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ON THE CALDERON-ZYGMUND DECOMPOSITION
LEMMA ON THE WALSH-PALEY GROUP

G. GAT

ABSTRACT. It is well-known that the Calderon-Zygmund decomposition lemma plays an ext-
remely prominent role in the theory of harmonic analysis on the Walsh-Paley group. However,
the proof of this lemma uses the fact that the 2™th partial sums of the Walsh-Fourier series of
an integrable function converges a.e. to the function. This later proved by techniques known
in the martingale theory. In this paper we give a “purely dyadic harmonic analysis” proof for
the Calderon-Zygmund decomposition lemma and also for this a.e. convergence.

Let P denote the set of positive integers, N := PU{0} and I := [0, 1) the unit interval.
Denote the Lebesgue measure of any set E C I by |E|. Denote the LP(I) norm of any
function f by ||f|l, (1 <p < o0).

Denote the dyadic expansion of n € N and z € [ by n = Z;io nj2j and x =
Y720 ;27971 (in the case of # = i k,m € N choose the expansion which termina-
tes in zeros (these numbers are the dyadic rationals)). n;, x; are the i-th coordinates of
n, x, respectively. Define the dyadic addition + as

oo

r+y= Z(xj +y; mod 2)2777L.
=0

The sets I,(z) :=={y € I : yo = 20, .oy Yn_1 = Tp_1} for x € I |, I,, := I,,(0) for n € P
and Iy(z) := I are the dyadic intervalls of I. Set e, := (0,...,0,1,0,...) where the nth
coordinate of e, is 1 the rest are zeros for all n € N. The dyadic rationals are the finite
0,1 combinations of the elements of the set (e, : n € N) (which dense in I).

Let (wy,n € N) represent the Walsh-Paley system [F, GES, SWS] that is,

wp () = H(—l)””’“, neN,zel.
k=0
Denote by D Ek o Wk, the Walsh-Dirichlet kernels. It is well-known that [F, GES,

SWS]
/f o(y + 2)dz = f * Dul(y)
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(y € I,n € P) the n-th partial sum of the Walsh-Fourier series. Moreover, ([SWS, p. 28.])

o, if x € I,

0, otherwise

Don (z) := {

Then, this gives San f(y) = 2" [; () (@)dz (n € N). We say that an operator T : Lt — L°

(L°(I) is the space of measurable functions on I) is of type (p,p) (for 1 < p < oo) if
T fllp < epllfllp for all f € LP(I) and constant ¢, depends only on p. We say that T' is of
weak type (1,1) if [{|Tf| > A} < cl||f]|l1/A for all f € L'(I) and A > 0.

In this paper ¢ denotes an absolute constant which may not be the same at different
occurences. For more on the Walsh system see [F, GES, SWS, Tai.

Theorem 1. (The Calderon-Zygmund decomposition, see, e.g. [SWS]). Let f € L*(I), A >
|fll1. Then there exists a decomposition f =322, fj, 17 := Iy, (u?) disjoint intervalls for
which supp f; € 7, [1; f =0, X< |P[71 [ [fil < eX (w? €1, kj € N, j € P), [ follo <
e, |F| < || flli/A, where F = Ujepl?.

The proof of Theorem 1 uses the fact that the 2"th partial sums of the Walsh-Fourier
series of an integrable function converges a.e. to the function. This later is proved by
techniques known in the martingale theory. We give a new proof for Theorem 1, which
use techniques known in the theory of dyadic harmonic analysis, only. First we prove the
following lemma which is similar to Theorem 1, but differs in the conditions to be proved

for fo.

Lemma 2. Let f € L(I), A > || f|l1. Then there exists a decomposition f = 372 f;, 17 :=
I, (W) disjoint intervalls for which supp f; € I7, [ f; =0, X< |71 [ |fi] < eX, (v €
I, kj € N,j € P), limsup,,_,.. San|fol < A, |F| < c||f]l1/A, where F = Ujepl?.

Proof of Lemma 2. Construct the following decomposition of the Walsh group 1.

