ -+ + A[H1(Uy), H2(Us),
(2.85) e Hyo(Up ), K1 (Un_1)].
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Let f(Al,AQ, ‘e ,An) 75 0. If we put Z1 = .An7 Zn+1 = An,

f(An7U27U37'~'7Un) = F(U27U37"'7Un>7
g(An,UQ,Ug, .. .,Un) = G(UQ,Ug, .. .,Un),

the second equation of the system (2.63), according to the lemma, becomes

F(Z2,Zs,...,Zn,1,Z,)(Zny2,Znss,- .., Zop)
—F(Z9,Zs,...,20, 1,20,+2)G(Zp, 23, . .., 22,)
—F(Zs,Z3,...,20,1,Z,+3)G(Zpt2,20, Lty .., Zioy,)

— = F(Z2,Zs3,...,20,-1,29,)G(Zny2, ..., 2L0n—_1,2Zop)
+G(Z,Z3,...,2-1,2,)F(Zp12,Z1s,...,2s,)
—G(Zo,Zs3, ..., 20 1,2y 2)F(Zy, 2 ys, ..., Zoy)
—G(Z9,Z3,...,20 1,20 13)F(Zni2,Z0, 214, .., ZLoy,)
——G(Z2,23,...,2_1,22,)F(Zp+2,...,20n-1,Z,) =0.

(2.86)

On the basis of the equalities (2.84) and (2.85), we find the general solution of
the equation (2.86) which is

G(Uy,Ug,...,U,1) = g(A,,U1,Us, ..., U,_1)
=A[(K1(Uy), H2(Us), ..., Hy 1 (Up1)]
+ A[HL(Uy), K2(Us), Hy(Us), ..., Hu_1(Up_1)]
(2.87) + -+ A[H1(Uy), Hy(Uz), ..., Hy 2(Up_2), K- 1(Un-1)],

where H,(U), K;(U) (1 <r,j <n—1) are arbitrary complex functions defined in
V.

If we put

Z,=A, (1<r<n-1),
Zn:Ula Zn+1:An7 Z7L+k:Uk (zékgn)

into the second equation of the system (2.63), we obtain

f(A1, Az, ..., A)g(Up,Ug,...,Uy,)
=f(A1,As,...,A,_1,U1)g9(A,,,Uq,...,U,)

— f(A1,As, ..., A, _1,Us)g(A,,Up,Us,...,U,)

— = f(A1,As, ... A, 1, U,)g9(A,,Ug, ..., U,_1,Uy)
+9(A1,As ... A1, Up)f(A,,Ug,...,Uy,)
—g(A1,Aq,...,A,_1,Us)f(A,,,U1,Us,...,U,)

— o —g(A1,As, .. AL, U, f(A,,Ug,...,U,_1,Uy)

(2.88) —g(A1,A2,...,A,)f(U,Ug,...,U,).
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On the basis of the properties (2.68) and (2.87), we obtain

f(An, ..., U 21,0, Uy, ..., U;1,U0;, Ujiq, ..., Upq)
= — f(An, .. -7Ur—1;Uj7Ur+1; - an—laUran+1; A ,Un_l),

9(Ay, ..., U1, U, Upyq,...,U;1,U;,Ujpq, ..., Uy y)
= _g(An7---,Ur—17Uj,Ur+17---7Uj—17Ur,Uj+17---7Un—1)
1<r<j<n-1).

By introducing the notations

f(A.]_,...,A.n,]_,U) g(Ala"'aAn717U>

(AL, ... A)) = H:(U), (AL, .. A)) = K:1(U),
g(Al,...,An)__
f(AL.. Ay

on the basis of the equalities (2.89), (2.88), (2.87) and (2.68) we find

g(U1, Us, ..., U,)) = A[K,(Uy), Ho(Us), . .., Ho(Uy)]
+ A[H1(Uy), K2(Uz), H3(Us), . .., Ho(Uy)]
+- -+ A[H1(Uy), ..., Hio1(Up1), K (Uy)]
+ mA[H1(Uy), Hy(Us),. .., H,(U,)],

ie. g(U1,Uy,...,U,) is given by (2.69), where K,,(U,,) + mH,(U,) is replaced
by K,(Uy).

