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A POINTWISE APPROXIMATION OF ISOLATED TREES IN A
RANDOM GRAPH

K. NEAMMANEE

ABSTRACT. In this paper, we give a pointwise approximation of the number
of isolated trees of order k in a random graph by Poisson distribution. The
technique we used here is the Stein’s method.

1. INTRODUCTION

A random graph is a collection of points, or vertices, with lines, or edges, con-
necting pairs of them at random. The study of random graphs has a long history.
Starting with the influential work of Erdés and Rényi in the 1950s and 1960s [7-9],
random graph theory has developed into one of the mainstays of modern discrete
mathematics, and has produced a prodigious number of results, many of them
highly ingenious, describing statistical properties of graphs, such as distribution of
component sizes, existence and size of a giant component, and typical vertex-vertex
distances.

Random graphs are not merely a mathematical toy; they have been employed
extensively as models of real world networks of various types, particularly in epi-
demiology. The passage of a disease through a community depends strongly on the
pattern of contacts between those infected with the disease and those susceptible
to it. This pattern can be depicted as a network, with individuals represented by
vertices and contacts capable of transmitting the disease by edges. A large class of
epidemiological models known as susceptible/infectious/recovered (or SIR) model
[4,17,19] makes frequent use of the so-called fully mixed approximation, which is
the assumption that contacts are random and uncorrelated, i.e., that they form a
random graph.

Random graphs however turn out to have severe shortcomings as models of such
real world phenomena. Although it is difficult to determine experimentally the
structure of the network of contacts by which a disease is spread [14], studies have
been performed of other social networks such as networks of friendships within a
variety of communities [5,10,13], networks of telephone calls [1,2], airline timeta-
bles [3], the power grid [22], the structure and conformation space of polymers [16],
metabolic pathways [11,15], and food webs [23]. There are many situations in which
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the theory tells us that the distribution of a random variable may be approximated
by Poisson distribution. In the random graph theory, one application of the ap-
proximation by Poisson distribution arises naturally when counting the number of
occurrences of individually rare and unrelated events within a large ensemble. In
this paper, we choose to count the number of isolated trees of order k in a random
graph with n vertices and give a non-uniform bound of the Poisson approximation
to this number.

Let G(n,p) be a random graph with n vertices 1,2, ..., n, in which each possible
edge {i,7} is present independently with probability p. A tree is, by definition, a
connected graph containing no cycles and a tree in G(n,p) is isolated if there is no
edge in G(n,p) with one vertex in the tree and the other outside of the tree. Let

Dn,k = {(il,ig,“- ,Zk)|1 < <ig<...<i < n}
be the set of all possible combinations of k vertices. For each i € D,, 1, we define

1 if there is an isolated tree in G(n, p) that spans the vertices
X; = i=(i1,02...,0k),

0 otherwise,

and set
Wok= > X
€Dy 1
Clearly W, i, is the number of isolated trees of order k in G(n,p) and the X;’s are
not independent unless £ = 1. For the small value of probability p, that is when
2

k?p — 0 and % — 0, Stein ([21], chapter 13) proved that the distribution of W,
can be approximated by Poisson distribution with parameter

n

k

and the uniform error bound is given by

A=EW, = ( )P(Xz — 1) _ kk—2pk—1(1 _p)k(nfk)Jr(g)—kle

B
(1.1) |P(W,1, € A) — P(Poiy € A)| < —=(1+¢,)et " (cpet )kt

Vk
for all A C NU{0},n € N, and k < n, where Poiy is a Poisson random variable
with parameter A, B is a constant independent of A, and

en = —nlog(l — p).

It is evident from (1.1) that the error bound tend to zero as ¢,, decreases to zero
provided k > 2. Observe that the bound in (1.1) is a uniform bound that works
for any possible number of trees in the graph. In this paper, we shall introduce a
non-uniform bound of the Poisson approximation, i.e. a better error bound once
the number of trees is specified.

Throughout the paper, let us fix the number of trees wy € {1,2,..., (Z)} and
denote for convenience

ef/\Awo

A(n, k,wy) = |P(Wy = wo) — ool

where A = EW,, ;.. The following theorems are our main results.

Theorem 1.1. Suppose 2k < n and wg # 0. Then
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1. A(n, k,wp) < Amin {wig’ %} min {2, %kQ (1 + cne%(c"_l)) }, and

2. A(n, k,0) < min {1, /\} min {2, )\},

In order to gain a better understanding of these results, some asymptotic behav-
iors of A(n,k,wg) and A as n goes to infinity are summarized in the following two
theorems.

