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DERIVATIONS OF THE SUBALGEBRAS INTERMEDIATE
THE GENERAL LINEAR LIE ALGEBRA
AND THE DIAGONAL SUBALGEBRA
OVER COMMUTATIVE RINGS

DENGYIN WANG AND XIAN WANG

ABSTRACT. Let R be an arbitrary commutative ring with identity, gl(n, R) the
general linear Lie algebra over R, d(n, R) the diagonal subalgebra of gl(n, R).
In case 2 is a unit of R, all subalgebras of gl(n, R) containing d(n, R) are
determined and their derivations are given. In case 2 is not a unit partial
results are given.

1. INTRODUCTION

Let R be a commutative ring with identity, R* the subset of R consisting of all
invertible elements in R, I(R) the set consisting of all ideals of R. Let gl(n, R) be
the general linear Lie algebra consisting of all n x n matrices over R and with the
bracket operation: [z, y] = zy —yz. We denote by d(n, R) (resp., t(n, R)) the subset
of gl(n, R) consisting of all n x n diagonal (resp., upper triangular) matrices over
R. Let E be the identity matrix in gl(n, R), RE the set {rE | r € R} consisting of
all scalar matrices, and F; ; the matrix in gl(n, R) whose sole nonzero entry 1 is in
the (i, j) position. For A € gl(n, R), we denote by A’ the transpose of A.

For R-modules M and K, we denote by Hompg (M, K) the set of all homomor-
phisms of R-modules from M to K. Homg(M, M) is abbreviated to Hompg(M).
For 1 < i < n, x;: d(n,R) — R, defined by x;(diag(dy,ds,...,d,)) = d;, is a
standard homomorphism from d(n, R) to R.

Recently, significant work has been done in studying automorphisms and deriva-
tions of matrix Lie algebras (or sometimes matrix algebras) and their subalgebras
(see [I]-[7]). Derivations of the parabolic subalgebras of gl(n, R) were described in
[7]. Derivations of the subalgebras of t(n, R) containing d(n, R) were determined
in [6]. In this article, when 2 is a unit of R, all subalgebras of gl(n, R) containing
d(n, R) are determined and their derivations are given. In case 2 is not a unit
partial results are given.
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2. THE SUBALGEBRAS OF gl(n, R) CONTAINING d(n, R)

Definition 2.1. Let ® = {A;; € I(R) | 1 < i, j < n} be a subset of I(R)
consisting of n? ideals of R. We call ® a flag of ideals of R, if

(1) Ai,i = R, 1= 1,2,...,77,.

(2) Ai,kAk,j - Ai,j for any i, j, k (1 < i,j,k < n)
Example 2.2. If i # j, let A; ; be 0, and let A;; = R for ¢ = 1,2,...,n. Then
P ={A,;|1<1, j<n}isa flag of ideals of R.

Example 2.3. If all A; ; are taken to be R, then ® = {A4; ;|1 <4, j<n}isa
flag of ideals of R.

Theorem 2.4. If ® = {A4,; | 1 < i,j < n} is a flag of ideals of R, then
Lo =300 >0 1 AijEij is a subalgebra of gl(n, R) containing d(n, R).

Proof. Suppose that ® = {4,,; | 1 <4, j < n} is a flag of ideals of R and
L<I> = Z?:l Z?:l Ai’jEZ"j. Let

xZZZai,jEi,j € Lg, yzzzbi,jEi’j € Le,

i=1 j=1 i=1 j=1
where a; ;,b; ; € A; ;. It is obvious that rz + sy € L for any 7, s € R. Notice that

n

n n
[z,y] = ZZ ¢ijEij, where ¢; ;= Z(ai,kbk,j — bi rag ;) -

i=1 j=1 k=1

By assumption (2) on ®, we know that (a; by, ; —birar;) € Aij, forcing ¢; j € A; 5
and [z,y] € Lg. Hence Lg is a subalgebra of gl(n, R). Assumption (1) on ® shows
that Lg contains d(n, R). O

The following result shows that these Lg nearly exhaust all subalgebras of
gl(n, R) containing d(n, R).

Theorem 2.5. If L is a subalgebra of gl(n, R) containing d(n, R), then there exists
a flag ® ={A;; |1 <1, j<n} of ideals of R such that
9L C Lo C L.

