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THE FACTORIZATION OF ABELIAN GROUPS
KHALID AMIN

ABSTRACT. If G is a finite abelian group and n > 1 is an integer,
we say that G is n-good, if from each factorization G = 41 Ay --- A,
of GG into direct product of subsets, it follows that at least one of
the subsets A; is periodic, in the sense that there exists ¢ € G—{e}
such that zA; = A;. In this paper, we shall study some 3-groups
with respect to this property.

0. NOTATIONS AND DEFINITIONS

Throughout this paper, G will denote a finite abelian group, e its
identity element, and if a is an element of G, then |a| denotes its order.
Furthermore, for a subset A of G, |A| will denote the number of the
elements in A. G is said to be of type (p{',p5%, ps®,...,p") if it
is the direct product of cyclic groups of orders pi*,ps?, ps®, ..., pi~s,
where p; are primes. G = A;---A, is said to be a factorization of
G if every element a of G has a unique representation of the form
a=ay---a,, where a; € A;. If in addition each A; also contains e, then
the factorization G = A; - - - A,, is said to be a normalized factorization.
A subset A of GG is said to be periodic if there is a non-identity element
x in G such that vA = A. Such an element x when it exists is called
a period for A. A subset A of G of the form A = {e,a,ad?, ... ,d"}
is called cyclic; here k is an integer with & < |a|. A subset A of G
is called simulated if A = {e,a,a?,...,al®"'d}. We observe that if
d = e, then A = < a > the subgroup generated by a. Otherwise, A
differs from the subgroup < a > generated by @ in the element a/®~'d.
The subgroup < a > is referred to as a corresponding subgroup of
A. If A and A" are subsets of G such that for every subset B of G,
whenever AB = G is a factorization of GG, then so is A'B, then we say
that A is replaceable by A’. A group G is said to be n-good if from
each factorization G = A, --- A, it follows that at least one of the A;
is periodic. Otherwise G is said to be n-bad. Furthermore, we will say
G is totally-good if it is n-good for all possible values of n.
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1. INTRODUCTION

A famous theorem of Hajds [4] is the following: If G = A; ... A, is
a factorization of a group G, where each of the subsets A; is cyclic,
then one of the A; is a subgroup of G. In [5], Rédei generalized this
theorem to: If G = A, --- A, is a normalized factorization of GG, where
each of the A; contains a prime number of elements, then one of the A;
is a subgroup of GG. This gave rise to the following question: Suppose
G = A;---A, is a factorization of GG, does it follow that one of A; is
periodic? Or, in our terminology, is every group n-good? The literature
is abundant with results for the case n = 2. Indeed, in this case all
good-bad groups have been classified. In [1] it is shown that p- groups
are n-bad for all n > 1, if p > 5, except when G is cyclic. It is peculiar
that the cases of 2-groups and 3-groups are more difficult to handle as
we shall see in this paper. This is probably due to the fact that the
techniques used there, do not generalize. In this paper, we shall study
some 3-groups. We will show that the groups (32, 3), (3, 3, 3) are totally-
good, while the groups (3?,3),(32%,3%),(3%3,3) and (3,3,3,3) are 3-
good but 2-bad. For 3-groups of order 3° I am only able to show that
if G is elementary, then G is 2-bad, and 3-bad but 4-good. At present, I
cannot contribute anything to the case n = 4, for the rest of the groups
of order 3% namely the groups (3%,3),(33,3,3),(32%3,3,3), (3% 3% 3),
and (33, 3%).

2. PRELIMINARIES

We shall use the following results:

Theorem 2.1. [3] Suppose G has a proper subgroup H of type (3,3).
If |G/H| is composite, then G is 2-bad.

Theorem 2.2. [8] Suppose |G| = p*, where p is any prime. Then in
any factorization G = ABC of G where |A| = p* and B and C are
either cyclic or simulated, then one of A, B or C is periodic.

Lemma 2.3. [7] Let G = AB be a normalized factorization of G, with
B simulated, say, B = {e,by,by, ... bp_1,brd}, where d # e, and k >
3, and let H = {e,by,by,... ,bs} be the subgroup of G. Then B is
periodic with period d.

Lemma 2.4. [7] Let G = AB be a factorization of G, where B =
{e,by,ba, ...  br_1,bpd} is simulated. Then B can be replaced by the
subgroup H = {e, by, by, ..., bs}.

Lemma 2.5. [9] If a simulated subset is periodic, then it can be re-
placed by a corresponding subgroup.
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Lemma 2.6. [2] If G has a proper subgroup H which is n-bad, then G
is both n and (n + 1)-bad.