0= {lo(@):2° [ fldy>Aa e} =0,

Io(z)

Q) = {1 (x) : 21/1 Wy > 037 €00 ) € g e 1),

Q, = {I(x) : 2"/ F(y)ldy > A AT € UPShQ; : Lu(2) C Jow € T}
I(a)

(n € P). Then, the elements of €2, are disjoint intervalls of measure 1/2" (n € N).
Moreover, if i # j, then for all J € Q;, K € Q; we have JN K = (. If I,(z) € Q, , then
since there is no J € U?;&Qj : I,(z) C J, then 27 ij(x) |f(y)|dy < Afor 5 =0,1,...,n— 1.
Thus, A < 27 fIn(m) |f(y)|dy < 2™ fIn,l(m) |f(y)|dy < 2. Since €, has a finite number of
elements, then set the notation:

Qp = {I(z) :i=1,. k), F:=U2 UM I, ().
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Then,
oo kn .
FI=3 ") (e
n=01=1
1 oo kn
D WA
n=0i=1
1S & 1
S99 O INNVIES Y AVE PN
PRy A/
1, if z€B,
Let 1g(z) := 1 v the characteristic function of set B C I (x € I). Then,
0, if x¢ B
oo kn
f= Z ZflIn(mi) + flnr
n=0 =1
oo kn
=2 (f—2"/ | f) L1, (@)
n=0 i=1 In(z")
oo kn
+ZZ (2n/ _ f) 11, @iy + flnr
n=0 i=1 I (27)
oo kn .
=2 2 fntho.
n=0 i=1

Discuss the functions fi. '
supp f;l - In(xz), f[n(mi) f;l = f[n(wi)(f(t) —2" f[n(mi) f(y)dy)dt =0,

2"/ |f:;|s2”/ |f|+2"/ |2"/ f|§2-2”/ <
I, (z?) I, (z?) I (z?) I, (z%) I, (z%)

The only relation rest to prove is limsup,, San|fo| < cA.

oo kn
=323 (2 ) et e =4 5.

n=0 7=1

First, discuss function fg.

oo kn
1
1< D)0 20y, oy = 22 e hn 1 (aiy S 2A

n=0:=1
Thus,

Selfi@l=2" [ gl <2

n
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for all x € I,n € N. Consequently, limsup,, Sox |fi| < 2) everywhere.

Secondly, discuss function f2. If z € F, then since set F' is open (the union of intervalls
(intervalls are both open and closed)), then there exists a n € N such as I,,(x) C F.
Since f§ = flpr, then f§ is zero on the intervall I, (). Thus, for each m > n we have
2™ [1 () |f&(t)|dt = 0. This follows, limsup,, Sa»|f&(z)| = 0 for = € F. Finally, let = ¢ F.

Then 27 fl_(m) |f(y)|dy < A for 5 =0,1,.... This follows

Sos | f2(z) = 2 / F) ey < 2 / F)ldy < A

Ij(z) Ij(z)

for j = 0,1, .... This follows that lim sup,, Se= | fZ(x)| < X in the case of x ¢ F. Consequently,
limsup,, San |f(z)| < limsup,, Son|fa(z)| + limsup,, San|f&(z)] < cA. This completes the
proof of Lemma 2. [

Set the following maximal operators

§°f == limsup|Sy. f(z)], Sf :=sup S f(z)].

for f € LY(I).
Lemma 3. Operators S° and S are of type (00, 00).
Proof.

152l < 18w = | sup 2" [
neN

In ()

F@)dt|llso < [[I|.f [l sup 2"/ Ldt[[os = [|floo-
neN

In ()
UJ

Lemma 4. Operator S° is of weak type (1,1).
Proof. X > ||f|l1 can be supposed. Apply Lemma 2.

