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ON MODIFIED MEYER-KONIG AND ZELLER OPERATORS
OF FUNCTIONS OF TWO VARIABLES

LUCYNA REMPULSKA AND MARIOLA SKORUPKA

ABSTRACT. This paper is motivated by Kirov results on generalized Bernstein
polynomials given in [11]. We introduce certain modified Meyer-Konig and
Zeller operators in the space of differentiable functions of two variables and
we study approximation properties for them.

Some approximation properties of the Meyer-Kénig and Zeller operators
of differentiable functions of one variable are given in [15] and [16].

1. INTRODUCTION

1.1. Let C(I) be the space of real-valued functions f continuous on the interval

I := 10, 1] with the norm || f] = ma}(|f(z)| and let C"(I), r € No :={0,1,2,...},
1S

be the set of all f € C(I) having the derivative f(") € C(I) (C°(I) = C(I)).

In [14] were introduced the Meyer-Konig and Zeller operators

S puk@)f () i 0<z<1,
k=0

(1) Mn(f,l‘) =
f(1) if z=1,
for n € N and f defined and bounded on I, where
k
(2) Pk () 1= <n;€r ):c’“(l — )"t ke Ng, neN.

The approximation properties of the Meyer-Konig and Zeller operators of functions
of one variable vere examined in many papers, for example [1-6, 8-10, 13-14].

It is known ([1-6, 10]) that M, (f) is a positive linear operator from the space
C(I) into C(I). Moreover, for every f € C(I) there holds the following inequality

® ) -1 < B u(n ), men,
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where w(f;-) is the modulus of continuity of f, i.e.
(4) w(fst) :=sup{|f(z) = fW)| : v,y el, |z —y[<t}, tel.

In [15] were introduced the following modified Meyer-Kénig and Zeller operators

00 r f(s)( £ R
Z pnk(x) Z 757&16 (SC — n—) if 0<zx< 1,
(5)  Muy(fi2) = k=0 = *

F(1) if z=1,
for f € C"(I), r € No, and n € N, where p,(-) is defined by (2). It is obvious
that if » = 0, then M,.o(f;2) = M, (f;z) for every f € C(I), z € I and n € N.
Moreover from (1), (2) and (5) we deduce that

(6) My (1;2) = ank )=1 for z€lI, neN, reNy.

In [15] it is proved that if n, r € N, then M, is a linear operator from the
space C"(I) into C'(I). Moreover in [15] it is proved that for every r € N there
exists a positive constant K;(r) depending only on 7 such that

- 1
) I3 ) = 1 < Frlr)nF (1 2).
for every f € C"(I) and n € N, where w (f(T); ) is the modulus of continuity of
) defined by (4).

From (3) and (7) we can deduce that if » > 2, then operators M,,., defined by
(5) have better approximation properties for f € C"(I) than operators M,, defined

by (1).

1.2. In this paper we shall introduce modified Meyer-Konig and Zeller operators
in the space of differentiable functions of two variables and we shall give an ap-
proximation theorem for them. We shall show that these operators have better
approximation properties than classical Meyer-Konig and Zeller operators.

Let I? := {(x,y) : @,y € I} and let C(I?) be the space of all real-valued func-
tions f of two variables continuous on I? with the norm

(5 171 += a1 (z.0)]

For f € C(I?) we define the modulus of continuity
(9) w(f;sat) = Sup{ ’f(’u,’l}) - f(xay)‘ : (’LL,’U), (ZC,y) € 123
lu—z| <s |v—y|<t}, stel.

It is known ([17], p.124) that if f € C(I?), then w(f; s, t) is nondecreasing function
of variables s, t and

w (f3A18, Aat) < w (f3A18,0) +w (f30, Aat)
< (M +Dw(fss,0) + (A2 + 1) w(f;0,2)
<

(A1 + A2 +2)w(f;s,1)
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for A1, Ay = const > 0 and A1s, Aot € I. Moreover for every f € C(IQ) we have

S}EHJF W(f,S,t) - 0
Similarly to §1.1 we define the set C"(I%), r € Ny, of all f € (I?) having all
partial derivatives f(::f) iy €C(I%), 0 <i<m <r. Clearly C°(I?) = C(I?).
In the space C"(I?), we introduce analogues of operators M,, and M,,, given
by formulas (1) and (5).

Definition 1. Let m,n € N. The Meyer-Konig and Zeller operator of f € C(I?)
is defined by the formula

Zokz Pmj @)k (Y) [ (Emjs k) i 0 <z, y <1,
i=!
(10) mn(f,l'y) mej(z> (5mj7]‘> if 0<z<l, y=1,
f(l 1) if z=y=1,
where p,;(-) is given by (2) and
_ B
(11) /Eaﬁ-_OéﬂLﬂ for a«€ N, € Ny.