3. THE RESULTS

3.1. 3-groups of order 33. In this section we will show that 3-groups
of order 3% are totally- good. We observe that we need only detail the
case n = 2. This is a consequence of the following lemma.

Lemma 3.1.1. Suppose G = AB is a factorization of G, where |A| =
3, then either A or B is periodic.

Proof. Let A ={e,a,b}, where a # e, b # e. Now

(1) G=AB=BUaBUDB
Multiplying (1) by a, gives

(2) G =aBUd’BUabB
Comparing (1) and (2) gives

(3) BUbLB = a’B U abB

Using (3) and the fact that G = AB is a factorization, we get that

B = abB and bB = ¢?B. This implies that either B is periodic or A is
periodic. O

3.2. 3-groups of order 3%.

3.2.1. 3-groups of order 3* are 2-bad. Observe that in this case the
group types are (33,3, 3),(3,3,3,3), (3% 3), (3%,3%). The fact that these
groups are 2-bad follows from Theorem 2.1.

3.2.2. 3-groups of order 3* are 3-good. In this case, we see that in any
factorization G = ABC', one of the factors, say A is of order 9 while
the factors B and C' must be of order 3. Hence B and C' are either
cyclic or simulated and the result follows from Theorem 2.3.

3.3. 3-groups of order 35. In this section we will show that an el-
ementary 3-group of order 3 is 4-good. We start with the following
lemmas, whose proof are clear.

Lemma 3.3.1. Suppose G = AB is a factorization of G, K a subgroup
of G, and B C K. Then K = (AN K)B is a factorization of K. O

Lemma 3.3.2. Let G = ABH be a factorization of G, where A, B C
G, and H is a subgroup of G. Then G/H = (AH/H).(BH/H) is a
factorization of the quotient group G/H. ]

Theorem 3.3.1. If G is of type (3,3,3,3,3), then G is 4-good.
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Proof. Observe that G is 2-bad and 3-bad by the results in 3.2.1 and
Lemma 2.6. We will show that G is 4-good. This will take several
steps:

(*) Let G = < z,y,u,v,w >, where |z| = |y| = |u| = |v| = |w| =3
and suppose G = ABCD is a factorization of G, where, |A| = 32
and |B| = |C| = |D| = 3. Clearly B,C and D are simulated. Say
B = {e,b,b’r}, C = {e,c,c?’s} and D = {e,d,d*t}. It is clear that if
one of r, s, or t is the identity element e of GG, then there is nothing to
do. Therefore, we assume that none of r, s, and ¢ is e.

(**) Since B, C, and D are simulated, we can use Lemma 2.6 to get
the factorization G = A <b > <c¢><d>= A < b,c,d >. Hence,
3 < | <bedrs,t>|<35 If| <bcdrst>]|=3% That is, if
r,s,t € < b,c,d > = H, the subgroup generated by b,c and d, then
H = BCD is a factorization of H and so by Rédei’s Theorem, one of
the subsets B,C, or D is a subgroup of H. So we are done. There
remain two cases that we have to distinguish.

(I) | < be,d,r,5,t>|=3% s,;te <becdr>.
(IT) | <b,c,d,r,s,t>|=3%te <bcdrs>.
Case (I)

(1) In this case, we may choose b, ¢, d, and r to be u, v, w, and x re-
spectively. Now, B = {e,u,u’r},C = {e,v,v?s} and D = {e, w, w?t}.
From (**), we have G = A <u><v><w>=<uv,w> It
follows that A is a complete set of representatives modulo < u, v, w >.
Thus A consists of the following elements:

£21,200 9500 4,700 yuo P01 01 y2ua02 1Pz 702

xuo‘“’vﬂwuﬂ“’ xyuo‘“ Uﬁn Wt xy2ua12vﬂl2w712
129,220 )B20 y720 nyuam P22t x2y2ua22 P22 722

Here agg = Bog = Yoo = 0, since A is normalized.

