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DOUBLE SEQUENCE SPACES OVER n-NORMED SPACES

KurLpip RAaJ AND SUNIL K. SHARMA

ABSTRACT. In this paper, we define some classes of double sequences over
n-normed spaces by means of an Orlicz function. We study some relevant
algebraic and topological properties. Further some inclusion relations among
the classes are also examined.

1. INTRODUCTION AND PRELIMINARIES

By w” we shall denote the class of all double sequences. The initial works on
double sequences is found in Bromwich [2]. Later on it was studied by Hardy [I8],
Moricz [23], Moricz and Rhoades [24], Tripathy ([32], [31]), Basarir and Sonalcan
[1] and many others. Hardy [I8] introduced the notion of regular convergence for
double sequences. The concept of paranormed sequences was studied by Nakano
[25] and Simmons [30] at initial stage. Later on it was studied by many others. The
concept of 2-normed spaces was initially developed by Géahler [14] in the mid of
1960’s while that of n-normed spaces one can see in Misiak [22]. Since, then many
others have studied this concept and obtained various results, see Gunawan ([15],
[16]) and Gunawan and Mashadi [I7]. The notion of difference sequence spaces was
introduced by Kizmaz [20], who studied the difference sequence spaces loo(A), ¢(A)
and ¢o(A). The notion was further generalized by Et and Colak [13] by introducing
the spaces I (A™), ¢(A™) and ¢o(A™). Let w be the space of all complex or real
sequences x = (x) and let m, s be non-negative integers, then for Z = I, ¢, ¢o
we have sequence spaces

Z(AT) ={z = (z) ew: (ATzy) € Z},

where ATz = (ATz) = (A" o, — A" 1z, ) and AVz, = 2 for all k € N,
which is equivalent to the following binomial representation
m G v m 0
ATz = Z()(—l) (v)xkﬂv (see [35]) .
Taking s = 1, we get the spaces which were studied by Et and Colak [I3]. Taking
m = s =1, we get the spaces which were introduced and studied by Kizmaz [20].
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Similarly, we can define difference operators on double sequence as:

Aaij = (aij — a; j41) — (@it1 5 — Gir1j11)

Qjj — Qg j41 = Q41 5 T Qi1 j41 -
An Orlicz function M : [0,00) — [0,00) is a continuous, non-decreasing and convex
function such that M (0) =0, M(z) > 0 for x > 0 and M (z) — oo as x — 0.

Lindenstrauss and Tzafriri [2I] used the idea of Orlicz function to define the
following sequence space,

EM:{(xk)ewngcxpk') < oo, for some p>0}

which is called as an Orlicz sequence space. Also £;; is a Banach space with the

norm -
()l = inf{p >0 ZM(”;’“') < 1}.
k=1

Also, it was shown in [21] that every Orlicz sequence space £3; contains a subspace
isomorphic to £,(p > 1). An Orlicz function M satisfies Ap-condition if and only if
for any constant L > 1 there exists a constant K (L) such that M (Lu) < K(L)M (u)
for all values of w > 0. An Orlicz function M can always be represented in the
following integral form

M(z) = /Ow n(t) dt

where 7 is known as the kernel of M, is right differentiable for ¢ > 0, n(0) = 0,
n(t) > 0, n is non-decreasing and 7n(t) — oo as t — oo. Throughout, a double
sequence is denoted by ar = (a;;).

A double sequence space E is said to be solid if («;ja;5) € E whenever (a;;) € E
and for all double sequences («;;) of scalars with |a;;| < 1, for all ¢, j € N.

