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SOME SUBCLASSES OF o-UNIFORMLY CONVEX FUNCTIONS

MUGUR ACU

ABSTRACT. In this paper we define some subclass of « - uniformly convex
functions with respect to a convex domain included in right half plane D.

1. INTRODUCTION

Let H(U) be the set of functions which are regular in the unit disc U,
A={f eHU): f(0) = f'(0) -1 =0},
H.,(U)={f € H(U) : f is univalent in U} and S = {f € A : f is univalent in U}.
Let consider the integral operator L,: A — A defined as:
1 z
(1) f(z)=L.F(z) = ta/F(t)-t“_ldt, aeC, Rea>0.

z

0

In the case a = 1,2,3,... this operator was introduced by S.D. Bernardi and it
was studied by many authors in different general cases.
Let D™ be the Salagean differential operator (see [10]) defined as:

D":A— A, neNand DUf(2) = f(2)
D'f(z) = Df(z) = 2f'(2), D"f(z) = D(D" ™" f(2)).

2. PRELIMINARY RESULTS

Definition 2.1 ([4]). Let o € [0,1] and f € A. We say that f is o - uniformly
convex function if:

e e ()

2= (55 1) e

, zeU.

We denote this class with UM,
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FIGURE 1

Remark 2.1. Geometric interpretation: f € UM, if and only if

J(a, fi2) = (1-a) ZJJ;S) +a (1 + zﬁ;?)

take all values in the parabolic region Q = {w : [w—1| < Re w} = {w = u+iv : v? <
2u — 1}. We have UMy = SP, where the class SP was introduced by F. Ronning
in [9] and UM, C M,, where M, is the well know class of o - convex functions
introduced by P.T. Mocanu in [8].

Definition 2.2 ([1]). Let o € [0,1] and n € N. We say that f € A is in the class
UDn,Oc(ﬁa’Y% ﬂ Z 07 v € [_13 1)7 ﬂ"”y Z 0 if

D"*lf(z)  D"Hf (Z)}

Re | =055y Ty

D) | DY)
D) D)

Remark 2.2. Geometric interpretation: f € UD, o(8,7) if and only if

D) D)
D) D)

take all values in the convex domain included in right half plane Dg ., where Dg ,

is an elliptic region for § > 1, a parabolic region for § = 1, a hyperbolic region for
0 < 8 < 1, the half plane u > « for 8 = 0. (Figure 1.)

We have UDg «(1,0) = UM,.
The next theorem is result of the so called “admissible functions method” intro-
duced by P.T. Mocanu and S.S. Miller (see [5], [6], [7]).

25‘(1—04) -1+

In(a, fi2) = (1-a)
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Theorem 2.1. Let h convex in U and Re[fh(z) + ] > 0, z € U. Ifp €
H(U) with p(0) = h(0) and p satisfied the Briot-Bouquet differential subordina-
: 2/ (2)

tion p(z) + ————= < h(z), then p(z) < h(2).

(2)+ Gty a5 < hle). then p(z) < h(2)

Definition 2.3 ([3]). The function f € A is n-starlike with respect to convex
D"t f(2)

W takes

domain included in right half plane D if the differential expression
values in the domain D.

If we consider ¢(z) an univalent function with ¢(0) = 1, Re ¢(z) > 0, ¢'(0) >0
which maps the unit disc U into the convex domain D we have:

D"‘*‘lf(z)
Drf(z)
We note by S’ (q) the set of all these functions.

=< q(2).

3. MAIN RESULTS

Let ¢(z) be an univalent function with ¢(0) = 1, ¢’(0) > 0, which maps the unit
disc U into a convex domain included in right half plane D.

Definition 3.1. Let f € A and a € [0,1]. We say that f is a-uniform convex
function with respect to D, if

J(a, f;2) = (1—a) ZJ’:(S) ta (1 T Z;é?) <q(2).

We denote this class with UM, (q).

Remark 3.1. Geometric interpretation: f € UM,(q) if and only if J(«, f; z) take
all values in the convex domain included in right half plan D.

Remark 3.2. We have UM, (q) C M,, where M, is the well know class of a-convex
function. If we take D =  (see Remark 2.1) we obtain the class UM,,.

Remark 3.3. From the above definition it easily results that ¢1(z) < g2(z) implies
UMy (q1) C UM4(q2).

Theorem 3.1. For all a, &’ € [0,1] with o < o we have UMy (q) C UM, (q).
Proof. From f € UM, (q) we have

2f'(2) 2f"(2)
2 J, fi2)=01—-d +o/(1+ =< q(2),
) (@ f12) = (1= ) 25 i) <)
where ¢(z) is univalent in U with ¢(0) = 1, ¢’(0) > 0, and maps the unit disc U
into the convex domain included in right half plane D.