Now we will prove that the functions (2.64) and (2.65), (2.66) and (2.67), (2.68)
and (2.69) are solutions of the system (2.63).

We introduce the following notation

D(Fy,Fa,...,Fn,G1,G2,...,Gn)

F1(Uy)  Fa(Up) ... Fn(Uj) 0 0 0

Fi(Uy)  F2(Up) ... Fn(Uj) 0 0 0
. F1(U'n,1)Fg(Un,1) . Fn(Upn_1) 0 0 0
T AU, Fa(U,) ... Fo(U,) G1(Un) G2(Un) ... Gn(Un)

F1(Uny1) F2(Uny1) ... Fo(Ung1) G1(Uny1) G2(Unya) ... Gu(Unya)

F1(£J2n) F2(Uzn) ... Fn(U2n) Gi1(U2n) G2(Uz2p) ... Gn(Uszy)
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Let

D(Hy,Hs,...,H,,H1,Hs,...,H,) =0,

then it will be

D(Hy,Hs,...,H,,H,Hs,...,H,)+ D(Hy,Hs,...,Hy, K1, Ko,...,K,)
+D(K1,Ks,...,Ky,Hi,Hs,...,H,) + D(K1,Ks,..., Ky, K1,K>, ..., K;)
+D(H,Hs,...,H,,H1,Hs,...,H,) — D(H1,Hs,...,H,, K1, Ko, ..., K,)
—D(K1,Ks,...,K,,H,Hs,...,H,)+ D(Ky,Ks,...,K,,, K1,Ks,...,K,)=0,

D(H:,Hs,...,H,,H,Hs,...,H,)+ D(K1,K>,...,K,,Hi,Ho,..., Hy)
—D(Hy,Hs,...,H,,K1,Ks,...,K;)) — D(K1,Ks,...,K,,K1,Ks,...,K,)
+D(H,Hs,...,H,,H,H>,...,H,) — D(K1,K>,...,K,,H1,Hs, ..., H,)
+D(Hy,Hsy,...,Hy, K1, Ks,...,K,)) — D(K1,Ka,..., K, K1,Ks,...,K,)=0.

By the Laplace rule, if we evaluate the determinants which appear in the pre-
vious identities, we obtain that the functions (2.66) and (2.67) in the case a > 0
are a solution of the system (2.63).

In the case a < 0, we can analogously show that the functions (2.64) and (2.65)
represent a solution of the system (2.63).

If @ = 0, we will show that the functions (2.68) and (2.69) are a solution of the
system (2.63).

The function (2.68) satisfies the first equation of the system (2.63).

Now we will prove that the functions (2.68) and (2.69) satisfy the second equa-
tion of the system (2.63).

Let us consider in this case the following identity

D(H, + K1,Hs,...,H,,H + K1,H>,...,Hy,)
(290) +D(H17H2+K27H37'"7Hn7H17H2+K27H37"'7 ’I’L)
+---+D(H1,H2,...,Hn+Kn,H1,H2,...,Hn+Kn =0.

By the evaluation of the determinants which are found in the identity (2.90),
we obtain that (2.68) and (2.69) satisfy the second equation of the system (2.63).
Consequently, the functions (2.68) and (2.69) represent a solution of the system
(2.63) if a = 0. O
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2.2. Systems of higher order functional equations.

Theorem 2.4. The general solution of the system of functional equations

f(Z1,22) f(Z3,Z4) + f(Z1,Z3)f(Z4,Z2) + f(Z1,24)f(Z2,Z3) =0,
)9(Z3,Z4) + 9(Z1,23)9(Zs, Z2) + 9(Z1, Z4)g(Z2, Z3)

)P (Z3, ) + (2, Z3) f2727 (2, Zo)

9(Z1,Za) [P127 (2, Z3) + 9(Z3, Za) [* 72" (21, Zo)

+9(Z47 Zo) ¥ (21, Z3) + 9(Za, Z3) f*12" (21, Za)

+ B+ 2r)f(Z1,22) f(Z1,Z3) f(Z1,Z4) f(Z3,Z4) f(Z4,Z2) f(Z2, Z3)

X [[2(Z1,22) f*(Z3,Z4) + [(Z1,22) (21, Z3) f (Z3, Z4) f (Z4, Zs)