In Section 2 we shall prove that M,, ,(f) € C(I?) if f € C(I?).

From (10), (11) and (1) we deduce that

(12) My n(f(t,2);2,1) = My, (f1(t);z) for x €I,
(13) M (f(t:2); 1,y) = Mn (f2(2);y) fory € 1,
for f € C(I?), where

(14) (@) = f(z,1), faly) := f(1,y) for z,y € I.

Definition 2. Let n,r € N be fixed numbers. The n-th modified Meyer-Konig
and Zeller operator of functions f € C"(I?) we define by the formula
(15)

Sha - a’ njrSn :
S 3 puj(@)pan(y) S TS i 0 <z y <1,
7=0 k=0 s=0
Mo (f12,y) = Zopnj(z) ZO 421 (Ens) if 0<z<l,y=1,
n;r g Ly . J: s=
ZP k(Y )Zidsfzs(fnk) if z=1,0<y<1,
s=0
f(l 1) if z=y=1,
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where p,; and &,; are given by (2) and (11), f1 and fo are defined by (14) and
d® f (zo,y0), d° f1 (x0) and d® f3 (yo) are the s-th differentials:

S

(16) d’f (z0,y0) = Z (j) fiézy (o, v0) (& = 20)° ™" (¥ — v0)",
=0

A7) @i (wo) = [ (wo) (x — 20)*,  d°fa (y0) = £5°) (y0) (¥ — %0)° -

From (14)—(17), (11) and (5) we deduce that

(18) Mn;r(f;xa 1) = M (f1§ ), Mn;r(f? Ly = M., (f2;y)
and (similarly to (6))
(19) My (1;2,y) =1

for all z,y € I, n € N and r € Nj.

In Section 2 we shall give some auxiliary results. The approximation theorems
will be given in Section 3.

In this paper we shall denote by K;(r), i € N, suitable positive constants
depending only on indicated parameter 7.

2. LEMMAS

2.1. First we shall give some elementary properties of operators M,y, , defined by
(10).

Lemma 1. Let m,n € N be fized numbers. Then for every f € C(I?) we have
(20) lim  Mpn(fiz,y) = f(1,1).

z,y—1—

Proof. Fix m,n € N and f € C(I?). From (10), (8), (2) and (6) we deduce that
My n(f) is continuous function on D = {(z,y) : 0 < z,y < 1} and

[ Mo (f32,9)] < 11D pmi (@) Y pay) = [ £]] -
k=0

=0
Obviously,
(21) Mm,n(f;xvy) - f(]‘ﬂ 1) = Z mej(z) pnk(y) (f (fmjvfnk) - f(l, 1)) )
=0 k=0
for (z,y) € D. Next by (11) we have
(22) m(F (6 Ea0) = F(1,1)) = 0
and by (8)
(23) |f(§m]7§nk)7f(1ﬂ1)|SQHf” ) jakGNO-

Choose ¢ > 0. Then by (22) there exist natural numbers jo = jo(¢) and
ko = ko(e) such that

(24> |f (gmjvgnk) - f(]‘ﬂ 1)| <eg for .7 > .jOv k> k'O .
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Moreover from (21) we get

Jjo ko 0o ko

My n(Fi,y) — Fan] < (D + 3>

j=0k=0 j=jo+1 k=0

+20: POEEID DD )pmj(w)pnk(y)

5=0 k=ko+1  j=jo+1k=ko+1
x |f(€mja§nk) - f(l, 1)‘
2:21+22+23+Z47 ($7y>€D.

By (24) and (6) we have

Y, <D Pmi@) Y parly) =¢ for (z,y)€D.
3=0 k=0
From (2) we deduce that
(25) lir{1 pri(x) =0 for fixed k€ Ny and neN.

Applying (23) and (25), we get

Jo ko
S <201 ps@) Y puew) = o)), as wy—1— .
j=0 k=0

Analogously, by (23), (25) and (6) we get

22 <2(If1D pmi (@) D par(y) = 21 £11 D pmi ()
k=0 =0

=0
=o(l) as z—1—,0<y<1,

ko
Do <2 par(y) =o0(1) as y—1-, 0<z <1
k=0

Combining the above, we obtain
Mmyn(f,z,y)—f(z,y):o(l)asxﬂl—,yﬂlf
Thus the proof of (20) is completed. O