Let n € N and X be a linear space over the field R of reals of dimension d, where

d > n > 2. A real valued function ||-,..., || on X" satisfying the following four
conditions:

(1) ||z1,®2,..., 24| = 0 if and only if x1,29,...,2, are linearly dependent

in X;

(2) ||x1, 2, ..., 2] is invariant under permutation;

(3) oz, xa,y ..., znll = || ||z1,x2,...,2,]| for any a € R,

() [l + 2" 29, znll <z, 2o, zall + (2, 22, - 2]
is called an n-norm on X and the pair (X, |-,...,-||) is called a n-normed space
over the field R.
For example, we may take X = R"™ being equipped with the n-norm ||z1, 22, ..., 2, || g
= the volume of the n-dimensional parallelopiped spanned by the vectors x1, xso, ..., x,

which may be given explicitly by the formula

lz1,22,...,20|lp = | det(xi;)],
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where z; = (zi1,%2,...,%im) € R® for each i = 1,2,...,n. Let (X,][-...,|])
be an n-normed space of dimension d > n > 2 and {aj,as,...,a,} be linearly
independent set in X. Then the following function ||-,..., ||« on X"~! defined by
lz1, 22, s Zn-1]loc = max{||:£1,x2, cey Tp—1,a4]| T =1,2,. .. ,n}
defines an (n — 1)-norm on X with respect to {aj,as,...,a,}.
A sequence (xf) in a n-normed space (X, ||-,...,-||) is said to converge to some
LeXif
klim lex — Ly 21, .. 2n-1]| =0 for every z1,...,2p,—1 € X.
— 00
A sequence (z1) in a n-normed space (X, ||-,...,-||) is said to be Cauchy if
lim |jzg —zp,21,...,2n-1]| =0 forevery zi,...,2,-1 € X.
k,p—o0

If every Cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said to be
n-Banach space. For more details about n-normed spaces (see [3], [5], [6], [8], [I1],
[12]) and references therein.

Let X be a linear metric space. A function p: X — R is called paranorm, if

(1) p(x) >0, for all x € X,

(2) p(—z) =p(z), for all z € X,

(3) p(xz+y) < p(x)+p(y), for all z,y € X,

(4) if () is a sequence of scalars with A, — X as n — oo and (z,) is a
sequence of vectors with p(z,, —x) — 0 as n — oo, then p(A,z, — Ax) — 0
as n — o0o.

A paranorm p for which p(z) = 0 implies = 0 is called total paranorm and the
pair (X, p) is called a total paranormed space. It is well known that the metric of
any linear metric space is given by some total paranorm (see [36, Theorem 10.4.2,
P-183]). For more details about sequence spaces (see [4] [7], [9], [10], [26], [27], [28],
[29], [33], [34]) and references therein.

The following inequality will be used throughout the paper. Let p = (px) be a
sequence of positive real numbers with 0 < p;, < suppp = G, K = max(1,2¢71)
then

(1.1) |ag + br[P* < K{|ag|"* + [bx["*}

for all k and ay, by € C. Also |a|P* < max(1,|a|%) for all a € C.

Let M be an Orlicz function and p = (p;;) be a double sequence of strictly positive
real numbers and (X, |-, ...,||) be a real linear n—normed space. Then we define
the following classes of sequences:

V[/”(M,A,p7 I - -, -||)
o ot S5 (|22 ) <

for each z1,...,2,-1 € X, for some p >0 and L>O},
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WOH(MaAap7||'7~'-a'||)
1 e Aa;; Pij
ey 2B (2 ) o
{<Cl]> w #Lmnmn;; P 21
for each z1,...,2,_1 € X, for some p>0}
and
W;(M,A,p,|\~,...,~H)
1 Aa;; Pij
:{(aij)Ew”: sup —ZZ(M(H a],zl,...,zn,lu)> < 0,
Z1yeny 2 ;Ln_lGX mn =1 j=1 p
for some p>0}.
If we take p = (p;;) = 1, we get
W/,(M5A7||'a'~'7'||)
1 Aa;j — L
= {{a) € v lim ST (M ([T mmn ) =0,
=1 j=1
for each z1,...,2,-1 € X, for some p >0 and L>O},
W(g,(MaAvnaa”)
:{(aij>6w":lim—ZZ<M(H az],Z1,...,Zn—1H>>:O7
e ST P
for each z1,...,2,_1 € X, for some p>0}
and
W (MA -l
1 m n A y
:{(aij)ew”: sup —ZZ(M(H aj,zl,...,zn_lH))<oo,
e ex ST G50 p