(2) Using Lemma 3.3.1, we obtain the factorization K = (A N
K)BCD. Note that AN K now consists of the following elements:
ANK = {e,zu0opfroymo gya20yfoyr20} By Rédei’s Theorem, one
of ANK,B,C or D is a subgroup of K. If this is B or C' or D, we are
done. So assume that AN K is a subgroup of K. Now, we can rewrite
the elements of AN K as:

i ! i i ! i
{6, xuO‘O‘i‘aoUﬁO"‘fBow’YO""Yo , $2U2a0+a0 02/30-1-% w2’70+70 }

Restricting the factorization G' = [( yu®v®101)"LA|BCD to K =
< x,u,v,w > and arguing as above gives that [( yu®'v®1w) " LAINK
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will be the subgroup [( yu®vforw1)tA]N K = < zu® v > of
K. Thus, AN K consists of the following elements:

i ! i i ! i i ! i
ANK = {yualv’gluﬂl,xyua1+a1vﬂl+ﬁ1w71+7l,xzyu2a1+alv2ﬁl+ﬁlw27l+7l}

Finally, restricting the factorization G' = [( y2u®02v’2702) =t A]|BC' D to
K = < z,u,v,w > and arguing similarly again as above gives that [(
y2uo2yPozqr02)~L Al NK will be the subgroup of K that consists of the
following elements:

i ! i i ! i i ! i
ANK = {y2ua2 1}’82 w72, xy2ua2+a2 U,B2+ﬁ2 w72+72, x2y2u2a2+a2v2ﬂ2+ﬁ2w272+72}

Putting all this together, we get that A consists of the following ele-
ments:

i ! i i ! i i ! i

euopfoo yutrpPrgm y2upPa
i ! ! ! ! i ! ! !
L0t Po+By 70+ xyua1+a1vﬁ1+ﬂ1w71+7l Iy2ua2+alv,32+ﬂlw72+72

’ ! ! ! ’ ! ! ’ !
p2u200toy2Bot o210t g2 2ot y2BiHBg2nd g2q)2q 20210020245 420247

Here, oy = 3, = 7, = 0, since A is normalized.

(3) Consider the factorization G = AB < v > < w > = AB <
v,w >. Forming the quotient group G = G/ < v,w >, and using
Lemma 3.3.2, we get that G = A B is a factorization of G , where
A=A<v,w>/<v,w> and B=B <v,w>/ <v,w>. Now,
observe that G is of order 3%. So by 3.1, either A or B is periodic. But
B={H,uH, (uH)*(zH)}, where H = < v,w >. B cannot be periodic,
by Lemma 2.5. It follows that A is periodic. In fact, by Lemma 2.4, A
is periodic with period Z = xH. Now, A looks like:

! ! !
eu“o H yur H y?u® H
! ! !
gu®teo  gyutaH  pyiuetuH

! ! !
I2u2a0+o¢0H nyu2a1+alH x2y2u20‘2+0‘1H

Since, zH = (xH)(euo‘i)H) = (xuo‘“a:)H) = (a:u“I)H), this implies
that ap = 0. Similarly, one shows that a; = ap = 0. Thus the elements
of A are the following:

! i i ! i i ! !

evﬁow’)’o yual Uﬁl wn y2ua2 ,U,B2 w2
! i i ! i i ! i
xv/@0+ﬂow70+70 .'L'yual Uﬂl‘i‘/@l w +71 l‘y2ua1 v/@Q‘hBl w’72+’72

’ ’ ’ ’ ’ ’ ’ ’
x202ﬂ0+ﬁ0w270+70 nyual /U2ﬁ1+/61 w2’71 +71 x2y2ua1 ,U2ﬁ2+/61 w272+’72
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Here as before, ﬁé = 7(') = 0, since A is normalized.

(4) Restrict the factorization G = ABCD to K = < z,u,v,w >
again to get the factorization K = (AN K)BCD, so that one of (AN
K)B,(AN K)C,(AN K)D, is a subgroup of K. Now observe the
following: B C (A N K)B, which implies that < u,x > = < B >
C (AN K)B. However, (ANK)B| =9 = | < u,x > |. Therefore
(ANK)B = < u,x >. Similarly, (ANK)C =< v,s >and (ANK)D =
< w,t >. But, we also note that zv®w™ belongs to A N K. This
gives that zv®w belongs to one of < u,z >, < v,s > or < w,t >.
Similarly, restricting the factorizations G = [(yua,lvﬁllw%)*lA]BC’D,
and G = [( yPutayPay )"'A]BCD to K = < x,u,v,w > gives that
zvPiwY belongs to one of < u,z >,< v,s >or < w,t >, for each 1,
where 0 <7 < 2.

(5) From the factorization G = ABC < w > , we get the factoriza-
tion G = A B C of the quotient group G , where G = G/ < w >,
A=A<w>/<w>B=B<w>/<w>andC =C <
w >/ < w >. Soone of A, B or C is periodic. Since B cannot be
periodic, it follows that either A or C is periodic. If C' is periodic, then
C is a subgroup of G. Thus C = {e < w >,v < w >,v> < w >}
which implies that s € W = < w >. Hence, C = {e,v,v*w"}, where
0 < v < 2. If A is periodic, then its period is either T = z < w > or
s' = s < w >, where s’ € < u,v,z >. Now A looks as follows :

evPo W yurvh W Y uvB W
N AP IRCIS | (I PR

where W = < w >.