With notation Zj:gg) = p(z), where p(z) =14 p12+ ... we have:
o , ()
J(a,f,z)—p(z)+a p(Z)

zp'(2)
p(2)

From (2) we have p(z) + o - =< ¢(z) with p(0) = ¢(0) and Re ¢(z) > 0,

zeU.
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In this conditions from Theorem 2.1, with § = 0, we obtain p(z) < ¢(z), or p(z)
take all values in D.
zp'(2)
p(2)
p(z) € D and g(o’) = J(</, f; 2) € D. Since the geometric image of g(«) is on the
segment obtained by the union of the geometric image of g(0) and g(«'), we have

/

g(a) € D or p(z) + azﬁ Ej) eD.

Thus J(a, f;2) take all values in D, or J(«, f;2) < ¢(z). This means f €
UMa(q). 0

If we consider the function g: [0,a/] — C, g(u) = p(z) + u - , with ¢(0) =

Theorem 3.2. If F(z) € UM,(q) then f(z) = Lo(F)(2) € S§(q), where L, is the
integral operator defined by (1) and a € [0,1].

Proof. From (1) we have

(14+a)F(z) =af(2) + zf'(2).

: - 2f'(2)
With notation ) = p(z), where p(z) =14 p1z + ... we have
z
2F(2) _ 2p'(2)
e ATE
2F'(z) .
If we denote 7o) = h(z), with h(0) = 1, we have from F(z) € UM, (q) (see
z
Definition 3.1):
zh'(2)

h(z) +a- h) < q(z),

where ¢(z) is univalent un U with ¢(0) = 1, ¢’(z) > 0 and maps the unit disc U
into the convex domain included in right half plane D.

/
From Theorem 2.1 we obtain h(z) < ¢(z) or p(z) + fp)(i) =< q(2).
p(z) +a
Using the hypothesis and the construction of the function ¢(z) we obtain from
4
Theorem 2.1 ZJJ:(S) =p(z) < q(z) or f(z) € S5(q) C S™. O

Definition 3.2. Let f € A, a € [0,1] and n € N. We say that f is a — n-uniformly
convex function with respect to D if

D) | DU
D) D)

We denote this class with UD,, (q).

In(a, f;2) = (1 -a)

=< q(2).

Remark 3.4. Geometric interpretation: f € UD,, (q) if and only if J, (v, f; z) take
all values in the convex domain included in right half plane D.

Remark 3.5. We have UDy (q) = UM,(q) and if in the above definition we con-
sider D = Dg - (see Remark 2.2) we obtain the class UD,, (8, 7).

Remark 3.6. It is easy to see that q1(2) < g2(2) implies UD,, o(q1) C UDy o(q2)-
Theorem 3.3. For all a, &’ € [0,1] with o < o we have UD,, o (q) C UD,, o(q).
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Proof. From f € UD,, o (q) we have:

Dn+1 f(z) Dn+2f(z)
- g =(1— ! /
where ¢(z) is univalent in U with ¢(0) = 1, ¢’(0) > 0, and maps the unit disc U
into the convex domain included in right half plane D.
D™ f(2)

With notation = p(z), where p(z) =1+ p1z + ... we have

Dn f(z)
)
‘]n(a’f’ ) p( )+ p(Z)
From (3) we have p(z) + o’ - Zﬁ;S) =< ¢q(z) with p(0) = ¢(0) and Re ¢(z) > 0,

z € U. In this condition from Theorem 2.1 we obtain p(z) < ¢(z), or p(z) take all
values in D.
If we consider the function

:0,0'] — C, u) =p(z +u.zp'(z)’
g:10,d] 9(u) = p(2) ()
with g(0) = p(2) € D and g(o’) = J, (¢, f; 2) € D, it easy to see that
zp'(2)
a) =p(z) +a €D
g(@) = p(z) ()
Thus we have J,(a, f;2) < q(z) or f € UD,, o(q). O

Theorem 3.4. If F(z) € UD, o(q) then f(z) = Lo(F)(z) € Sk(q), where L, is
the integral operator defined by (1).

Proof. From (1) we have (14+a)F(z) = af(z)+zf'(z). By means of the application
of the linear operator D"! we obtain:

(1+a)D " F(2) = aD" ™ f(2) + D" (2f'(2))

or
(14 a)D" T F(2) = aD" " f(2) + D" 2 f(2).
With notation M = p(z), where p(z) =14 p1z + e have:
D7) =p(z), w p(z) =14+ p1z+ ..., we have:
D"HLF(2) 1 ,
DEe) PO e )
n+1
If we denote DDn;g)Z) = h(z), with h(0) = 1, we have from F € UD,, o(q):
zh'(2)
he) + a5 <ae),

where ¢(z) is univalent in U with ¢(0) = 1, ¢/(0) > 0, and maps the unit disc U
into the convex domain included in right half plane D.
. zp' ()
From Theorem 2.1 we obtain h(z) < q(z) or p(z) +
w (2) < a(s) or p(e) + B2

< q(2).

Using the hypothesis we obtain from Theorem 2.1 p(z) < ¢(z) or f(z) € S;:(q).
O
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Remark 3.7. If we consider D = Dg - in Theorem 3.3 and Theorem 3.4 we obtain
the main results from [1] and if we take D = Dg_, and a = 0 in Theorem 3.4 we
obtain the Theorem 3.1 from [2].
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