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ON MONOTONIC SOLUTIONS OF SOME INTEGRAL
EQUATIONS

J. CABALLERO(") | D. O’'REGAN(2) AND K.B. SADARANGANI()

ABSTRACT. The aim of this paper is to obtain monotonic solutions of an
integral equation of Urysohn-Stieltjes type in C]0,1]. Existence will be es-
tablished with the aid of the measure of noncompactness.

1. INTRODUCTION

Integral equations arise naturally in applications of real world problems [5, 6,
7, 8]. The theory of integral equations has been well developed with the help
of various tools from functional analysis, topology and fixed-point theory. The
classical theory of integral equations can be generalized if one uses the Stieltjes
integral with kernels dependent on one or two variables. The aim of this paper is
to investigate the existence of monotonic solutions of so-called nonlinear integral
equation of Urysohn-Stieltjes type. Equations of such kind contain, among oth-
ers, the integral equation of Chandrasekhar which arises in radioactive transfer,
neutron transport and the kinetic theory of gases [5, 6, 7, §].

2. DEFINITIONS, NOTATIONS AND FACTS

Assume E is a real Banach space with norm || - || and zero element 6. Denote
by B(z,r) the closed ball centered at z and with radius r and by B, the ball
B(6,r). If X is a nonempty subset of E we denote by X and Conv X the closure
and the convex closed closure of X, respectively. Finally, let us denote by Mg the
family of nonempty bounded subsets of E' and by g its subfamily consisting of
relatively compact sets.

Definition 1 (see [2]). A mapping u: Mg — [0,00) is said to be a measure of
noncompactness in the space E if it satisfies the following conditions:
(1) The family ker u = {X € Mg : u(X) = 0} is nonempty and ker p C Ng.
(2) X CY = p(X) < p(Y).

1991 Mathematics Subject Classification: 45M99, 47H09.

Key words and phrases: measure of noncompactness, fixed point theorem, monotonic
solutions.

Received July 24, 2003.



326 J. CABALLERO, D. O'REGAN AND K. B. SADARANGANI

(3) u(X) = u(Conv X) = u(X).

4) pAX + (1 =NY) < Au(X)+ (1 =) for A €[0,1].

(5) If {X,}n is a sequence of closed sets from Mg such that X, 11 C X, for
n=1,2,-- and lim, o p(X,) =0 then 2, X,, # 0.

For properties of measures of noncompactness and results related to them we refer
the reader to [2].

In section 3 we will need the following fixed point principle (cf. [2]). This result
was formulated and proved first by Darbo (cf. [9]) in the case of the Kuratowski
measure of noncompactness (cf. [12]).

Theorem 1 ([2]). Let Q be a nonempty, bounded, closed and convex subset of the
Banach space E and p a measure of noncompactness in E. Let F: Q — Q be
a continuous operator such that p(FX) < Ku(X) for any nonempty subset of Q,
where K € [0,1) is a constant. Then F has a fized point in the set Q.

Remark 1. Under the assumptions of Theorem 1 the set Fix F' of fixed points of
F belonging to Q is a member of ker u. In fact, as M(F(Fix F)) = u(Fix F) <
Ku(Fix F) and 0 < K < 1, we deduce that u(Fix F) = 0.

Consider the space C[0, 1] of all real functions defined and continuous on the
interval [0, 1] and equipped with the maximum norm

[ #]l = sup{l(t)] : t € [0,1]}.

For convenience, we write I = [0,1] and C'(I) = C[0,1]. Next, we recall the
definition of a measure of noncompactness in C(I) which be used in section 3.
This measure was introduced and studied in [3]. Fix a nonempty and bounded
subset X of C(I). For e > 0 and 2 € X denote by w(x, &) the modulus of continuity
of = defined by

w(z,e) =sup{|z(t) —x(s)| : t,s € I, |t — s| < e}.
Furthermore put

w(X,e) =sup {w(zr,e) 1z € X}
and

wo(X) = lim w(X,¢).

e—0

Next, let us define the following quantities:

i(x) = sup {|z(s) —z(t)| — [z(s) —z(t)] : t,s € I, t <s}
and

i(X) =sup{i(z) :x € X}.