Proof. Let L be a subalgebra of gl(n, R) containing d(n, R). For Vi, j (1 <i,j < n),
define

Ai,j = {ai,j €ER ‘ am-Ei’j € L},
and set

Le=Y_ Y Ai,E;.
i=1j=1
In the following, we will prove that ® is a flag of ideals of R, and 2L C Lg C L.
It’s obvious that all A; ; are ideals of R and A;; = Rfor¢=1,2,--- ,n. If i #j



DERIVATIONS OF A LINEAR LIE ALGEBRA 175

and a; , € Ai g, ag,j € A j, then by [a; x E; k., ag j Ex ;] = aipar ;B j € L, we see
that a; rar,; € A, j, forcing A; p A ; C A; ;. If i = j, since A; ; = R, we also have
that A; x Ak ; € A; ;. Thus @ is a flag of ideals of R. It is easy to see that Le C L.
On the other hand, for x = 31", 377, a;;E;; € L, if k # 1, then by

Bk, (B, —)| = akg By + apErr € L,

(Er sk 1Brg + aipErg] = ag By —apErg € L,

we see that 2ax 1 Ey; € L, 2a; 1 E; ), € L. This shows that 2a,; € Ay, 2a1 1, € Ap g,
forcing 2z € Lg. So 2L C Lg. [l

Corollary 2.6. Assume that 2 € R*, then L is a subalgebra of gl(n, R) containing
d(n, R) if and only if there exists a flag ® = {A;; | 1 <1, j < n} of ideals of R
such that L = Lg.

Remark 2.7. Without the assumption 2 € R*, Corollary [2.6] does not hold. The
following is an example. Let R be Z/2Z (Z is the ring of all integer numbers),

then R has only two ideals: 0 and R. Set L = { Z ZC)) | a,b,c € Z/2Z}. Then

L is a subalgebra of gl(2, Z/27) containing d(2,7/2Z), but L # Lg for any flag
®={4,,|1<14,j <2} of ideals of R.

3. CONSTRUCTION OF CERTAIN DERIVATIONS OF Lg

Let Lo = >i_, > 5 AijEi; be a fixed subalgebra of gl(n, R) containing
d(n,R), with ® = {4, ; € I(R) | 1 <14, j < n} a flag of ideals of R. We denote
by Der Lg the set consisting of all derivations of Lg. We now construct certain
derivations of L for building the derivation algebra Der Lg of Lg. For A; ; € @,
let B; ; denote the annihilator of A4;; in R, i.e., B; ; = {r € R|rA;; = 0}.

(A) Inner derivations

Let z € Lo, then ad z: Le — Le, y — [z,y], is a derivation of Lg, called the
inner derivation of Lg induced by x. Let ad Lg denote the set consisting of all
ad x, x € Lg, which forms an ideal of Der Lg.

(B) Transpose derivations

Definition 3.3. Let II = {m;,; € Homp(A;;,A;;) | 1 < ¢, j < n} be a set

consisting of n? homomorphisms of R-modules. We call II suitable for transpose

derivations, if the following conditions are satisfied for all 4,5 (1 <4,j < n):

(1) mi; = 0;

(2) m;,;(A; x Ak ;) = 0 for all k which satisfies k # ¢ and k # j;

(3) mi,j(Ai ;) C Bg,j and m; j(Ai ;) € B;y for all k which satisfies k # i and k # j;

(4) 27Ti,j(A7,',j) =0.

Remark. In case 2 is a unit, (4) means that m; ; are necessarily zero maps.
Using the homomorphism IT = {m; ; € Hompg(A; ;,A;;) | 1 <4, j < n} which

is suitable for transpose derivations, we define ¢: Lg — Lg by sending any

Doy 2oy @i By € Lo to 3300, D0 mij(ai ) By
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Lemma 3.4. The map ¢ as defined above, is a derivation of Lg.

Proof. Let

n n

=3 % ai;Bi;j€Le,  ay; €Ay,
i=1 j=1
n n

y:ZZbi,jEi,j €Ly, bij € Aij.

Il
—

%

15
Obviously, én(rx + sy) = rén(z) + son(y) for Vr, s € R. Write

n n n
v =Y > cijEi;, where c¢ij = (aixbr; —bikax;).

i=1 j=1 k=1

Because II is suitable for transpose derivations, we have that

o ([z Z Zm j(ci)Ej; = Z Zm,g(z a;i br,; — bi,kak,j))Ej,i
k=1

i=1 j=1 i=1j=1
=3 (aii = a)mi(big) + (b5 — bii)mij(ai )] By
i=1 j=1

(by assumption (2)).