+ [H(Z1,23) f*(Z4,Z5)]" = 0,

WZy,Zo)h(Zs,Zy) + h(Z1,Z3)N(Zy,Z2) + W(Z1,Z4)h(Z>, Z3)
+ (21, Zo)[g(Z3, Za) + 2% (Z3, Za)* T2
+M(Z1,Z3)[9(Zs, Zo) + [°1 (2, Zo) P+
+M(Z1,Z4)[g(Z2, Z3) + [°12 (2o, Z3) ]+
+(3+29)[9(Z1, Za) + 2127 (Z1, Za))[9(Z1, Z3) + [27% (Z1,Z3))
X [9(Z1, Za) + P17 (21, 24)][9(Z3, Zs) + > (Z3, Zs))]
X [9(Za, Zo) + P17 (24, Z2)][9(Z2, Z3) + [ (Z2, Z3))]
x{[9(Z1,Za) + 427 (Z1, Za)*[9(Za, Z3) + f3F% (2o, Z3)]?
—[9(Z1,Zs) + [P1%7 (21, Z))[9(Z1, Zs) + [27%7 (21, Z3)]
x [9(Z3,Z4) + 217 (Z3,24)[9(Z4, Z2) + f21%(Zs, Z2)]} =0,

(2.91)

where f, g, h: V2 — C are arbitrary complex functions and r,j € {0,1,2}, is
given by the formulas

(2.92) f(U,V) = ‘

Gi(U) G:(U)| _|R(U) B[

e w0 = |00 GO-[RW BW| o rewn
3+2j

29 UV =) W) |-G av| o e
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where Fy,, Gy, Hy (k= 1,2) are arbitrary complezx functions defined in V.

Proof. The first functional equation of the system (2.91) according to [13, 14]
has a general solution given by (2.92).

The complex function f(U, V) satisfied the condition
(2.95) f(U,U)=0, f(U,V)+f(V,U)=0.

The functions g(U, V) and h(U, V) from the second, respectively third equation
of the system (2.91) also satisfy the same conditions for Z1 = Zy = Z3 = Zy4 =
U 75 O or Z2 = Z3.

Since f3727(Z,, Z) have distinct powers in the second equation of the system
(2.91) for r € {0,1,2}, we obtain that the first equation of the system (2.91)
implies

F2(21,2,) (23, Za) + [°(Z1,Z3) [*(Za, L) + [*(Z1,Za) [*(Z2, Z3)
=3f(21,22)f(Z1,2Z3)f(Z1,24) [ (Z3,24) f (L4, Z2) f (Z2, Z3) ,

1220, 20) (23, Za) + [2(Z0, 23) (24, o) + [°(21,Z4) (22, Z)
= (21, 22) (20, ) (2, 2)f (i 2) (B3, ) (2, )
(2.96) W f2(Z1, Zo) f2(Zis, Z) + [2(Z, Zg) f2(Zoa, Zoo )+ f2(Zot, Zoa) (2o, Zo3)),

(21, 2:) [ (23, Zs) + [T(Z1,Z3) T (Za, L) + [T (Z1,Z4) [T (Z2, Zs)

:Zf(zl, Z3)f(Z1,Z3)f(Z1,24)f(Z3,24)f(Z4,Z2) f(Z2,Z3)

X[f2(Z1,Z2) [*(Z3, Za)+ [*(Z1, Z3) *(Za, L) + [ (21, D) [ (Z2, Z3)]

If we apply the formulas (2.96) to the second functional equation of the system
(2.91), then we obtain the following equation

(9(Z1,Z2) + [P127 (21, Z2))[9(Zs, Zs) + [°+%"(Z3, Zs))]
+[9(Z1,Z3) + [>T (21, Z3))[9(Za, Za) + [*177 (L4, Zo))
(2.97) +[9(Z1,Zs) + 277 (Z1,24))[9(Z2, Z3) + [>T (Z2,Z3)] = 0.