Observe that i(X) = 0 if and only if all functions belonging to X are nondecreasing
on [.
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Finally, let
u(X) = wo(X) +i(X).

It can be see [3] that the function p is a measure of noncompactness in the space
C(I). Moreover, the kernel kerp consists of all sets X belonging to ¢y such
that all functions from X are equicontinuous and nondecreasing on the interval I.

We now collect some auxiliary facts related to functions of bounded variation
and the Stieltjes integral. Let x be a given real function defined on the interval I.

1

The symbol \({x will denote the variation of x on the interval I, defined by

1 = P={0=tg<t1 < --<tp,=1
V= sup {Z|x(ti)—x(ti_1)| L P={0=to<t } }
LI

is a partition of I

1
If ‘O/x is finite then we say that z is of bounded variation on I. Recall

(~2) b)%(:cw)s

x

O<>—‘

1
V
0

O<>—A

2)
)

For other properties of functions of bounded variation we refer the reader to the
monographs [10] and [13]. Let g(¢,s) : I x I — R be a function, then the symbol

O<>—‘O<»—A

1 1 1
(z—y) < Va+Vy ‘V:c—Vy‘ Viz—y).

q
tV g(t, s) indicates the variation of the function t — g¢(¢, s) on the interval [p, q] C
=p

q
I, where s is arbitrarily fixed in I. Similarly we define the quantity V g(,s).
s=p

Now, let us assume that z,¢ : I — R are bounded functions. Then, under some
extra conditions ([10], [13]), we can define the Stieltjes integral fol x(t) dp(t) of the
function x with respect to the function . In this case, we say that = is Stieltjes
integrable on the interval I with respect to ¢. Recall the following results related
to Stieltjes integrability (cf. [10], [13]). If = is continuous and ¢ is of bounded
variation on the interval I, then z is Stieltjes integrable with respect to ¢ on I.
Moreover, under the assumption that = and ¢ are of bounded variation on I, the
Stieltjes integral fo ) dp(t) exists if and only if the functions z and ¢ have no
common points of dlscontlnulty. Finally we recall a few properties of the Stieltjes

integral which will be used later. These properties are contained in the following
lemmas (cf. [10], [13]).

Lemma 1. If x is Stieltjes integrable on the interval I with respect to a function
@ of bounded variation then

/ alt)de(o)] < (s 1=01) Ve

Moreover, the following inequality holds

|/ alt) doft) < / ooy (V)
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Corollary 1. If x is Stieltjes integrable with respect to a nondecreasing function
© then
1
| [ eyaeo] < ( sup 0)]) (o01) - 0(0).
0 0<t<1

Lemma 2. Let x1, xo be Stieltjes integrable functions on the interval I with respect
to a nondecreasing function ¢ and such that x1(t) < x2(t) for t € I. Then

/ Lot dolt) < / ! aalt) do(®).

Corollary 2. Let x be Stieltjes integrable function on the interval I with respect
to a nondecreasing function ¢ and such that x(t) > 0 for allt € I. Then

/1 x(t)dp(t) > 0.
0

Lemma 3. Let @1, @2 be nondecreasing functions on I such that o2 — @1 is a
nondecreasing function. If x is Stieltjes integrable on I and x(t) > 0 for ¢ € I then

| e < [ awda.

We will also need later the Stieltjes integral of the form fol x(s)dsg(t, s) where
g is a function of two variables, g : I x I — R, and the symbol d; indicates that
the integration is taken with respect to s.

3. MAIN RESULT

In this section we will study the integral equation of Urysohn-Stieltjes type

(1) z(t) = a(t) + k2*(t) +/0 u(t, s, z(s))dsg(t,s), te€;

here k > 0. The functions a(t) and u(t, s, x) are given while z = z(t) is an unknown
function.
We will examine this equation under the following assumptions:

(i) a € C(I) and it is a nonnegative and nondecreasing function on the inter-
val 1.