1
Theorem 1.2. Let § > 1, k < O(n?), and p = O(—é). Then, for §* € (1,0), we
n

have
1 1
1A < 5 0(oanr):

2

2. A(n, k,wg) < !

1
wok3 0(n2(6*71)(k71)71

), and

1 1
3 A 1,0) < 55 0( )
where lim M = ¢ for some ¢ > 0.
n—oo  g(n)

1 1
Theorem 1.3. Let § € (O, 5), k< On?), andp = O(—5) for some § > 0. Then
n
A(n, k,w)
wo

1. forwy>2 and 6 > 1, — 0 asn — oo and
2. ford > 2, wolA(n, k,wy) — 0 as wyg — 0.
Some remarks are in order.
1. When the probability p is small compared to a positive power of n, i.e., p =

1
O(—&) for § > 1, both the error bound and A tend to zero as n approaches infinity.
n

1
2. If p = O(—é) for some 0 > 1, then we are dealing with a Poisson distribution
n

1
m) for all §* S (1,5) Theorem
n

1.3(1) says that as n increases without limit, the error bound A(n, k, wp) tend to
- wo

with parameter A\ smaller than O(

zero faster than the Poisson probability '
wo:
- wo

3. Theorem 1.3(2) confirms that the Poisson probability, 67'
wo-

slower than the error bound A(wq, k, wo) as wo goes to infinity.
Throughout the paper, C' stands for an absolute constant with possibly different
values at different places.

, tends to zero

2. PROOF OF THE MAIN RESULTS

The main result in Theorem 1.1 will be proved by Stein’s method for Poisson
distribution. Stein [20] introduced a new technique of computing a bound in normal
approximation by using differential equation and Chen [6] applied Stein’s idea to
the Poisson case. The Stein’s equation for Poisson distribution with parameter A
is given by

(2.1) AMf(w+1) —wf(w) = h(w) = Px(h)
where f and h are real-valued functions defined on NU{0} and Py (h) = E[h(Poiy)].
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For each subset A of NU {0}, define hs: NU{0} — R by
1 fwed
h = ’
a(w) {o ifw¢ A

For convenience, we shall write h,, for hy,, and denote C,, = {0,1,2,...,w}. For
each wy € NU {0}, it is well known [21, p.87] that the solution Uxh,, of (2.1) is of
the form

w— 1)! .
(U)T))\wo_wlp)\(l — hcw—l) lf wWo < w,
_ —1)!
(22) U, (w) = —(wa))\wo_w’PA(hcwfl) if 0 < w < w,
0 if w=0.

Some properties of Uyh,,, needed to prove Theorem 1.1.
Lemma 2.1. Let wg € N and Uphy, be the solution of (2.1) with h = hy,. Then
) 1 1
1. |Uxhuy,| < mm{w—o, X} and

1 1
. <min{— <
2. |[Vaha,| _mm{wo, )\}
where Vyhy, (W) = Unhy, (W + 1) — Uxhyy (w).

1
Proof. To prove 1., we shall first derive that |Uxh, (w)| < — by splitting w into
wo

two cases according to the definition of Uyhy, (w).
When w > wy, it follows straightforwardly that

w—1)! ZNF
0< U)\hwo (UJ) = %)\woiweiA Z ﬁ
! = k!
(w18 Ao Awotl Awot2
T (w!+(w+1)!+(w+2)!+ )
—1)! - )\w0+1 )\U)g+2
_(w '>L'< wo 4 n T
we!  w! (w+1)  (w+1)(w+2)
1 A A\wo )\w0+1 )\w0+2
Sl e bo)
w we!  wollw+1)  wel(w+ 1)(w+2)
1 A\wo )\w0+1 )\w0+2
< — **( + +)
wo woe!  (wo+ 1) (wo + 2)!
1
< —.
wo

For w < wyp, the bound of Uyhy,,(w) is obtained as follows:

— 1)1
0< M}\wo—w'])}\(hcwil)
wo-
IO LY O\ T
T w! ol 1l (w—1)!

_ w1 f g = 1) — w e A
[Cwo— 1) = w+ 1]
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2-3--[(wg — 1) —w + 2JIA(wo—D—wi
[(wo— 1) —w+2]!
w(w + 1) - (wo _ 1))\(1110—1)
(U/() — 1)!
(U) - 1)' Y (’LUO — 1)' { )\(wo—l)—'w+1
[(

<
~—  w! ¢ (w—1)! wy — 1) —w+1]!