for some p > O} .
If we take M(x) = z, we get
W’ (A,

1 mon Aai' — L Pij
:{(a¢j>€w”:lim— E E (Hji,zh...,zn,lH) =0,
A L P

for each 21,...,2,-1 € X, for some p >0 and L>0},
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Wé’(A,p, ||7aH)
1 & /g Aay; P
— . "o, L Aag; B
= {(ay) e w %f%ngZ(H ; 1z ) =0,
=1 j=1
for each z1,...,2,—1 € X, for some p>0}
and
W (Al el
1 m n Aass pis
:{(aij>€w//: sup %ZZ(H pw7Z1""7Zn71H) <o,
21,..2n—1€X i=1 j=1

for some p > O}.

In the present paper we plan to study some topological properties and inclusion
relation between the above defined sequence spaces.

2. SOME TOPOLOGICAL PROPERTIES

In this section of the paper we study very interesting properties like linearity,
paranorm and some attractive inclusion relation between the spaces
W”(MvAvpa ||a BERE) ||)7 Wél(M7A7p, H7 LR H) and W&(M7A7p, H7 SERE) H)

Theorem 2.1. Let M be an Orlicz function and p = (p;;) be bounded double
sequence of strictly positive real numbers. Then the classes of sequences
W”(M,A,p7 I -- -, ||), V[/(’)’(M,A,p7 | ||) and W(Q)(M,A,p7 I - -, ||) are li-
near spaces over the field of real numbers R.

Proof. Let (a;;), (bi;) € WL (M,A,p,||,...,-||) and a, 8 € R. Then there exist
positive real numbers p; and ps such that

I &K Aa;; Pij
sup —ZZ[M(H ”’Zl""’zn_lH” < oo for some p; >0
m,n mn — 4 p1
2150020 —1€X =1 j=1
and
1 T e Ab;; DPij
sup —Z [M(H ”,zl,...,zn_luﬂ " < oo for some p2 > 0.
m.n mn — 4 P2
21520 —1€X i=1 j=1
Let ps = max(2|alp1,2|8|p2). Since ||, . .., || is a n-norm on X and M is non-decreasing,

convex and so by using inequality (1.1), we have
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1 A i bl Ppi
sup S0y (ar (D )
m,n mn pS
215520 —1€X i=1j=1
1 &K Aafa;)
< > — M( 4 ) ) ) — H)
sup ngZ( = o
215000020 —1€X =1 j=1
A bz Pij
(Sraattest ))
P3
1 o= 1 Ala;j) Pij
sk s oSS (S e n])
210020 —1€X i=1j=1
1 = 1 Albij) Pij
+K S"];lg %ZZ opis (M(H D2 3 21, ;znflu))
21,20 1€X i=1j=1
1 T A<a1> Pij
<K a2 0 (M (| =5 a1 )
Sﬂ}lg mnzz o 21 Zn—1
2100520 —1€X i=1j=1
1 AR A(bz > Pij
K 2 2 (M (|5 a1 )
+ Snllg mnzz s 21 Zn—1
21,20 1€X i=1j=1
< 0.
Thus, we have a{a;;) + B(bi;) € WL (M,A,p,|-....|).
Hence W7, (M,A,p, | - ||) is a linear space. Similarly, we can prove
W”(M,A,p, I - 7||) and Wé’(M7A,p, ||,,||) are linear spaces over the field
of real numbers R. O

Theorem 2.2. Let M be an Orlicz function and p = (p;;) be bounded double se-

quence of strictly positive real numbers. The sequence spaces W”(M, Apy ey, ||),
W (M, A pll-,...,-|l) and WL(M,A,p,|-...,-||) are paranormed spaces, para-
normed by

g9({aij)) = sup |a;1| + sup |ay;|
i J

Pij Aa;; Pij
+inf{p7>0: sup (M(H aj,zl,...,zn_lH)) " Sl},

i P
21, y2n—1€X

where H = max(1,G), G = supp;;.
2
Proof. Clearly g(0) =0, g(—(ai;)) = g({ai;))-
Let (ai;), (bij) € WZL(M,A,p,|[|-,...,||). Then there exist some pi, p > 0 such

that y
Aaj; H
sup (M(H aj,zl,...,zn_lu)> " <1
1

i P
Z150y2n—1€X
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and

azlv"'aznle)> " < 1.
Let p = p1 + p2. Then by using Minkowski’s inequality, we have