(ii) g: I x I — R satisfies the following conditions:
(a) The function s — ¢(t, s) is a nondecreasing function on I for each
tel.
(b) For all ¢, t2 € I such that ¢; < t2 the function s — g(t2, s) —g(t1, 3)
is nondecreasing on I.
(¢) The functions t — ¢(¢,0) and t — g(¢, 1) are continuous on 1.

(iii) w: I xIxR — Ris continuous function such that u : I x I x Ry — Ry
and for arbitrarily fixed s € I and x € Ry the function t — u(t, s, z) is
nondecreasing on I.

(iv) the function u verifies the following conditions:
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(a) There exists a continuous nondecreasing function 3 : [0,00) —
[0,00) with |u(t, s, z)| < ¢ (|z|) for each € R and ¢,s € I.

(b) For any M > 0 there exists a continuous nondecreasing function
¢ [0,00) — [0,00) with ¢pr(0) = 0, such that for each s € I,
z € R with |z| < M and for all ¢1,ts € I, t; < t2 we have

|u(ta, s, ) —u(ts, s, x)| < dar(ta —t1)
(v) There exists ro > 0 with ||a|| + k73 + T4 (rg) < ro and 2rgk < 1; here
1
T = sup{ ‘_/Og(t, s) : tejo, 1]} (see Proposition 2 below).

Proposition 1. Assume that the function g : I x I — R satisfies (ii,b) and
(ii,c). Then for every e > 0 there exists 6 > 0 such that for t1, ta € I, t1 < t2 with
to —t1 < § we have
1
s‘:/O[g(tQ, S) - g(tla S)] <e
Proof. Take an arbitrary partition 0 = sg < s1 < --- < s, = 1 of the interval I.
Now assumption (ii,b) yields

n

D llgltzs50) = gltrs50)] = [9(t2, 55-1) = g(tr, 50-1)]]

= Z (lg(t2, 8i) — g(t1,80)] — [g(t2, si—1) — g(t1, 8i-1)])
= [g(t2,1) — g(t1,1)] = [g(t2,0) — g(t1,0)] .
Consequently

1
Y lglta,s) = g(tr,8)] = [g(t2,1) = g(t1, 1)] = [9(t2,0) = g(t1,0)] -
Finally from assumption (ii,c) we obtain the desired result. O

Proposition 2. Assume that the function g : I x I — R satisfies (ii,b) and (ii,c)
and the function s — g(t,s) is of bounded variation on I for each t € I. Then

1
the function t — Vog(t, s) is continuous on I.
s=

Proof. Now assumptions (ii,b) and (ii,c) and Proposition 1 imply that for every
€ > 0 there exists § > 0 such that for t1,ts € I, t; < to with t5 —t; < § we have

V [a(ts. ) — g(t1.9)] <.

o=
1 1
Notice since s — ¢(t,s) is of bounded variation on I and \O/:I: = V(—x) (see

0
1 1
section 2), the inequality above is valid for | t; — t2 |< §. Also, since "O/LL' — ‘gy‘ <
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1
\O/(x — 1) (see section 2) we obtain

1 1 1
S‘!Og(tQas) - sZOg(tl, S) S SZO[g(tQ’S) - g(tlas)] S €.

1
Consequently the function ¢ — Vog(t, ) is continuous on I. (I
S=

Remark 2. As every nondecreasing function is of bounded variation, in view of
Proposition 2 and the compactness of the interval I there exists a constant T > 0

1
such that )1_/Og(t, s) < T for every t € I if g satisfies (ii).

Next, we formulate our main result

Theorem 2. Under the assumptions (i) — (v) the integral equation (1) has at least
one solution © € C(I) which is nondecreasing on I.