S°f > 2eA] < |S°fo > Al +|S° ) fi) > eA| =t 11 + 1.

n,i

Since |S° fo| < ¢ a.e., then [; = 0. On the other hand, by the o-sublinearity of operator S

L<|Fl+|zeI\F:S(>_fi)>c

.,

Fl+<| s 7
<5 b
<clfl/a+ s [ STS()
< 1 X e - n
c i
< cllfll/A+ ;;/J\F S(f3)

c
<c||fllhi/A+ < /
I+ 5 [

S(fr)-
)

I, (z?
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We prove that fI\In(:ni) S(fiy=0foralli=1,....,k,, n € P.

If y € I'\ I,,(x%), then let y € I,(2*) \ Io11(2*) for some a = 0,....,n — 1. If N > n, then
Son fi(y) =2V IIN(y) fi =0, because In(y) N I, (z?) = 0.

If N < n, then either In(y)NI,(x") = 0 or In(y) D I,,(x*) and in this case 2V fIN(y) fi =
2N fIn(:ni) fi =0, that is, in all case for all N € N we have Sy~ f2(y) = 0, thus Sfi(y) =0
for all y € I'\ I,(z*). Consequently, Iy < ¢||f||1/\. The proof of Lemma 4 is complete. [

The proof of the following theorem known till now is based on the martingale theory
(see e.g. [Sto]). We give a “pure dyadic analysis” proof for it.

Theorem 5.Let f € LY(I). Then Sonf — f a.e.

Proof. Let € > 0. Then let P be a Walsh polynomial , that means P = Zf:_ol d;w; for
some dy, ...,dp_1 € C, k € P. Since Son P(x) — P everywhere (moreover, Son P = P for
2" > k), then we have

[{z € I :limsup [San f(x) — f(x)| > €}
< {z €I :limsup |Son f(x) — San P(z)| > €/3}|

+{zxel: limnsup |Son P(z) — P(x)| > ¢/3}| + [{x €T limnsup |P(z) — f(z)| > €/3}]

< [{z € I:sup|Son(f(2) = P(x))] > €¢/3} + 0+ [P - f||1%
<c|P—=flli/e=:0.

Since the set of Walsh polynomial is dense in L!(T) (see e.g. [SWS]), then ¢ can be less than
an arbitrary small positive real number. This follows |{z € I : limsup,, |Son f(z) — f(x)| >
e}| = 0 for all € > 0. This gives the relation Sen f — f almost everywhere. [

The proof of Theorem 1. We apply Lemma 2 and Theorem 5. The proof follows the pro-
of of Lemma 2. The only difference is that we have to prove ||fy|lcc < cA instead of
limsup,,_, . Son|fo| < ¢A. By Theorem 5 we have San fo — fo a.e. Thus, we have the a.e.
inequality

| fol = limsup |San fo| < limsup San [fo] < cA.

That is, the proof is complete. [

Corollary 6. The operator S is of type (p,p) for each 1 < p.

Proof. Since we have proved that operator S is of type (00, 00) and of weak type (1,1),
then by the interpolation theorem of Marczikiewicz (see e.g. [SWS]) the proof of Corollary
6 is complete. [

REFERENCES

[Fin] Fine, N.J., Cesaro summability of Walsh-Fourier series, Proc. Nat. Acad. Sci. U.S.A. 41 (1955),
558-591.



6 G. GAT,

[GES] Golubov, B.I, Efimov, A.V., Skvorcov, V.A., Walsh series and transforms, Hauka, Moskva, 1987.

[SWS] Schipp,F.,Wade,W.R..,Simon,P.,P4l,J., Walsh series: an introduction to dyadic harmonic analysis,
Adam Hilger, Bristol and New York, 1990.

[Sto] Stout, W.F., Almost sure convergence, Academic Press, New York, 1974.

[Tai] Taibleson,M.H., Fourier Analysis on Local Fields, Princeton Univ. Press., Princeton ,N.J.; 1975.

BESSENYEI COLLEGE , DEPT. OF MATH. , NYIREGYHAzA,P.O.Box 166., H-4400,HUNGARY

E-mail: gatgy@ny2.bgytf.hu

(Received October 6, 1997)



	head: 




                         Acta Mathematica Academiae Paedagogicae Nyíregyháziensis
                         Tomus 14 (1998), 25-30
	received: (Received October 6, 1997)