— Firstly, assume that A is periodic with period s’ < w > = s'W.
Say s = zcu"v’ | where 0 < €1, o § 2. Now zcu"v’W :,xv,ﬁOW. This
gives By = 6. Similarly, zyu®10? AW = (zu"v’W)( yu*1v/1W). This
gives B = 8. Finally, 2y2u®v® AW = (z5u"09W)( y2u®2v%W). This
gives [Jo = §. Therefore, we conclude that Fy = 3, = fs.

— Secondly, assume that A is periodic Wi]th period T =2 < w >
= xW. Then we must have (zW) = (zv*5%W), which gives fy = 6.
Similarly, we get that #; = (; = 0. Summing up all the above, we
conclude that if A is periodic, then 3y = 3; = f.

(6) Consider the case when C' = {e,v,v*w?}, where 0 < v < 2. If
v = 0, then C' is a subgroup of G. So we assume that v # 0. In
this case, we may take v = 1. The factorization G = A < u > CD
gives that one of A, C', or D is a periodic subset of the quotient
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group G = G/ < u > = G/U, say. Again, it is clear that C' cannot
periodic. Hence, e1ther A or D is periodic. If D is periodic, then D
={<u>w<u>w?<u>} which implies that t €< u >. Hence,
D = {e,w,w?u’}, where 0 < § < 2. If A is periodic, then its period
must be either w =z <u>=2aU or t =t < u >=t'U, where t' €
< x,v,w >. Clearly A cannot be periodic with period @ =z < u >
— zU. Therefore it must be periodic with period ¢ = t' < u >= t'U.
Now t' € < z,v,w >, say t' = zv"w?, where 0 < €,7,v < 2. From
this, it follows that 5y = 1 = (2 and vy = 1 = 2. Thus the elements
of A are the following:

’ ’ ’ ’ ’ ’
e yutrphrgm y2uzpPa
’ / ! ! ’ ’
zvPoyo wyuroPitPiytn ay?utryPrHBiyyre T
! ! ! ! ! !
2/U2ﬁ0w2’70 xzyualv2ﬁl+ﬁ1w27l+71 x2y2ua1 U2ﬂ2+ﬁ1w272+72

Hence A is periodic with period zv®w.

Suppose D = {e, w, w?u’}, where 0 < § < 2. Now if § = 0, then D is
a subgroup of G' and hence periodic. Otherwise, we may assume § = 1.
But then t = u, and s = w. Now zv’w” ¢ < v,s >, and zvfiw’ ¢
< w,t >, and so zvfw? € < u,x >, for each i, 0 < i < 2. Therefore
Bo = fB1 = P2 =Y =7 = 2. Hence A is periodic with period z.

(7) The factorization G = AB < v > D gives that one of A, B, or
D is a periodic subset of the quotient group G = G/ < v > = G/V,
say. Again, B cannot be periodic. Therefore, either A or D is periodic.
If D is periodic, then D = {e,w,w*"}, where 0 < n < 2. If A is
periodic, then it is periodic with period either T = x < v >= zV or
' =t <v>=tV,wheret' € <z,u,w>.

— Firstly, assume that A is periodic with period . Now ¢ € <
x,u,w >. It follows that v = v = 7s.

— Secondly, assume that A is periodic with period Z. Then it follows
that 79 = v1 = 72 = 0. Summing up our considerations so far, we see
that if A is periodic, then vy = v, = 7.

(8) Consider the case, when D = {e,w,w?v"}, where 0 > n < 2. If
n =20, then D is a subgroup Otherwise, we may assume 7 = 1. From
the factorlzatlon G =A<u>CD, we get that oneof A, C , D is a
periodic subset of the quotient group G = G/ < u >= G/U say But
D cannot be periodic. Hence either A or C is periodic. If C is periodic,
then C' = {e,v,v?u"}, where 0 < v < 2. If A is periodic, then it is
periodic with period 7 =v <u > =vU or s = ¢ <u > = s'U, where
s' € < x,v,w >. However, A cannot be periodic with period 7 . So
it must be periodic with period s'. It follows that 3y = 3, = 3, and
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Y = 71 = 7. Therefore, we conclude that A is periodic with period
zvPwr, Now, C = {e,v,v?u’}, where 0 < v < 2. If v = 0, then C is
a subgroup of GG, and hence periodic. Otherwise, we may assume that
v = 1. But, then s = u, and t = v. Now zv/iw? ¢ < v,s >, and
pvfiw ¢ < w,t >, and so xvfiw’ € < u,x >, for each i,0 < i < 2.
Therefore By = 1 = B2 = Y0 = 71 = 72 = 0. Hence A is periodic with
period x. Summing up (7) and (9) , we may assume vy = y; = 7.