Aai; + Abj;
sup (M("iaj—’— J,zl,...,zn,lH)) "
p

A Fig
(o) ()
p1+ p2 P1

@5

21,320 —1€X

Ab;; s
) (| )
p1+ p2 P2

i,
21,0520 —1€X

s (|

i
Z1yeeyZn—1€X

A

Now

g({aij) + (bij)) = lai + bir| + |a; + byl

—an{(Pl +P2)% >0: sujp (M(H%,z ""’Z’%lH))% < 1}
)

Z14eey2n—1€X
1}

[

vij
< lai| + |bir| + inf {P1H >0: sup (M(H
aiinex

Pij
Aaij #
)Ry ey An—1
1

<1
Pij
H
<

)
P )

vy Ab;
+|a1j|+|b1j|+inf{p2H >0: sup (M(H p”
21,~~,;;'L771€X 2

= 9({aij)) +g((bi5)) -
Let A € C, then the continuity of the product follows from the following inequality
9(Maiz)) = [Aaz| + [Abi
Pij Ada;; it
—|—inf{pT >0: sup (M(H%’Zh”"zn_lH)) " Sl}

215000520 —1€X

= |Allai| + [A[|bi1]

Iy Aa;; Pij
—l—inf{(\)\h“)TJ >0: sup (M(H aj,zh...,zn,lH)) "< 1}7

r

where % = %. This completes the proof of the theorem. [

Theorem 2.3. Let M be an Orlicz function and p = (p;;) be bounded double se-
quence of strictly positive real numbers. The sequence spaces W (M, A, p, |-, ...,|),
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Wé’(M, Apy ey, ||) and W, (M, AN /2 | ET H) are complete paranormed spaces,
paranormed defined by g.
Proof. Let (aj;) be a Cauchy sequence in W, (M,A,p, |- ....]l). Then g({aj; —

a@)) — 0 as s, t — oo. For a given € > 0, choose r > 0 and zy > 0 be such that

—< > ( and M(m“) > 1. Now g((a‘ - a%)) — 0 as s, t — oo implies that there

TXOo

exists mg € N such that

€
g((afj - afj>) < P for all s,t>my.

Thus, we have
s _ .t + ‘ s _ 1 |
SUP|%1 ail Sup |1 — a5
i J
t Pij

ry Aai; — AL
—|—1nf{ : sup (M(H#,zl,...,zn_lu)) " §1}

V)
21,0020 —1€X

€
2.1 <—.
(2.1) p—

This shows that (a,), (af;) are Cauchy sequences of real numbers. As the set of

real numbers is complete so there exists real numbers a;1, ai; such that
. s . : s __ .
lim aj; =a;1, lim aj; =a;.
S§—00

§—00

Now from ({2.1]) we have,

( (Hu’zl""?zn—l“)> <1

Aas. — Aat,
= sup (M (|| =) s 1= ()
P)

,J
H(Aafj —Aaﬁj),zl,.. s Zn—1|| _ 0
9((af; — aij) -2

rTo 6 €

= — Adl . < — =—.
I(Aat; = Adly), a1zl < T2 S =

This implies (Af;) is a Cauchy sequence of real numbers. Let lim Aaj; = y;; for

S— 00

all i, j € N. Now Aaj, = aj; — aj, — a3, + a3, and so
: S : S S S S
lim a3, = lim (Aaj; —aj; +ay + a3y) = y11 — a11 + a2 + ao1 .
S§— 00 §—00

Hence lim a3, exists. Proceeding in this way we conclude that lim aj; exists.
§—00 §— 00

Using continuity of M, we have

lim sup ,zl,...,zn_lH)) <1.

t—oo i
21,320 —1€X

Aag; — Aal,;
(m (|| ==

Let s > my, then taking infimum of such p’s we have g({(aj; —a;;)) < e. Thus (aj; —
a;j) € WIL(M,A,p,|-,...,-||). By linearity of the space WZ (M, A,p,|-...,|)
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we have (a;;) € WIL(M,A,p,|-,...,-||). Hence WL (M, A, p,|-,...,-||) is complete.
(]

Theorem 2.4. Let M be an Orlicz function and p = (p;j) be bounded double
sequence of strictly positive real numbers. Then

i) WM, A, p, I ---) CWEL(M, A p, |-,

(ii) W (M, A p, ||+ ..o y-l]) C WM, A p, || ..o y]]).