Proof. Let ry be chosen as in (v). Let M : [0,00) — [0, 00) be

1
M(E):Sup {Yo[g(tQVS)ig(tle)} : tlatQ GI; 131 §t25 ta —t1 SE}

Now Proposition 1 implies M(g) — 0 as ¢ — 0. Consider the operator A defined
on C(I) by

@) (A2)() = a(t) + k22(t) + /O ultys,2(s)) du g(t, 5).

First we show that if € C(I) then Az € C(I). For this it is sufficient to show
that if x € C(I) then Bz € C(I) where

(Bx)(t) = /0 u(t,s,z(s)) ds g(t, s).

Fix € > 0 and take t1, to € T with t; < ts and t2 —t; < e. Let € C(I) so there
exists M > 0 with ||z|| < M. Then our assumptions and Lemma 1 yield

(Ba)(t2) = (Ba)(t)] = | [ ulta.s.o()dugtncs) = [ ultrosa()dug(tr.)

‘/ tg,s x( dsg(tg, s) — /0 u(tl,s,x(s))dsg(tg,s)‘
’/ u(ty, s, 2(s))dsg(ta, s) — /Olu(tl,S,z(S))dsg(tl,S)

g/ ‘u(tg,s,:c(s)) fu(tl,S,x(s))‘ds(p‘i/og(tmp))
/ [ultr,s,2(5)lda ( V. (9(t2.9) = 9(t1.9)))

< purlta — tl)p\z/og(tg,p) + w(||x||)p1i/0(g(t2,p) —g(t1,p))
< om(e) - T+ y(|lz])M(e) .-
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Thus, we obtain the following estimate:
w(Bz,e) < du(e) - T+ (||lzf)M(e) .

Now w(Bx,e) — 0 as e — 0 so Bx € C(I).

Next, we show that A is a continuous operator. In order to prove this result it
is sufficient to show the continuity of the operator B. Fix € > 0 and let = € C(I).
Next let y € C(I) with |lz — y|| <e. Then, for fixed ¢t € I we have

(Ba)(®) ~ Bp)0) = | [ ult.sa6)dot.s) = [ ults vt

IN

[ s.29) = attsssoton) (¥ 0.0

56) V glt.) < 5(e) - T

IN

where ((g) is given by
B(e) = sup {[u(t,s,y) —ult, s,y ) t,s € Iy, y" € [~|zll—e, ||z[|+e], ly—y/| < e} .

From the uniform continuity of the function u(t, s,x) on the set I x I x [—| | —
g, ||| 4 €] we have that 5(¢) — 0 as € — 0. This fact and the last inequality prove
that the operator B is continuous and consequently the operator A is continuous.
Thus A transforms the space C(I) into itself. Next assumption (iv) yields

((Az)(8)] = |a(t) + ka?(t) + / u(t, s, 2(5)) dug(t, )

<lall+ llel? + [ fult.s. (o)l (7, a(6.0))

1
< llafl + &lll* + w(llzll) Vg(tp)

< llafl + &llz|* + w(ll=ll) - T
Thus if ||z|| < ro we obtain from (v) that
(3) [Az]| < llall + k7§ +1(ro) - T < ro.

As a result A transforms the ball B(0,7) into itself.
Consider the operator A on the subset B;g of the ball B,, defined by

Bt ={x € By, :x(t)>0fortel}.

Obviously, the set B is nonempty, bounded, closed and convex. Let z € B}.
Notice that in view of our assumptions (i) and (iii) if (t) > 0 for ¢t € I then
(Az)(t) > 0 for t € I. Thus A transforms the set B;! into itself. Moreover, A is
continuous on B € C(I). Let X be a nonempty subset of B} . Fix ¢ > 0 and
choose © € X and t1, to € I such that |to — t1| < e. Without loss of generality we
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may assume that t; < t5. Notice

(A2)(t2) = (A)(0)] = [alta) + ka?(2) + [ ulta.s.0(0))dug(t2.5)

—a(ty) — ka?(ty) — /0 u(ty,s,z(s))dsg(t1, s)

< la(te) — a(ty)] + kla(tz) — z(t)] |2(t2) + z(t))