+

)\(wo—l)—w+2 )\(wo—l)
+ 4o =
[(wog—1) —w+2)! (wo — 1)!
1 )\(wofl)warl )\(wofl)fw+2
= 767/\ —+
wo [(wo—1)—w+1)  [(wg—1) —w+2]!
A(wo—1)
U g
1
< —
wo

Combining the two cases gives

(2.3) [Unbay (w)] < —.

1
Similarly, we show that |Uxhy,| < X by considering two cases. If w > wy,

C L(w—1)!  fAwetl o jwed2 o \wotd
O<U)\h7Uo(w)_X wo! ¢ w! + (w+1)! * (w+2)! +

1 )\1UO+1 A\wo+2 Awot3

- X wolw wo'w(w+1) +w0!w(w+1)(w+2) o
1 Awo+1 A\wot2 A\wo+3

< - + PRI

*/\ (wg + 1)! w0+2)! (wo + 3)!
1

< —.

—A

For w < wy,

-1
0< M)\woiwlp)\(hcwfl)
wo-
1(w—1)! | [wy—w-+1IAwo—wHl n 23 [wy — w + 2_Awo w2
=— e
A wp! [wo —w + 1]! [wo —w + 2]!
+1)--- Awo
L w(w + 1) ' wo }
wWo!

1 (w — 1)' _ wO! )\wo—w+1 )\wo—w+2 AWo
A wp! ¢ (w—=1 [wo —w+ 1] [wo—w+2]! wo!
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1 A )\wgwarl )\wofw+2 A\ wo
A [wo—w—&—l]!Jr[wo—w+2]!+.”+w0!
1
< —.
A
The above two inequalities demonstrate that
1
(2'4) |U)\hwo (w>| < X

Therefore, by (2.3) and (2.4), 1. is proved.
Formula of Vyh,, is easily derived from that of Uxh,, in (2.2), that is

a1 =D o 0 e ) AP = By, )] ifw > w1
wo! A Cuw )\( Cuw_1 Hw = wo )
—1)!
Vahy, (w) = § Awo=w=1 (ww()' ) [wPA(L = he,,) + APA(1 = he, )] if w = wy,
—1)!
_/\wo—w—l%[wp/\(hcw) — )\PA(hCUHI)] if w < wgy+ 1.

Similar arguments as in Neammanee [18] produce the desired bound for Vyh,,, in
2. O

Proof of Theorem 1.1. Proof of 1. is divided into two steps.
Step 1. We claim that

11
A(n, k,wo) < )\min{w—o, X} min{2, E|Wy  — W_ixl}-

In fact, for each i € D,, &,
BXifWnp)] = E{E[Xif (W k)| Xi]}
= E[X; f(Wn)|X: = 0]P(X; = 0)
+ E[X f(Wa )| X = 1]P(X; = 1)
= E[f(Wo )| X; = 1]P(X; = 1)
=P(X;=1)E[f(Wy_p + 1),
where W, ~ (W — X;)|X; = 1 is the number of isolated trees of order k in
the graph G(n — k,p) obtained from G(n,p) by dropping the vertices i1,z ... ik

and all the edges containing any of these vertices. By the fact that W7 _, , has
identical distribution as W,,_j, 1, we easily deduce

EW o f(Wai)] = Z EIX; f(Wh)]

1€D, i

Z P(X; = D)E[f(Wn—kk +1)]
i€Dy 1

= AE[f(Whn—rr+1)].

Once we set h = hy, in (2.1) and apply (2.5) to the left hand side of (2.1), it follows
immediately that

(2.5)

w

A\wo
P(Wn,k = ’on) - 6_/\w70! = |E[)‘U)\hw0 (Wn,k + 1) - WnkaAhwo (Wn,k)”

S AE|Uzhawy(Wh i + 1) = Unhawy (Whn—i i + 1)
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< A2 5up [Ur by (1 + 1)
w
. 1 1
< 2Amin {—, f}
wo A

where Lemma 2.1(1) was used in the last inequality.
By writing Uxhuw, (Wa,k+1)—Unhuw, (Wh—k k+1) as the sum of 1-step increments
and applying Lemma 2.1(2),

Ao
P(Wi e = w0) = € 2| < AUy (Wae + 1) = Unhasg(Wa—t +1)|
0.
< AE| sup|Unhu, (w + 1) — Uxhy, (w)]
w
X [(Wn,k: + 1) - (Wn—k,k + 1)“

o101
< )\mm{w—o, X}E|Wnk — Wh—k k|-

1 1
Hence A(n, k,wqg) < /\min{w—, X}min{2, E\Wakx — Wa—kkl}

0
Step 2. It now suffices to find a bound of E|W,,  — W, _y x| for n > 2k.
By [21] (p. 140, 142), this expectation can be estimated by

EWok =Wkl = EWn g = Wag) T + EWpep ko — Wap) ™
k}2
< ;EWn,k + {1 (1= p)kQ}EWn—k,k
k2 21 EWy ko k
—(Zifi-a-pr* }*)A
(n + [ ( r) A
and for n > 2k, we have

EWp ik
A

.2
%(Cn_l).