On the other hand,

[on(@),y] + [,0n)] = 3D [ 3 (Frs(ani)bes — biwmir(ain)
i=1 j=1 k=1
— Tk, (bk,j)ak,i + aj,kﬂi,k(bi,k))} E;;

=3 agy = ai)mi(big) + (bis — by )i j(ai )] By

i=1 j=1
(by assumption (3)).

By assumption (4) on II, we see that ¢r1([z,y]) = [¢n(z),y] + [z, éu(y)]. Hence
o1 is a derivation of Lg.

o is called a transpose derivation of Le.
(C) Ring derivations
Definition 3.5. Let ¥ = {0, ; € Homp(4; ;), 0 € Hompg (d(n,R)) | 1 < i, j < n}

be a set consisting of n? + 1 endomorphisms of R-modules. We call ¥ suitable for

ring derivations if the following conditions are satisfied for V i,5 (1 <i,5 < n):
(1) x4 (U(D)) —x;(0(D)) C (B;; N By;) for V D € d(n, R);
(2) o(aija;i(Eii— Ejj)) = (0i4(aiz)a):+aij0i(a) (Eii — Ej ), ¥ ai; €
Aij,Vaj; € Ajg;
(3) 0ii=0,i=1,2,...n
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(4) When 1 7é 7, aiyj(aiykakyj) = O'Lk(ai,k)akyj +ai,k0k7j(ak7j) for V k (1 <k<
n),Va;r€AirandVag; € A j.

Using ¥ = {0, ; € Homg(4;;), 0 € Homg(d(n,R)) | 1 <4, j < n} which is

suitable for ring derivations, we define ¢5;: Lg — Lo by sending any 7" | 37 a;
Eij € Lo t0 Y cisic, 0ij(aig)Eij + 0 (X p_) arkBrk)-

Lemma 3.6. The map ¢s, as defined above, is a derivation of Le.

Proof. Let z = Y | 2;21 a;jEi; € Lo,y =Y iy 2?21 b;jE;j € Lo, where
a; j,b; ; liein A; ;. It is obvious that ¢x(rz + sy) = réx(x) + sox(y) for any r,s €
R. We know [z,y] = 31", 2?21 i jEi ;, where ¢; ; = Y7 (aikbr,; — bi gak,j)-
Because ¥ is suitable for ring derivations, we have that

os([z,y]) = Z [Z (075 (aikbr,; — bi,kak,j))}Ei,j

1<i#j<n k=1

[Z > (aiwbr,i — b kak,i)Ei,z}
=1 k=1
= [Z (015 (aikbr,; — bz‘,kak,j))} E;
1<ij<n k=1
+ U( Z @ 1bk,i (B i — Ek,k))
i=1 k=1
(note that Z Z(ai,kbk’l b kak z 1 Z Z a; kbk 1 1 — Ek,k))
i=1 k=1 i=1 k=1

n

= [Z (o1 (aip)br,j + @i ko, i (br,;)
1<i#j<n k=1
— 0k (bik)ak,; — b@kffk,j(ak,j))} E;;

n

+ZZ i (ai k)br,i + @i k0k,i (br,i) | (Bii = Ex )
i=1 k=1
(by assumption (2) and (4)).

On the other hand,

[6s(2),y] + [z, 0s(y)] = [ Z 0ij(ai;)E; +U(iai,iEi,i>7y}

1<i#j<n i=1

n [m, Z i j(bi;)Ei j —|—0'(zn:bi,iEi,i>]

1<i#j<n i=1
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> Ui,j(ai,j)Ei,j’y} + {x > Ui,j(bi,j)Em]
1<ij<n 1<iAj<n
(by assumption (1))

n n

{Z > oii(ais)Eij, y} + [x, i i Ui,j(bi,j)Ei,j]

i=1 j=1 i=1 j=1
(by assumption (3))

n
> {Z ik (i )bk,j — bikOk,j(ak,;)
1<itj<n k=1
— 04,1 (bi k) ak,j + ai,kak,j(bk,j)} E;;
n n
+ Z { 0.1 (@i k) bk,i + bk ioi k(i)
=1 k=1
— 045 (bik)ak,i — ak,iai,k(bi,k)] B
n
> {Z i k(@i )bk, — bikOk,; (ak,5)
1<i#j<n k=1

—0i5(bik)ak,; + az‘,kdk,j(bk,j)} E; ;

+ Z Z [0, (@i k) br,i + bri 05 (ai k)] (Eii — Eri) -

i=1 k=1
We see that
[¢s(2),y] + [z, 05(y)] = o= ([=,]) -
Hence ¢y is a derivation of L. O

¢y, is called a ring derivation of L.