By repeating the previous procedure to the last equation of the system (2.91),
we obtain

{W(Z1,Z2) + [9(Z1, Zs) + 2% (Z1, Zo)P T2}
}{W(Z3,Za) + [9(Z3, Za) + [+ (Z3, Z4)]> 7}
+{(Z1,Z3) + [9(Z1,Z3) + f2777 (21, Z3))* T}
}{W(Za, Zo) + [9(Za, Zo) + P17 (24, Z2))* T}
+H{(Z1,Zs) + [9(Z1,Zs) + f2727 (21, Z4))* T2}
(2.98) x{h(Za,Z3) + [9(Z2,Z3) + [*1*"(Z2,Z3)]>T%} = 0.
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The system of vector functional equations (2.91) with the unknown functions
f, g, h: V? — Cand rj € {0,1,2} is equivalent to the system formed by
the first equation of the system (2.91) and the equations (2.97) and (2.98), whose
general solution is given by (2.92), (2.93) and (2.94). O

Theorem 2.5. The general solution of the following system of functional equa-
tions

f(Z1,22,23)f(Z4,Z5,Z6) + f(Z2,Z1,24) f(Z3,Zs5,Zs)
+f(Z1? Z27 Z5)f(z37 Z47 Z6) + f(z27 Z17 Z6)f(z37 Z4a Z5) = Oa

9(Z1,22,23)g(Z4,Z5,Z6) + 9(Z2,Z1,74)9(Z3, Zs, Zs)
+9(Z1,25,Z5)9(Z3,Z4,Z¢) + g(Z2,Z1,Z6)g(Z3,Z4, Zs)
+9(Z1,22,Z3) f*(Z4,Z5,Ze) + 9(Z4,Z5,Zg) f*(Z1,Z2, Z3)
(2.99) +9(Z2,21,24) f*(Z3, L5, Ze) + g(Z3, L5, Ze) f* (Z2, L1, Zs)
+9(Z1, 22, Zs) *(Z3, 24, Zg) + 9(Z3, Zs, Zo) [ (21, Z2, Z5)
+9(Za,Z1,Z6) f*(Z3, 24, Z5) + 9(Z3, Z4, Z5) f*(Z2, Z1, Zs)
+3f(Z21,22,23)f(Z2,21,24)f(Z4,Z5,Z¢)f(Z3,Z5,Z¢)
X [f(Z1,22,Zs5) f(Z3,24,Z6) + [(Z2,Z1,Z6) f(Z3, L4, ZL5))
+3f(Z21,22,Z5)f(Z2,21,26)f(Z3,Z4,Z¢)f(Z3,Z4,Z5)
% [f(Z1,Z2,Z3)f(Z4,Zs5,Z¢) + f(Z2,Z1,24)f(Z3,2Z5,Z6) = 0,

where f, g : V3 — C are arbitrary complex functions, is given by the following
formulas

F(U) R(U) FU)
(2.100) UV, W)= F(V) F\V) V)|,
(W) (W) F3(W)

(2.101)

Gi(U) G2(U) G3(U)| |F(U) F(U) F3<U> ’

g(U,V,W): Gl(V) GQ(V) Gg(V) — Fl(V) FQ(V) (V) s
G1 (W) Go(W) G3(W) (W) F (W) F3(W)

where F,., G, (r =1,2,3) are arbitrary complex functions defined in V.

Proof. For the first equation of the system (2.99), the general solution is given
by (2.100).

We can rearrange the terms in the second equation of the system (2.99) as
follows

[9(Z1,Z2, Z3) + [*(Z1, Za, Z3))[9(Za, Zs, Z) + [*(Za, Zs, Zg )]
(2.102) +[9(Z2, 21, Za) + [*(Z2,Z1,24))[9(Z3, Zs, Zo) + [ (23, Zs5, Zs)]
+[9(Z1,22,Zs) + [*(Z1,Z2,Z5))[9(Z3, Za, Zo) + [*(Z3, 24, Zs)]

+19(Z2, 21, Zo) + [*(Z2,Z1,Z6)[9(Z3, Za, Zs) + [(Z3,24,Z5)] = 0,
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by using the identity
A3+ B4+ C*+D*=3AB(C+D)+3CD(A+B) if A+B+C+D=0.