<e
Therefore

k2 2 k2.

W = Womiel < (= + [1 —(1—p)* ]eT(C"_l)))\

2
¥ + el (en=) _ e_%z))\

n
]{)2 k2¢n
J— + (e n
n

2
< ARZ (1 + cne%(cn—l))

- n

|
/N N N

— 1)6_%))\

where we have used the fact that e* — 1 < ze® for z > 0 in the last inequality.
It follows readily from step 1. and step 2. that
11 k2 2
A(n, k,wgy) < )\min{—7 f}min{Q, — (1 + cne%(cn_l)) }
wy A n
The bound of A(n, k,0) in 2. is obtained in the same fashion as that of A(n, k, wo)
except that the inequalities

1. |Uxho| Smin{l,%}
2. [Vahol gmin{l,i}
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are used instead of Lemma 2.1. With a few obvious adjustments, proof of Lemma
2.1 work equally well for Uyhg and V) hg. ([l

Proof of Theorem 1.2. From Theorem 1.1 and the fact that

(2.6) Cn = O(%) when p = O(%)

we see that

A2k?
2. A <
(2.7) (n,k,wg) < C o
and

272
(2.8) A(n,k,0) < C)\: .

Under the settings, we would naturally like an estimate of A in terms of n and k.
By (19)-(22) in p. 141 of [21], A can be factored as

(2.9) A = a(k)B(k, p)y(n, k,p)
bt g ek 5 K243k
where a(k) = kki'e,ﬁ(k,p) =k 2efph i1 _p)—(%s)ﬂ and
k—1 j
_ o k_—kcn _J
’Y(n?k‘7p)_n € le_[l(l TL)

The Stirling’s formula ([12] p.54),
Vorkktzekemia < kI < \/27r1€k+%e_keﬁ7

easily derives the inequalities

1 1
2.10 — < alk) < ———.
( ) vV 271'6% ( ) \2me 1213+1

Finally, by (2.6), (2.9)~(2.10) and the fact that k < O(n?2),

k
A< (/];7; ek(l—cn)pk—l

— @(C elfcn)kflel—cn< 'Y )k_l
ks " —log(1 —p)
S Cfg(cnelfcn)kflelfcn
2
n e k—1
< —,O(—)
— k% n5—l
1 1
(2.11) < 70l

k—1
where we have used the facts that lim ($) = 1 in the second in-
i \ Zlog(1— )

equality and lim £ - 0 for all # > 0 in the last inequality. And the theorem
n—oo N
follows from (2.7)—(2.8) and (2.11). O
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Proof of Theorem 1.3. Let us first observe that

i j k(k—1) 0k
(2.12) H(p%):exp[f%,w
j=1

for k < g with 0 < 6 < 1. So, after substituting (2.12) into (2.9) and noting the

k2
fact that lim — = 0, we obtain
n—oo N

C
A> kf?(cnelfcn)kflelfcn

2
_ O 1
N O(n(é,l)(k,n,l)-

With this lower bound of A, (2.7) becomes

A(n,k,wg) 1 1
0< Ao = woe(wo—2)(k—1) O(n(wo—2)[(5—1)(k—1)—1+%]+1—2ﬁ)
(wp—2)—1+28
(2.13) = (- - )o( ! =)
woe(wo—2)(k—1) nwo—2)[(6—1)(k—1)+2£]

1 1
—0 ).
wo (n(WO*Q)[@*l)(k*l)ﬂL%])

IN

Obviously, the right hand side converges to 0 as n goes to infinity. Again by
Stirling’s formula ([12],p.52), k! ~ v/27k*+2e~*, an upper bound of the number of
isolated trees can be computed. That is,

n n!
o = (k) = =
V() ()
< Cn(1—Bk

< OG-k

for k sufficiently large. This immediately implies that, for k£ large enough,
(wo—1)!' < Cnwo—=2)(6-1)(k-1)
Thus, we conclude from this bound and (2.13) that
A(na k:7 U)Q)
Awo
< (wo — 1)10( ! )
- nwo=2)[(6=1)(k—1)+7]
1

< ———
~ p3B(wo—2)

0 < wo!A(n, k,wo) < wp!

which converges to zero as wq increases to infinity. ([l
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