4. THE DERIVATION ALGEBRA OF Lg

If n > 1, for each fixed k (1 < k <n —1), we assume that n = kq+ p with ¢
and p two non-negative integers and p < k — 1. Let Dy, = diag (Ek, 2F%, ..., qFy,
(¢ + 1)Ep) € d(n,R), k =1,2,...,n — 1 (where Fj denotes the k x k identity
matrix). Let & = {AW» elR)|1<i<j< n} be a flag of ideals of R, we denote
Zlgi#jgn AiJEiJ by w.

Theorem 4.1. Let R be an arbitrary commutative ring with identity, n > 1,

Lo =2 > Ai;Ei;

i=1 j=1

a subalgebra of gl(n, R) containing d(n, R) with ® = {A;; € I(R) |1 <i<j<n}
a flag of ideals of R. Then every derivation of Le may be uniquely written as the
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sum of an inner derivation induced by an element in w, a transpose derivation and
a ring derivation.

Proof. If n =1, then it’s easy to determine Der L. From now on, we assume that
n > 1. Let ¢ be a derivation of Lg. In the following we give the proof by steps.

Step 1: There exists Wy € w such that d(n, R) is stable under ¢ 4+ ad Wj.

For k=1,2,...,n, weset vy = 1, Z;;ﬁ“ A; jE; ;. Denote Ly Nt(n, R) by t.

For any H € d(n, R), suppose that
G(H)=( Y aj(H)E;;)( mod t),
1<i<j<n
where a;,(H) € A;; are relative to H. By [D, H] = 0, we have that
[H7¢(Dl)] = [Dlv(b(H)] )

which follows that

> (GH) = xi(H))aji(D)E;j = Y (xi(D1) = xi(D1))aji(H)Ej .

1<i<j<n 1<i<j<n
This yields that
(x;(H) =xi(H))a;i(D1) = (xj(D1) = xi(D1))aji(H), Vi,j(1<i<j<n—1).
In particular, we have that
(17;+1ﬂ'(H) = (Xz+1(H) — Xi(H))aiJrl’i(Dl) s Z = ].7 2, ey
Let X1 = 30 ait14(D1)Eit1, € Lo, then (¢ +ad X;)(d(n, R)) C t + vy. If
n = 2, this step is completed. If n > 2, for any H € d(n, R), we now suppose that
(0+ad X)(H) = D bra(H)Ej)( mod 1),
1<i<j<n—1
where bj1,;(H) € Aj;1,; are relative to H. By [Do, H| = 0, we have that
[H, (¢ +ad X1)(D2)] = [D2, (¢ +ad X1)(H)],
which follows that
> (Gr(H) = xi(H))bjyr,i(D2)Ejyr s

1<i<j<n—1
= Y (jr1(D2) = xi(D2)bj1.i(H)Ej1i -
1<i<j<n—1
This yields that
(Xj+1(H) = Xi(H))bj41,i(D2) = (Xj+1(D2) — xi(D2))bj+1,i(H)
for all 4,j(1 < i < j <n—1). In particular, we have that
bi+2,i(H) = (Xi+2(H) - XZ(H))brLJrQ)Z(Dz) , 1= 1, 2, e, — 2.

Let Xy = Z?;f bit2,i(D2)Eiyo, then (¢ +ad X; + ad Xg)(d(n, R)) Ct+ vy If
n = 3, this step is completed. If n > 3, we repeat above process. After n — 2 steps,
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we may assume that (¢+ 22;2 ad Xi) (d(n, R)) C t+wvy,. For any H € d, suppose
that (¢ + Z?:_lz ad X;)(H) = cn1(H)Ep1( mod t), where c,1(H) € A, is
relative to H. By [D,,—1, H] = 0, we have that

