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ON THE CHERN-WEIL HOMOMORPHISM IN FINSLER
SPACES

7. KOVACS

Dedicated to Professor Arpdd Varecza on the occasion of his 60th birthday

ABSTRACT. The aim of this paper is to devise a Chern — Weil-type construction
for a Finsler manifold (M, £) which is determined only by the manifold M and
by the Finslerian fundamental function L.

1. INTRODUCTION

The focus in this paper is to set up a framework in which the famous Chern—
Weil homomorphism can be formulated on a Finsler manifold. Most of the basic
notations in this paper are the same as in [GHV73]. Background information on
Finsler geometry can be found e.g. in [Mat86] and [AP94].

Let (M, £) be a Finsler space, the horizontal projection determined by the Fins-
lerian fundamental function £ is h. h can be interpreted as a 7pps-valued 1-form
onTM: h € Al(TM; Trav) = Hom(7pas; 7rar). The horizontal subbundle of 77,
will be denoted by HM, Sec HM = X,(T'M).

Denote by (A(T'M), A) the graded algebra of differential forms on TM. From h
one can derive a first order graded derivative dp,: A(TM) — A(TM)

dhw(Xo, N ,Xp) =

P
= (—1)'hXw(Xo, ..., Xiy ..., X,) +
=0
+ Z(—l)iJrju) ([XivXj]h 7)(0, ce ,5(:% PN ,)?j, [N 7Xp>
1<j

where w € AP(TM) (p > 1) is a p-form, X; € X(TM) (i =0...p), [X,Y], =
[hX,Y] + [X,hY] — h[X,Y], furthermore d,f(X) = (hX)f (f € AY(TM) =
C>(TM)) ([FN56] or [Mic87]). It is easy to see that di = 0 iff the Frolicher—
Nijenhuis bracket of the operator pair (h,h) is zero: [h,h] = 0. In the Finslerian
case this condition means that the torsion R' of the unique Cartan connection
vanishes, i.e. the horizontal distribution is integrable.

In the Finslerian case this special situation was studied in [ACD87] and their
main result is the following:

Theorem. If R' = 0 then the cohomology groups of dy are isomorphic to the
de Rham cohomology groups of an integral manifold of the nonlinear connection
associated to L.
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In this paper we do not suppose the integrability of the horizontal distribution.

2. TooLs
Forms. Let VY: X(TM) x X,TM — X, TM be the Cartan connection of the
Finsler space (M, £). Then (V,h), where V: X(T'M) x X,TM — X,TM, VxY =
Vch xY, is the so called h-connection of the Finsler space.
By easy calculations, one can show the following statement:

Proposition 1. Let (V,h) be the h-connection of the Finsler space. The map
V:A(TM;HM) — A(TM;HM),

P

(VO) (X, Xp) = D (=1)'Vx, ®(Xo,. .., Xiy. ., Xp)+

Y DX Xy X X X)

i<J

(Ve AP(TM;HM) (p>0); forp=0: (Vo)(X)=Vxo) is a first order graded
derivation of the graded algebra of HM -valued forms on T M in the sense of [Mic87]
ie. VIWATY) =dpw AU + (=1)Pw AVU; we AP(TM), Ve A(TM;HM).

We will use the following construction in the next section. Let &g, &1, ..., &, be

vector bundles with the same base B and let ¢ € Hom(&q, ..., &m; o). ¢ determines
a map ¢, € Hom(A(B;&1),...,A(B;&n) ; A(B;&)) as follows.

Du(01,. . y0m) = (01, ..., 0m)
for o; € A%(B;¢&;) = Secg; and for elements in AP (B;¢;) this map is determined by
Gu(WI AO1, ey Wi Aom) = (WL A Awm) Adu(01, ..., 0m)
where w; € A(B), o; € A°(B;&) (i=1...m). ¢, satisfies the following identity:
(1) (U, oo, w AT U = (—1D)T0 A 0 (Tq,. .., T)

where U; € AP{(B;&), ¢ =p1+ -+ pi—1 (1 >2), ¢ =0, w € AYB), and
moreover,

Gx (\1117...,‘11 (X1, X)) =
2
) Copleep o leeip | Z U(l)’"')""7\Ilm("'7Xo(p)))
™ seq,
where U, € AP (B; &), X, € X(B) (i=1...p), p=p1+ -+ Dm-

Invariant polynomials. Let F' be a real vector space. An invariant polynomial

of degree p is a symmetric map )

P
N N

/% € Hom(L(F; F),...,L(F; F);R)
such that for all a € GL(F)
(3) fe(Ad(a)ay, ..., Ad(a)ay) = fE(an,... o)

where o; € L(F; F) (i =1...p) is a linear operator and Ad : GI(F') — GI(L(F; F))
is the adjoint representation. By the invariance condition (3) one can extend f% to
the bundle of linear operators over the vector bundle £ with base manifold B and
the typical fiber F.