1
]/ (t2,5,2(5))dsg(ta, ) — /utl,sz dag(ts, )
0
1
’/ tlsx égtfgs /utlsx sgtls)’
0

< w(a,e) + 2rg kw(z, e)

+ /1 ’u tQ’S’J;(s)) — u(tl,s,x(s))}ds( ‘j' 9(t2ap))
/ [altr,s,2(5)lda ( V' (9(t2.9) ~ 9(t1.9)))

1
< w(a,e) + 2o kw(w,€) + br (2 = 11) V g(ta,p)

0l V(o(t209) = o(t1,1) )
< w(a,e) +2rokw(z,e) + T - ¢y () + (o) M(e) .
Hence,
w(Az,e) <w(a,e) + 2rg kw(z,e) + T - ¢ry(€) + P (ro) M (g) .
Thus

sup w(Az,e) < w(a,e) + 2rok - sup w(z,e) + T - ¢y (€) + 1 (10) M (€)
zeX rzeX

so let € — 0 to obtain
Let x € X and ti,to € I, t1 < to. Then

|(Az)(t2) — (Aw)(tll—[(Aw)(t — (Az)(t1)]

ate) + kx?(tz) + utg,sz dsg(ta, s)

—a(ty) — kz?(ty) — /01 ulty, s,x(s))dsg(tl,s)‘
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- [a(t2)+kx2(t2)+/0 u(tz, s,2(s))dsg(t2, s)
_a(tl) —k;CQ(tl) —/0 u(t1,8,$(8))dsg(t1,8):|

< la(tz) — a(t1)] — [a(tz) — a(t1)]
+k(l2(t2) — 2(t)] — [2(t2) — 2(t1)]) [2(t2) + 2(t1)]

\/ (ta, s, 3(s))dsg(t2, ) — /01U(t1,s,w<s))dsg(t1,s)\
[/(mmmmmw>£(mw@mmmﬂ

< 2ok - i \/° (2.8, 2(5))dag (b2, 5) — Lllu@hs,x@»ddﬂu,@\
© [l o) deaten) - /01 (t15,2(9) dug(t1, )]

We next prove that folu(tg,s,:r( )) s g(ta,s) fo u(ty, s,x(s))dsg(t1,s) > 0.
In fact notice

/u(tg,s,x(s))dsg(tg,s)—/ u(ty, s, z(s))dsg(t, s)
0 0
= /u(tg,s,x(s):)dsg(tg,s)f/u(tl,s,:c(s))dsg(tg,s)
0 0
(6) —|—/Ou(t1,s,x(s))dsg(t2,s)—/Ou(tl,s,x(s))dsg(tl,s).

Moreover,

/ u(tQ;Sa‘T(S))dsg(t27S) 7/ u(tl,s,x(S))dsg(tQ,s)
0 0
= /0 [u(te,s,z(s)) —u(ts, s, z(s))]dsg(t2, s)

so assumption (iii) and Corollary 2 yield

1 1
(7) / U(tQ,S,IE(S))ng(tQ,S)*/ u(tl,s,x(S))dsg(tQ,s) > 0.
0 0
On the other hand,

/ u(tl,S,IE(S))dsg(tQ,S) 7/ u(tlvsv'r(s))dsg(tlas)
0 0
= [ ultn s (ot )~ a(t1.5)
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Moreover, we have that g(t2, s) — g(t1, s) is a nondecreasing function (assumption
(ii-b)), u(t1,s,2) > 0 (assumption (iii)) and g(t2,s),g(t1,s) are nondecreasing
functions (assumption (ii-a)). From these facts and Lemma 3 we deduce that

(8) /0 u(ty,s,2(s))dsg(tz, s) —/O u(ty, s, x(s))dsg(ts,s) > 0.
Now (6), (7) and (8) imply

/ u(ty, s,2(s))dsg(tsz, s) f/ u(ty, s, z(s))dsg(t1,s) > 0.
0

0
This together with (5) yields
i(Az) < 2rgk-i(x)

and so
9) i(AX) <2rok-i(X).
Finally, combining (4) and (9) we get

p(AX) <2rok - u(X).
Now, Theorem 1 guarantees that there exists « € B, a solution of (1). Also, such

a solution is nondecreasing in view of Remark 1 and the definition of the measure
of noncompactness u given in section 2. ([

Remark 3. Suppose k£ = 0 and there exist ¢,d > 0 with ¢¥(z) = ¢ + dz with
dT < 1 then it is easy to see that there exists ro > 0 with ||a|| + (¢ + dro)T < ro.