. (o+ f ad Xi)(Dy-1)| = [Ducr, (04 f ad X;) ()],
i=1 i=1
which follows that

(Xn(H) - XI(H))Cn,l(Dn—l) = (Xn(Dn 1) = X1(Dno ))Cn 1(H).
So we have that

e (H) = (Xn(H) - Xl(H))Cn,l(Dn—l) :
Let X1 = ¢p,1(Dn—1)En1, then (¢ + Z;:ll ad X;)(d(n,R)) C t. If we choose
= Y17 X, then (¢ +ad Xo)(d(n, R)) C
Slmllarly, we may further choose Yy € Zj 1 Zg 1A ;E;; (the process is
omitted) such that (¢ +ad X, +ad Yp)(d(n, R)) C d(n, R).
Thus we may choose Wy = Xo+Yy € w such that (¢-+ad W) (d(n, R)) C d(n, R).
Denote ¢ + ad Wy by ¢1, then ¢, (d(n, R)) Cd(n,R).

Step 2: If k # [, then Ay Ey; + A Eik is stable under ¢;.
For any fixed by, € Ay, we suppose that ¢1(bxiEx1) = > Y7 aijEij,
where ajj € AL]" By applying ¢1 to [Ek,lm bk,lEk,l] = bk,lEk,ly we have that

[61(Ex.k), b Er) + [Erge 01(bk,i Ery) | = 1 (e Ery) -
This follows that

n

(%) [01(B 1), b 1 By 1] [Ek s Z Zam ,_]:| => > ai;Ei;...
i=1j=1 i=1j=1

Note that ¢1(Ek,k) € d(n,R) (by Step 1), thus [¢1(Ek7k),bk,1Ek7l} € Ak,lEk,lo It
is easy to see that [Epy, > i, Z;;l aijEi ] = 2?21 ap;iEx; — >0 ik Ei k.
By comparing the two sides of , we see that a;; = 0 when ¢ # k and j # k.
For the same reason, we know that a;; = 0 when 7 # [ and j # [. Hence
&1(bk,1 Ery) € Ak By + Ak By, which leads to ¢1 (A Er,) € A B+ Ak Erg.
Similarly, ¢ (Al,kEl,k) - Ak,lEk,l + Al,kEl,k- So Ak,lEk,l + Al,kEl,k is stable under
b1

Step 3: There exists a ring derivation ¢x, such that each Ay Ey; (k # 1) is send
by ¢1 — ¢5 to A, E;; and d(n, R) is send by it to 0.

We denote the the restriction of ¢; to d(n, R) by o, and let 0, ;: A;; — A;; be
zero. By Step 2, we know that Ay Ey; + A; Ly ) is stable under ¢; if k # [. Now
for any k,1 (1 < k,l <n) we define the map oy, ; from Ay to itself according to
the following rule:

(a) ok, =0 when k =1;

(b) If k 75 , define Okl Ak,l — Ak,l such that for any ag,; € Aka ak’l(akyl)
satisfies the condition: ¢1<ak,lEk,l) = Uk,l(ak,l)Ek,l ( mod Al,kEl,k:)~
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Then o, o, (k # 1) are all endomorphism of the R-modules. Set ¥ = {0, ; €
Homp(4;;),0 | 1 <4,j < n} We intend to prove that X is suitable for ring
derivations.

For all D € d(n,R), a;; € A, ;, by applying ¢1 to [D,a,;F; ;| = (Xi(D) —
Xj(D))ai,jEiJ7 we have that a; ; (Xi(a(D)) - Xj(O‘(D))) =0, leads to x; (O'(D)) -
x;((D) € B; ;. Similarly, we may prove that x;(c(D)) — x;(c(D)) € Bj;.

For all 1,7 (1 <i,7 < TI,), Vaw' S A@j, aji € Aj,i, by applying ¢1 to [ai,jEi,j,
(lj’iEj’i] = ai’jaj’i(Ei,i—EjJ), we have that U(ai,jaj,i(Ei,i—Ej’j)) = (O’i,j (ai,j)aj’i—&—
aij0ji(a5.) (Eiq — Ejj).

When i # j, foralla; , € A; i, ak,j € Ak, j, by applying ¢1 to [a; x Ei i, ak,j Ek j] =
a; ko ;B 5, we have that

(03 k(@i k) Big, ar j Br | + [ainEi g, ox j(an.j) Er ;) = 0ij(aikan ;) Eij -
This shows that
0ij(aikak,;) = 0ik(aik)akj + aikok,j(ak,;) -

Now we see that ¥ is suitable for ring derivations. Using ¥ we construct the
ring derivation ¢y, as in Section |3] and denote ¢ — ¢x by ¢2. Then we see that
¢2(Ak1Ex1) C Ay By for all k, I satisty k # [ and ¢ sends d(n, R) to 0.