Proof. The proof is easy so we omit it. U
Theorem 2.5. Let M be an Orlicz function and p = (p;j) be bounded double
sequence of strictly positive real numbers. Then the spaces W' (M, A, p, |-, ...,-||)
and W§ (M, A, p, ||-,...,-||) are nowhere dense subset of WL (M, A, p, ||, ...,-|).
Proof. The proof is easy so we omit it. O

Theorem 2.6. Let M be an Orlicz function and p = (p;;) be bounded double
sequence of strictly positive real numbers. Then the following relation holds:

(1) Ifo < infpij Spij < 17 then W//(MvAvpa H77||) g W//(MvAv ||7a||)7
(11) If]- <pij < Sup pij < 00, then W//(MaAa Hv,H) c W/,(MaAapa Hv,H)
Proof. (i) Let (a;;) € W"(M,A,p,|-,...,-||); since 0 < inf p;; < p;; < 1, we have
1 & Aa;;
o 22 (M (=202 ]))
swp S (M (|
Z1yeeey Zn-1€X =1 j=1

o LSS )

21,...,7;;;:16X i=1 j=1 P
and hence (a;;) € W/ (M,A,|-,...,-]).
(ii) Let p;; > 1 for each (ij) and supp;; < oo. Let (ai;) € W' (M, A,[-,....-|]).

0]
Then, for each 0 < € < 1, there exists a positive integer N such that

3 (% ) =e<
su — - - <e ,
p mni:lj:l 1 n—1

m,n p

for all m,n > N. Since

I - Aaij Pij
S o (T

e ex =L = P
m
< e oSS (e an).
21, 2n_1€X =1 j=1
Hence, Aa;; € W"(M,A,p,|-,...,-||) and this completes the proof. O
Theorem 2.7. Let My and My be Orlicz functions, then we have
WMy A p s ) W (Mo, Asp, |-

g W;(Ml +M2aA7p7 ||7v||) .
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Proof. Let (a;;) € W2 (M, A, p, ||,,||) NWIL (M, A,p, ||+, --.,-]|)- Then
Aa; Pij
S8 (0 (255 ) 0. e o0
lim — ;Z 1 Zn—1 or some p;
foreach z1,...,2,_1 € X
and
m n A ; i
11m—ZZ(M2(H Gig — = 1,...,2’”_1")) =0, forsome py >0,
G =
for each 2z1,...,2,_1 € X.

Let p = max{p1, p2}. The result follows from the inequality

55 (0t 4|22 )

=1 j=1
Y A i A 7] DPij
3 (2 ) [ )
i=1 j=1 p p
- S A 1, Pi
K3 S ( ([A ro))
i=1 j=1
RSS2 )
i=1 j=1 p
O
Theorem 2.8. The sequence space W/, (M”A,p, I .., H) is solid.
Proof. Let (a;;) € WL (M,A,p,|-...,-]]), ie
1 Adis pis
mn M(Hiw7 yee ey ANn— H)) < .
Z1yeens Zn_1€X =1 j=1

Let (c;) be double sequence of scalars such that |a;;| < 1 for all 4,5 € N x N,
Then we get

1 LU Aaijaij Pij
s o3y (M(|FE A a])
215320 —1€X 1=1j=1
A Aay; Pij
< su — (M(H Sy B H))
>~ m’g mn Z Z P) 1 n—1
Z1y2n-1€X i g=1

and this completes the proof. O
Theorem 2.9. The sequence space WL (M, A, p,|-,...,-||) is monotone.

Proof. It is obvious. (]
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