Remark 4. The result in Theorem 2 holds for the integral equation

x(t) = a(t) + kz™(t) + /0 u(t, s, z(s)) ds g(t, s)

with n € {1,2,...} provided assumption (v) is changed to: There exists 9 > 0
with |la|| + k7§ + T (ro) < ro and nri~ "k < 1. Note the case n = 1 is easier
since we can rewrite the equation as

1 1 1

z(t) = T—% a(t) + =% J, u(t,s,z(s)) ds g(t,s) .

4. REMARKS AND EXAMPLES

First we discuss assumption (ii-a). Notice we cannot replace (ii-a) with the
function s — ¢(t, s) is of bounded variation on I. In fact, if we take g(t,s) = e~*,
it is easy to show that this function is decreasing and consequently is of bounded
variation. Moreover, if we take a(t) = 0 and u(t, s,x) = 1, the integral equation

(with k = 0) has the form

1 1
z(t) = / dsg(t,s) = / —se ®ds < 0.
0 0

Therefore, the operator A defined in the proof of Theorem 2 will not transform
the set B;f into itself.
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Next, we give some examples of functions g(t, s) which verify the assumptions
of Theorem 2.

Example 1. Let us take a function p : I x I — Ry which is bounded and
integrable. Then, we consider the function g(t, s) defined by

g(t,s)/os(/otp(z,v)dv)dz.

Now, we show this function satisfies the assumptions of Theorem 2.
(ii-a) Fix t € [0,1] and take s1, s2 € I such that s1 < so. Now p > 0 yields

/Osz (/Otp(z,v) dv) dz > /051 (/Otp(z,u)dv) dz

and consequently, the function s — g(¢, s) is nondecreasing for each t €
[0, 1].

(ii-b) Take t1, to € I such that ¢; < t3. Then the function s — g(t2, s) —g(t1, 3)
is nondecreasing. In fact, if we take s1, so € I such that s; < so we obtain

(9(t2,52) — g(t1,52)) — (9(t2,51) — g(t1, 1))

= /OS2 (/Oth(z,v)dv)dz—/OSZ (/Otlp(z,v)dv)dz
/Osl (/Otzp(z,v)dv)dzwL/OSl (/Otlp(z,v)dv)dz

_ /O (/:p(z,v)du) dz/081 (/:p(z,v)dv) dz

:/52(/tt2p(z,v)dv)d220.

S1 1

(ii-c) If s = 0 then
g(t,0) = /00 (/Otp(z,v)dv)dz =0,

so the function t — ¢(¢,0) is continuous. We next claim the function

t—»g(t,l)/ol (/Otp(z,v)dv) dz

is continuous. Fix € > 0 and tg € I. Then there exists § = ”p(z o > 0

(where ||p(z,v)|| = sup{|p(z,v)| : p,v € I})suchthatift eI, |t —to| <o
and tg <t then

lg(t,1) — g(to, 1 |7’/ / zvdv)dz/ol(/top(zv)dv)dz
_‘/ / zvdv dz‘</ /|pzv|dv dz

< llp(z, ) II(t = to) < [Ip(z,0)l| -0 < e.
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Therefore, the function ¢ — g(¢, 1) is continuous.
These facts imply that the function g(¢,s) fo ( fo Z, dv) dz satisfies as-

sumption (ii). In this case, dsg(t, s) fo v)ds and the integral equation has
the following form

(10) x(t) = a(t) + kx?(t) + /01 u(t, s, z(s)) (/Otp(s, v) dv) ds

which is an integral equation of Hammerstein type.
Note if we take suitable functions a(t) and u(t, s, z) (which satisfy the assump-
tions of Theorem 2) then the integral equation (10) has a nondecreasing solution

on C(I).
Example 2. Let us take the function g : I x I — R defined by
t-In(&2) for t€(0,1], s€]0,1
ol =0 () 1 s 04
0 for t=0,s€]0,1].