(10) The case when By = ; = (2 and vy = 3 = 7, are left uncovered
yet. But in this case A is periodic with period zv®ow.

Case (II)

(1) In this case, we may choose b, ¢, d,r, s to be u,v,w, x,y respec-
tively. Now B = {e,u,u’zr}, C = {e,v,v?y} and D = {e, w,w?t}. As
in case (I), A is a complete set of representatives modulo < u, v, w >.
Thus, here again A consists of the following elements:

£2,200 1,800 4,700 yua01 pBo1 y01 y2ua02 pBo2q702

xualov,@ww’no xyuo‘“ U,@n Wt xy2ua12vﬂl2w712
129,020 9820 4,720 nyuam P22t x2y2u°‘22 P22 722

(2) From the factorization G = AB < v >< w >, we get that either
A or B is periodic with period # = zH, where H = < v,w >. As
before, B cannot be periodic and so A is periodic with period 7 = 2 H.
From this it follows that:

Qoo = Q0= ayp = ag= 0
app = = ag = a;= 0
Qog = Q2= Qo= ay= 0

(3) Similarly from the factorization G = A < u > C < w >, we
get that either A or C is periodic with period 7 = yH, where H =
< u,w >. As before, C' cannot be periodic, and so A is periodic with
period ¥ = yH. From this it follows that:

Boo= Bio= Bo= B= 0
Bor= Pu= Pu= b= 0
Boo= Pia= PBu= = 0
Therefore, the elements of A are the following:
1,409,700 yuo‘l ot y2ua2w702
TUX0 Y10 T yuo‘l wtt nyUme’Ym
x2ua0w720 nyQUCtl w72t x2y2ua2w’722
Here ay = By = 79 = 0, since A is normalized.

(4) Consider the factorization G = ABC < w >. This gives that
one of A, B or D is periodic with period T = 2 < w > = zW or
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7=y <w>=yW. If D is periodic with period T , then 3y = 3 = [
=0, and so v is missing from A. If A is periodic with period 7 , then
oy = a3 = ap = 0, and so u is missing from A.

(5) Assume v is missing from A. Consider the factorization G =
AB < v > D. This gives that one of A , B or D is periodic. Now,
B cannot be periodic. This leaves the possibilities that either A is
periodic with period T = 2 < v > = a2V or t' = t' < v >= 'V,
where t' € < x,u,w > or that D is periodic which in turn implies
that D = {e,w,w?"}, where 0 < n < 2. If A is periodic, then A is
periodic since v is missing from A. For the case D = {e,w, w?v"}, we
may assume as in the previous cases that D = {e,w, w?v}. Consider
the factorization G = A < v > CD. From this, we get that one of A ,
C or D is periodic. Only A can be periodic. Now the only candidates
for a period of A are 7 and . However, it is clear that T cannot be a
period for A . Hence A is periodic with period 7 . From this, it follows
that ap = a3 = a, =0, and

Yoo = Yio= Y20= Y= 0
Yo1 = Y11 = 521 = Nn= 0
Y02 = Y12 = Y22 = Vo = 0

Therefore, in this case A is periodic with period .

(6) Assuming u is missing from A, the factorization G = A < u >
CD gives that one of one of A, C, or D is periodic. It is clear that
C cannot be periodic. So either A is periodic with period 7 =y < u >
=yUort =t <u >=tU where ' € < x,v,w > or that D is
periodic, which gives that D = {e,w,w?u’}, where 0 < § < 2. If A
is periodic, then A is periodic since v is missing from A. For the case
D = {e,w,w?u’}, we may assume that D = {e, w, w?u}. Consider the
factorization G = AB < v > D. From this, we get that one of A, B ,
or D is is periodic. Only A can be periodic. The only candidates for a
period of A are T and w. However, it is clear that 7 cannot be a period
for A . Hence A is periodic with period Z. From this, it follows that

Bo = 1 = B2 =0 and
Yoo = Vo= Y20= Y%= 0
Yo1 = Y11 = 521 = 7= 0
Yo2 = Yiz2= V2= V2= 0

Therefore in this case, A is periodic with period . O
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