Therefore, the system (2.99) with two unknown functions f, g : V3 — C is
equivalent to the system formed by the first equation of the system (2.99) and the
equation (2.102), whose general solution is given by (2.100) and (2.101). O

Theorem 2.6. The general continuous solution of the following system of func-
tional equations

J11(Z1, 22 + Z3) + f21(Z2,Z3 + Z1) = f31(Z3,Z1 + Zs),
J12(Z1, 2y + Z3) + 2 f11(Z1, Zo + Z3) fo1(Z2, Z3 + Z1)
+ f22(Z, Z3 + Z1) = f32(Z3, 2y + Z3),
J13(Z1, 22 + Z3) + 3 f12(Z1, Zo + Z3) fo1(Z2, Z3 + Z1)
+3f11(Z1, 2o + Z3) f22(Z2, Z3 + Z1) + f23(Z2, Z3 + Zy)
= f33(Z3,2Z1 + Z3),
J14(Z1, 2y + Z3) + 4 f13(Z1, Zo + Z3) fo1(Z2, L3 + Z1)
(2.103) +6f12(Z1, 22 + Z3) f22(Z2, Z3 + Z1)
+4f11(Z1, 2 + Z3) f23(Z2, Z3 + Z1)
+ foa(Zo, Z3 + Zy) = f34(Z3,Zy + Z2),
f15(Z1, 2o + Z3) +5f14(Z1, Z2 + Z3) f21(Z2, Z3 + Zy)
+10f13(Z1, Zo + Z3) fo2(Z2, Z3 + Z1)
+10f12(Z1, Zo + Z3) fo3(Z2, Z3 + Z1)
+5f11(Z1, 2 + Z3) f24(Z2, Z3 + Z)
+ fo5(Z2, 23 + Zn) = [f35(Z3,Z1 + Zs)

where fir, for, far: V2 — C (1 < r < 5) are arbitrary complex functions, is
given by the formulas

fr1(U, V) =F(U+V)Re 2U - V) 4+ F5,(U 4+ V) Im (2U — V)
+G.(U+V) (r=1,2),

(2.104) f31(U, V) =F;(U+ V)Re (V—-2U) + F5,(U+ V) Im (V — 2U)
+G1(U+V)+G2(U+V),
fr2(U, V) =L (U+V)Re 2U — V) + Ly(U + V) Im (2U — V)
(2.105) +H(U+V)+ fA(U, V)  (r=1,2),

f32(U, V) =L1(U+ V)Re (V —2U) + Ly(U + V) Im (V — 2U)
+ H(U+V)+ H(U+V)+ f2(U0,V),
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£r3(U, V) =M1 (U + V) Re (2U — V) + My(U + V) Im (2U — V)
+ Ko (U+ V) +3f5(U, V) £1(U, V) = 2f(U, V)
(r=1,2),
f33(U, V) =M1 (U + V) Re (V — 2U) + My(U + V) Im (V — 2U)
+K1(U+V)+ Ky(U+V)
+3f52(U, V) f51(U, V) - 2f3,(U, V),

(2.106)

fra(U, V) =P (U+V)Re (2U — V) + P, (U + V) Im (2U - V)
+Qr(U+V)+4f3(U,V)f1 (U, V)
—12f2(U, V) f4(U, V) +3f5(U, V) +6£,(U, V)
(2.107) (r=1,2),
f34(U, V) =P;(U+ V) Re (V —2U) + P,(U + V) Im (V — 2U)
+Q1(U+ V) +Q2(U+ V) +4f353(U, V) f3(U, V)
—12f52(U, V) f51(U, V) + 3f35,(U, V) + 635 (U, V),

fr5(U, V) =R (U+V)Re (2U — V) + Ry(U + V) Im (2U — V)
+ S (U+V)+5f4(U0,V)f1(U, V)
—20£,3(U, V) fA(U, V) +60f,2(U, V) 71 (U, V)
= 30f%(U, V) f:1(U, V) +10f:3(U, V) fr2(U, V)
—24f(U, V) (r=1,2),

f35(U, V) =R, (U + V) Re (V — 2U) + Ry(U + V) Im (V — 2U)
+ 51(U + V) + 55(U + V) 4 5f34(U, V) f31 (U, V)
—20f33(U, V) f31(U, V) + 60 f22(U, V) f5,(U, V)
—30/5(U, V) f31(U, V) + 10f33(U, V) f52(U, V)
—24f3,(U, V),

(2.108)

where F,., L., M,, P, R.:V — LV°,C), G, H., K, Q., S, : V= C (r =
1,2) are arbitrary complex functions.

Proof. The general continuous solution of the first equation of the system (2.103)
according to [15] is given by the functions (2.104).