We easily see that the function s — g¢(¢, s) in nondecreasing for each ¢ € [0,1]. In
order to prove that g(¢, s) satisfies assumption (ii,b) and (ii,c), we fix t1,t2 € [0, 1],
t1 < ty and we obtain

ty-In (tz+5) for t1 =0
t —g(t =
g(t2,8) — g(t1,s) {t2 1n(t2+5) _ 1n(t1+5) for t1 >0.

It is clear that the function s — g(t2,s) — g(t1, s) is nondecreasing on the inter-
val [0,1]. Moreover the functions g(t,0) and g(t,1) are continuous on [0,1]. As

t
dsg(t,s) = s the integral equation (1) has the form

ds

z(t) = a(t) + ka?(t) + /0 u(t, s, z(s)) " i .

which is related to the Chandrasekhar equation [5, 6, 7, 8]. If we take suitable
functions a(t) and u(t, s, «) then by Theorem 2 we know this integral equation has
a nondecreasing solution on C(I).

Example 3. Consider the following integral equation
1 1

(11) r(t) =t* 42t + 14~ / s(t+In(1 4+ |z(s)])) ds (e -
€Jo

Here a(t) = t? + 2t + 1 which is continuous, nonnegative and bounded on the
interval I. Thus, the function a satisfies assumption (i). Moreover, the function
g(t,s) is defined by g(t,s) = e'*. Now, we will prove that this function satisfies
assumption (ii).

(ii-a) Fix ¢t € I. The function s — g(t, s) = e'* is nondecreasing on I. In fact,

d%(“)_tetwo t,sel.
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(ii-b) For all t1, ta € I such that t; < ¢y the function s — ef2% — ef1% is
nondecreasing. In fact,

d
— (etzs — etls) = toe??® —t1e1% > 0.

ds
(ii-c) The functions t — ¢(¢,0) =1 and ¢t — g(¢,1) = €' are continuous.
Consequently, the function g(t,s) = e'® satisfies assumption (ii). If u(t,s,z) is
given by

u(t,s,z) = %s(t +In(1+ |:c|)) ,

then assumptions (iii) and (iv) of Theorem 2 are satisfied. Clearly u(t,s,z) is a
continuous function such that v : I x I x Ry — R;. Moreover for fixed s € T
and z € Ry the function ¢ — u(t, s, z) is nondecreasing on I. In fact,

d /1 1
%(24ﬁ+mﬂ+¢ﬂ»):gszo,

so the function wu satisfies (iii).
Also we have the following estimate
1 1 1
[ult,s,2)] = |2 (t+In(1 + ) | < —(t+In(L+ Jo])) < (14 o) = = + %
Therefore, u(t, s, ) satisfies (iv-a) with ¢(z) = c+dz and c=d = 1.

Finally, for each s € I, x € R and for all t5,t; € I, t1 < to, we have

1 1
lu(te, s,x) — u(ty, s, x)| = gS(tQ +In(1+ |z])) — ;s(tl +In(1 + |x|))‘

S 1
=2ty —t1) < —(ta —t1).
P 1>_e(2 1)

In view of the last inequality we can deduce that u(t, s, z) satisfies assumption
(iv-b). Now

1
T:sup{ Yog(t,s) D te [0,1]}:sup{et—1:t€ 0,1]} =e—1,

sod- T=1.(e-1)<1.
As a result the assumptions of Theorem 2 (see Remark 3) are satisfied. Thus,
this integral equation has a nondecreasing solution in C(I).
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