Arguing similarly as in the proof of Lemma 1, we can prove the following

Lemma 2. Let m,n € N and let f € C(I?). Then

lim > P (@) Y pak () (f (Emgnr) = f (&g 1)) =0
j=0 k=0

y—1— <

for every 0 < x <1, and

m > pk(®) > pms(@) (F Ems &) — F (1, &) =0
k=0 j=0

r—1—
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for every 0 <y < 1. Moreover we have

r—1—

j=0

y—1—

lim ank(y) f (L&nk) = f(la 1)
=0

Applying (10)—(15), Lemma 1 and Lemma 2, we easily obtain

Lemma 3. The Meyer-Konig and Zeller operator My, ,, m,n € N, defined by
(10) is a positive linear operator from the space C(I?) into C(I?). Moreover for
every f € C(I?) we have

In [1, 4] is proved the following

Lemma 4. For every x € I and n € N we have

M,(1;2)=1, M, (t;x) = x,

o0
22 +xkgopnk<x>(nml —) i 0<e<t,

1 if x=1,

M, (t2;x) =

which imply that

M, ((t —z)*z) = M, (t*;2) — 22M,,(t; ) + 2° = M, (t*;z) — 2®

118

T Dok (x n+k+1)(n+k) if 0<x<1,
= 0
0 if x=1,
1
n

<

B
Il

for €l neN.

From results given in [1] and [10] we obtain the following
Lemma 5. For every s € N there exists Ka(s) = const. > 0 such that

Mn((t—x)2s;x)§K2(s)n_s for xe€lI, neN.
Consequently,

Mn(|t—x|s;x)§(K2(s)n_s)% for xe€l, neN.

2.2. Reasoning similarly as in the proof of Lemma 1 and applying (11)—(14), we
can derive the following properties of operators M, defined by (15).
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Lemma 6. Let n,r € N. Then M,m is a linear operator from the space C"(I?)
into C(I?). Moreover there exists K3(r) = const. > 0 such that

(26) 1Mo (f3-, )| < K(r ZZH e,

s=0 i=0

for every f € C"(I?).
Proof. We shall prove only (26). By (11) we have

|z =&l <1, |y—&wl <1 for z,yel, j,ke Ny, neN.
Using these inequalities and (16) and (8) to (15), we can write

‘ nrfazy‘gz pn] pnk ZSIZ<>HfZ(

7=0 k=0

Zl <> =
T -

s= OS =0

for 0 <z, y <1and n,r € N. Similarly, by (17), we obtain

— "1 s "1 s
Mar(Fi2, 1) < 3 SA7O < D0 S48

s=0 s=0

. T 1 s T 1 X
Mar(Fi 1) < 30 SIE7O1 < D514

s=0 "' s=0

)

for 0 < z, y < 1 and n,7 € N. Applying the above inequalities and (15), we

immediately derive (26). O
3. THEOREMS

3.1. First we shall prove approximation theorem for f € C'(I?) and M, »(f).

Theorem 1. For every f € C(I?) and m,n € N we have

1
(27) Mo ()~ £ < 400 (F; = =)
where w(f;-,-) is the modulus of continuity of f defined by (9).

Proof. From (10) and (6) we deduce that

53 g (@)Par®) (F Emgo k) — Flwoy)) i 0<z, y<1,

=0 k=0
_ X%)ij(w)(f(ﬁmjal)—f(w,l)) if 0<z<1,y=1,
_ =

g}opnk(y) (f (1, &) — f(1,y)) if r=1,0<y<1,

0 if z=y=1,
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for f € C(I?) and m,n € N. If 0 < x,y < 1, then by (11) and (9) and properties
of the modulus of continuity we have

S (Emis &nr) = (@ 9)| < w (F51€mj — ] 5 [€nn — yl)

1 1
< - _ _—
< (Vi fgms = 2+ Vi Je = vl +2) (5 = =)

and next by (28), (6) and (1) we can write
[Monn(F:2,9) — F@9)| < 0(f: o= == ) {70 Mot — ;)
NN IA
+Vn My (|2 = yliy) + 2} :
Using the Holder inequality and Lemma 4, we get
1 1
Mm t— ) S Mm t - M 1 2 S T
(1t = ala) < (M, (¢ = a5) } (M (1500} < =
and analogously
Mn(lz —yly) < —=
\/_
for 0 <z, y < 1. From the above we obtain
1
(29) (Myn(F12,9) — Fa9)| < 40 (Fi =, =)
vm’y/n
for0 <z, y <1and m,n € N. Analogously we deduce that
1
. _ < [—
(30) [Mon(f56,1) = f @ D] < 4 (f;—=,0)
1
vn
forall0 <z <1,0<y<1and m,ne N. Now from (28)—(31) and (8) and by
properties of w(f;-, ) immediately results (27). O
From Theorem 1 we can derive
Corollary 1. If f € C(I?), then
lim [ My a(f) ~ £ = 0.
Corollary 2. If f € C1(I?), then
1
(32) My (f) = FIl < AN+ 1F 1) n72 neNn.