1 P 1 P
fP € Hom(Lg,...,Le; B X R) 2 Sec( Le ®---® Le) ™.

This f? is called invariant polynomial in £ of degree p.
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Curvature. Let R? € A*(TM; L) denote the curvature of the Cartan connec-
tion.

Proposition 2. The h-Finsler connection (V,h) in HM satisfies:
(V) (XY 2] () = & (PR (X)) (W)}

where P? is the hv-curvature, R' = %[h, h] and &x,y,z) is the symbol of the cyclic
sum with respect to X,Y, Z.

3. CONSTRUCTION OF d},-CLOSED FORMS

Theorem. Let (V,h) be the h-Finsler connection, fP an invariant polynomial in
HM. If VR? = 0 then dnfY(R%,...,R?) = 0, i.e. fP(R%, ..., R?) is a dj-closed
2p-form.

Proof. We have found the adequate ideas, so the proof of the theorem is quite easy.
First we prove the following statement:
L 2 L 2
Lemma. Let f € HO’H”L(LH]V[, cos Ly TM X R) = SGC(LHM R QR LH]\/[)*. If
Vx f =0 for any X € X(T'M) then
P
(4) dpfu(@1, . Qp) =) (D)% (@, V., ),
i=1
=1...p), g=r+-+ri_1 (i=2...p), ¢ =0.
L 2
(Concerning f. € Hom(A(TM; Lgp), ..., A(TM; Lga); A(TM)) see (2)!)
Clearly, A™ (TM;LHM) = A“(TM) ® SecLyn. If a; € SecLgm (’L =1.. .p)
then (4) reduces to:

where Q; € A" (T'M; L) (4

p
drflag,...,ap) = Zf*(ozl,...,Vozi,...,ozp).
i=1

We have (dpf(aq,...,0p))(X) = hX f(ou,...,ap). On the other hand,
P
i=1

K3

P
el Vo ap)(XD)E ST flar, o (Va) (X, ap).
=1

Together with the previous line this proves the statement.
Let Q; € A"(TM;Lgpy) (i=1...p), ki =wi Aoy (w; € A" (TM) i =1...p),
and ¢ =7r; + - - + rp. By induction we infer

dp fr(wn /\oq,...,wp/\ap)(:)
= Z(—l)q‘wl A ANdpwi Ao Awp A fulan, .. op) F
i

P
=1
+ (D)% Ao Awp Adp falaa, ..., o).

Similarly,

felwi Ao, ..., V(wi ANag), ..o ,wp Aay) =
= WA Ay A Awp A fula, . 0p) F
+ (=D (=D (=) Pwr A Awp A fu(ar, . Vag, . o).
We proved the lemma.
Now, for an invariant polynomial f?P, Vy fP = Vch x fP = 0 and applying the
lemma for €; = R? we get the statement of the theorem. O
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4. REMARKS
Pseudocomplexes. For d; we have a sequence of graded vector spaces
(PS) e APTHT M) LS AP(T M) 2 AP (TM) — -

where dj, o dj, is not necessarily zero. Following I. Vaisman [Vai68], for (PS) we use
the name of pseudocomplex. Of course, when [h, h] = 0 then (PS) is a usual cochain
complex.

In the case of non-vanishing di the most natural way to define cohomology groups
is by

Kerd
HP(dy, TM) ="M a0 A Ker dy,-

These HP(dp,TM) cohomology groups are usual cohomology groups of several
cochain complexes. We put

(PS) e AP M) AP (T S AP (T M) — -
where
AP(TM) = Kerdy o dy,.

and dj, is the restriction of dj, to AP(T'M). Then it is easy to check that in the

case of (PS) d? = 0 holds and the cochain complex (PS) has the same cocycles and
coboundaries as the pseudocomplex (PS) itself ([HL75], [Vai93]).

Finsler spaces with the condition VR? = 0. There are several examples for
Finsler spaces with vanishing curvature P2. This condition implies the required
identity VR? = 0, c.f. Proposition 2. These spaces are the so called Landsberg
spaces ([Koz96], [Mat96]).
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