Now, if we use the first equation of the system (2.103), then the second equation
takes on the following form

(f12(Z1, 2o + Z3) — f}(Z1,Zo + Z3)] + [fo2(Z2, Zs + Z1)

(2.109) : :
—f31(Z2,Z3 + Zn)] = [f32(Z3,Z1 + Z2) — f31(Z3,Z1 + Zo)] .
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This equation has a form like the first equation of the system (2.103).
If we take into account the previous two equations, then the third equation of
the system (2.103) becomes

(f13(Z1,Z2 + Z3) — 3f12(Z1, Zo + Z3) f11(Z1, L2 + Z3)
+ 217121, Zo + Z3)] + [ fo3(Zo, Zs + Zn)
(2.110) — 3fo9(Za, Zy + Z1) for(Za, Zy + Zy) + 23 (Za, Zs + Z1)]
= (f33(Z3,Z1 + Z2) — 3f32(Z3,Z1 + Z2) f31(Z3, 21 + Zo)
+ 213 (Z3, Z1 + Zo)] .

The equation (2.110) has also a form like the first equation of the system (2.103).

If we apply the above two equations, then the fourth equation of the system
(2.103) takes on the form

(f14(Z1,Z2 + Z3) — 4f13(Z1, Z2 + Z3) f11(Z1, 2o + Z3)

+12f12(Z1, Zo + Z3) [}1(Z1, Zo + Z3) — 3[15(Z1, 22 + Zs3)
— 6/11(Z1, 2o + Z3)) + [ foa(Z2, Z3 + Z1)
—4f23(Z2, Z3 + Z1) fo1(Za, Z3 + Zy)

(2.111) +12f23(Z2, Zs + Z) f3,(Z2, Zs + L) — 3[f35(Z2, Z3 + Z1)
— 631 (Z2, Z3 + Z1)]

=f34(2Z3,Zy + Z3) — Af33(Z3,Z1 + Z2) f31(Z3, 21 + Zo)

+12f32(Z3, Z1 + L) f3,(Z3, Z1 + Zo)
— 3f55(Z3, 2y + Zs) — 613,(Z3, 21 + Zs)] .

Thus also the equation (2.111) has a form like the first equation of the system
(2.103).

Similarly, the last equation of the system (2.103) is reduced to the following
equation

(f15(Z1, 22 + Z3) — 5f14(Z1, Zo + Z3) f11(Z1, Z2 + Z3)
+20f13(Z1, Z2 + Z3) f11 (21, Z2 + Z3)
—60/12(Z1, Z2 + Z3) [}y (Z1, Z2 + Zs)

+ 30f15(Z1, Zo + Z3) f11(Z1, Zo + Z3)
—10f13(Z1, Zo + Z3) f12(Z1,Zy + Z3)

+ 2412 (Z1,Zo + Z3)) + [fo5(Z2, Zs + Z1)
—5f24(Z2,Z3 + Z1) fo1(Z2, Z3 + Z1)

+ 20 f23(Z2, Zs + Z1) f3,(Z2, Z3 + Z1)
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— 60f22(Zs, Z3 + Z1) 3,

+ 30f3,(Z2, Z3 + Z1) fo1(Zo, Z3 + Zs

—10f23(Z2, Z3 + Z1) f22(Zo2, Zs + Z1) + 245, (Z2, Z3 + Z1)]
=[f35(Z3,Z1 +Z3) — 5[34

+ 20 f33(Z3, Z1 + Zo) f2,

(2.112) (
—60f32(Z3,Z1 + Zy

(

(

+30f2,(Z3,Zy + Zo

)
)
)
— 10f33(Z3,Z1 + Zo)

f32 + 151(Z3, 21 + Zo)],

which has a form like the first equation of the system (2.103).

Therefore, we may summarize that the system of partial functional equations
(2.103) considered, with five functional equations and fifteen unknown functions
frj V2 - C, (r=1,2,3; j =1,2,3,4,5) is equivalent to the system obtained
which is formed by the first equation of the system (2.103) and the equations
(2.109), (2.110), (2.111) and (2.112), whose general continuous solution is given
by the formulas (2.104), (2.105), (2.106), (2.107) and (2.108). O

The vector systems of partial nonlinear functional equations considered here
have not been taken into account in the references [2,3,5,10,11].
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