Indeed, by (27), (9) and properties of w(f;-,-) ([17], p.-124) we can write
1

130, = £11 < 4( (1 5=.0) +wo(r:0. =)
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for f € C(I?) and n € N. Moreover, if f € C1(I?), then we have
1
w(fi==0) = sup {|£(u,y) = f(@,9)| : (w,p), (w,9) € PP Ju—a] < —=
vn

< | falln=t/2

R
vn
and analogously
1 —-1/2
w(1:0, %) < flin=t.
From the above follows (32).

3.2. Now we shall prove an analogue of (7) for f € C"(I?) and Mn;r(f).

Theorem 2. Letr € N be a fixzed number. Then there exists K4(r) = const. > 0
such that for every f € C"(I1?) and n € N we have

T (F) — et (0 L L
(33) | Moir () = £ < Ka(r)m ;w(\/ﬁ\/ﬁ)

where w(fi:)ﬂy” “ ) is the modulus of continuity defined by (9).

Proof. The formulas (15), (18), (19) and (6) imply that

(34) Mn;?“(f;xay) - f(x,y) =

> 3 pus(@par(y)( X Ht) — f(ayy)) i 0<a,y<1,
7=0Ek=0 s=0
- Z:Opnj(x)(zO%—fl(x)) if 0<w<1, y=1,
_ & Z
> pu(a) (3 T — £o(y)) if o=1,0<y<1,
k=0 5=0
0 if z=y=1,

for every f € C"(I?) and n € N, where fi(z) and f2(y) are defined by (14).

a) First let 0 < x,y < 1. Then we apply the following Taylor formula ([7]) of
f € Cm(I?) at a fixed point (zg,yo) € I*:

d° f(x0,y0) 1
SR A

T

(35) flz,y) =)

s=0

x / (U= O (@ F @ F) - d" f(xo,yo)) i, (a,y) € 12,
0

where (Z,9) = (xo+t(z—20),yo+t(y—yo)) and differentials d° f (zo, yo), 0 < s < r,
and d" f(Z,y) are defined for Az = x — 29 and Ay =y — yo.
Using (35) with (20, 50) = (§nj» €k to (34), we get

(36) ‘Mn,r(fa x, y) - f(xvy)| S ﬁ Z anj(z>pnk(y)"4j,k;r(f;xvy) )

=0 k=0
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with
Ay (fry) = / 0 ) (€t — ), Gy — o)
= d" f(Enj» Enr)| dt .

By (16) and (9) and properties of modulus of continuity, we have

B0 A < [ oy ()
1=0

X w(fzr iy i |$_£n]|’t|y_£"k|) |$_§7lj|T_l |y_£nk|l dt

(-0
RN

X (\/ﬁ|$ _gnj| + \/ﬁ|y_§nk| +2) |$ _gnjlr_i |y _€nk|i .
Using (37) to (36) and by (10) and (1), we can write

— 1 < (7 r 1 1
W fi2.0) = )] < 33 3= ()57 7 75)

o (VM (1t = 21 50) M, (12— ol'0)
+ Vi My ([t = 2| 2) Mo (12 =yl 5y)
+ 2M,, ([t — 2" 2) My (|2 — gl )}

| A

r — €n]| ) |y - €nk|) |$ - gnle_l |y - 6nk|l

| /\

which by Lemma 5 yields

B8 Wefizn) = fa)] < Ka() 5 3 (7)1

=0

1 L)
V' /n
for0<z,y<landné€ N.

b) Nowlet 0 <z <1l,y=1andn € N. By(l?)( )an
(39) | M (f32,1) = f (@, )| = [ Mo (f

a.(5)
()]
< Ki(r)n~ zw(fl”,\}).

) and (7) we have

Analogously we obtain
(40) | Mo (f;1,9) = F(L,y)| = | M (f239) — f2(y)|
—r (). L
< Kyl n~ (17 72)

for0<y<1,neN.
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From (14) results that flr)(x) = ;:)(:E, 1) and fQ(T)(y) = f;:)(l,y). Next by (4)
and (9) we have

(41) o1 5=) < (1 0=0) w22 o).
(42) w(f;«);%) Sw(flff);(),%,) Sw(féf);%,%),

for n € N. Collecting (38)—(42) and by (34) and (8), we obtain the desired
inequality (33). O

From Theorem 2 and Theorem 1 we derive the following
Corollary 3. For every f € C"(I?), r € N, we have
m n? || M, (f) — f|| =0.

n—oo

Finally we remark that if 2 < r € N, then the order of approximation of
f € C"(I?) by M,,..(f) defined by (15) is better than the order of approximation
of this function f by classical Meyer-Konig and Zeller operators M, ,,(f) defined
by (10).
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