Step 4: ¢o exactly is a transpose derivation.

By Step 3, we know that Ay ;Fj; is send by ¢ to A;xE;, when k # [ and
d(n, R) is send by it to 0. Now for any k, [ (1 < k, [ <n) we define the map
from Ay, to A according to the following rule:

(a) ;=0 when k =[;
(b) If k 75 l7 define Tl Ak,l — Al,k: such that for any ag, S Ak,h ak’l(am)
satisfies the condition: ¢a(ak,Ex 1) = 7k i(ak,)El k-

Then oy, is an homomorphism from the R-module Ay, to A; . Set II =
{m;; € Hompg(A;;,A;;) | 1<i,j<n}. We intend to prove that II is suitable for
transpose derivations. If i # j, for Va,; € Ak, Yar; € Ay, by applying ¢2 to
[ai7kEi7k,ak7jEk7j} = aMak,jEi?j, we have that

(75,6 (@i,1) By @k, B g] + (i Bi g g (an,g) By ] = mig(aigan,;) By -

If k # i, k # j, we see that the left side of above is 0, then 7; j(a; rax ;) = 0, leads
to '/Ti,j(Ai,kAk,j) =0.

Ifi# k,i# j,Vai i, € Aix, Ya; j € A; j, by applying ¢o to [ai 1 Ei k, ai; E;i 5] = 0,
we see that

(i (@i k) B iy ai g Bi | + [aikEig, i j(ai i) Eji] = 0.
This shows that
Tike(@i )i j Bk j — @i pm; j(a; ;) Ejr =0.

Thus A4, kT, 5 (ai’j) = 0, leads to Ai’km—,j (Ai,j) =0 fori # k. Similarly, Ak,jﬂ—i,j (Ai,j)
=0 for k # j.
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For all i # j, Va, ; € A; ;, by applying ¢2 to [E;;, a;;jE; ;] = a; jE; ;, we have

that

[Bii, mi(ai ) B = mi(aig)Eji -
Since [Ei,iﬂl'i’j(ai)j)Ej’i] = —ﬂ'm(ai,j)Ej’i, we see that Wi’j(am) = —m)j(ai)j)Ej,i.
So 2m; ;(A; ;) =0 for ¢ # j. Then 2, ;(A; ;) = 0 for Vi, j.

Now we see that II is suitable for transpose derivations. Using IT we construct
the transpose derivation ¢ as in Section 3, and denote ¢o — ¢ by ¢3. Then we
see that ¢3(Ag,Er) = 0 for all k,[ satisty k # [ and ¢3(d(n, R)) = 0. So ¢3 = 0.

Thus ¢ = ¢ + ¢ — ad Wy, as desired.

For the uniqueness of the decomposition of ¢, we first prove that if ¢ + ¢y +
ad Wy = 0, then ¢; = ¢5; = ad Wy = 0. Suppose that ¢+ ¢s +ad Wy = 0, where
Wy € w and ¢r1, ¢x, are the the transpose and the ring derivation of Lg, respectively.
By (¢ + ¢s + ad Wy)(d(n, R)) = 0, we easily see that Wy = 0. Then we have
that ¢ + ¢x = 0. By applying ¢ + ¢x to a; jE; j for 1 <i# j <n,a;; € Ay,
we have that Ui7j(ai,j)Ei7j + 7Ti7j(a/i,j)Ej,i = 07 leads to Um»(ai)j) = Wi,j(am-) =0.
This forces that ¢ = ¢ = 0. Now suppose that

¢ = ¢m, + ¢z, —ad Wy = ¢n, + ¢z, —ad W,

is two decompositions of ¢. Then we have that

(6, — ¢m,) + (93, — ¢=,) + (ad Wo —ad W) =0.

Note that ¢, — ¢, (resp., ¢, — ¢x,) is also a transpose (resp., ring) derivation of
Lo and ad Wy —ad Wy = ad (Wy — Wy). This implies that ¢x, = ¢x,, ém, = ¢m,
and ad W7 = ad Ws. O
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