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VARIOUS REPRESENTATIONS FOR THE SYSTEM OF
NON-MODEL HYPERBOLIC EQUATIONS
WITH REGULAR COEFFICIENTS

ADIB A.N., RADJABOV N.

ABSTRACT. The authors have got new integral representations for the lin-
ear system of hyperbolic equations with regular coefficients in infinite re-
gions. Furthermore, they used these integral representations to investigate
new boundary value problems in infinite regions.

1. INTRODUCTION

Hyperbolic differential equations with singular coefficients or singular sur-
faces possess importance in diverse areas of mathematical physics and mathe-
matical engineering, including elasticity, hydrodynamics, thermodynamics and
other problems [3, 5, 4]. Furthermore, it is also well known that hyperbolic
differential equations with one or more singular lines occur in engineering and
physical processes. For example, the non-model hyperbolic equation of second
order with two singular lines is employed to describe the transformation spec-
trum of electric signals on long lines with variable parameters in the theory of
the electric flail [4, 7, 8, 6, 1, 2]. The problem of obtaining various solutions for
equations of hyperbolic type with singular coefficients is described in a number
of works (see the references). In [7], the equation

PU [ U  m oU
Jj=1 J
where a positive constant, 7; positive constant, possesses various solutions
which may be represented in terms of solutions to the regular equation (see
[7]). Depending on the obtained results, a solution of the Cauchy problem
follows when boundary conditions are specified on the initial surface ¢t = 0. In
[4] for the equation
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82_U_|_ﬁa_U_ 82_U_|_82_U _f(LC t)
ozt ot ox2  0y? ) 9t

where 7 > 0 in region z > 0,t > 0, —00 < y < oo the problem is solved subject
to

oU (z,y,1)

Ulx,y) =0, 5

= 0, U(O,y,t) - g(y,t),

t=0

x,y,t are arbitrary variables.

2. MAIN RESULTS
Let D be the following infinite regions:
D ={(z,y) : —00 <z < 00,—00 <y < 00},
with the boundary:
Iy ={(z,y) :y=0,—00 <z < o0},
Iy ={(z,y) 12 =0,—00 <y < oo}.
In D we consider the following system:

PUs | O oU; oU, -

J=1

(1 < s < n), where a(z,y),b(z,y),c(x,y), fs(z,y) are given continuous func-
tions.

Case 1.

Theorem 1. Let the coefficients in system (1) satisfy: ass(x,y) € CLD),
bss(z,y), cs(z,y) € C(D), 1 < s < n,a;,(x,y) € Cp(D), bjs(z,y) € Cy(D)
at j # s,j,8 = 1,2,...,n. Then any solution of system (1) within the class

C*(D)NC(D) is:
Us (LC, ZI)— / e (@,7)—wj (I’y)dT / CL; (t7 T)Us (t’ T)ewf(t,‘f')*’wf(x,‘r)dt
Y T

+/ ewg(x,T)wS(z,y)dT/ ewf(t,-r)fwf(zﬁ)x
Y x

(2) n
X [— Z(ajs(t, 7)% + b;s(t, 7)% +¢;(t, m)U;(t, 7))|dt
1%

=gs(x,y),1 < s <n,
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where gs(x,y) is the Volterra system integral equation of the second type in the
form:

gscx,y>::¢g<x>e—w5@wﬂ-+ﬂ/" euitam)—us(e)-ui @), () dr
)

(3) o o
+ / ewg(x,T)—wg(:v,y)dT / ewf(t,’r)—wf (z,7) fs (t, T)dt,
y x

(4) wi(x,y) = /00 bss(t,y)dt, wi(z,y) = /OO ass(x, T)dT,

and V¢(x), ®s(y) are given continuous functions on I'y,Ty.

Proof. Let the coefficients in system (1) satisfy: ag(x,y) € CL(D), Ss(m y)
cs(x,y) € C(D), s = 1,2,...,n, aj(z,y) € C(D), and by (z,y) € C;(D) at
j # s. Then the system (1) can be written in the form:

{§+%me%+%mwﬂ@@w:ﬂmw+é@wmmw

5 — Z {ajs x,y) a(x ) +bj5(x,y)%§’y) —|—cj(x,y)Uj($,y)}
Jj=s+1

= 3 [t P 0y P o0 )

=F(z,y),1 <s<mn,

aass xz,
(6) C;(‘ray) = —Cs(.fC,y> +% +ass(xay)bss(xvy)u
then we can put
oUy(z,
(7) %‘FGSS(L@/)US(%ZJ) IQS(LZJ)-

Substituting from equation (7) into equation (5), we get

(8) 9gs(z,y)

o T bes(2,y)gs(x,y) = Fy(z,y).
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Solving equation (8), (7) and substituting the obtained results into equation
(5), we get the solutions of equations (2), (3) where

/ ws (t,7)— wlmT)ZajstT ]dt

J7#s
7j=1

—Z (ajs(z, TUj (2, 7) — e 1@ a,,(0,7)U;(0, 7))
J’#S
T 90wt -wite)
- (E(e ajs(t7T)))Uj(taT)dt]7

o0 0o
/ piten-uiengy [ euitn-vieny, ¢ O
Y or

e~ uwi@) / e 0wl (1 0)U;(t, 0)dt

dT |i w2 (z,t)— w;(x,y)))ewf(t,r)fwf(l”ﬁ)bjs (t, 7')

+ E(eun(t ,T)—w; (, T)b (tﬂ_)ewg(z,r)—wg(gg,y)) Uj(t,T)dt.

Then we can get

U () / dr / {euslemwe) uin)wien) & (1)U, (¢, 7)
Y T

+ Z Cj (t7 7-)17‘7 (t’ T)ewg(xﬂ-)*wg (x,y)+w‘19 (th)fwiq (er)

J#s
7j=1
a ws (t,7)—w;” (z,T) wi (z,7)—ws (z,y)U; (t,7)
—a(e n ajs(t,7))e" 2T T
8 ws (x,7)—ws (x w? (t,7)—wi (x,
_[E(e 5 (@,7)—ws( 7y))e $(t,7)—ws (=, )b]s(t’T)

S S a S S
e (O (1 7))[U 1, 7)Y
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o0

—~ / e 2SN (2, ) U (2, 7) — €710y, (0,7)U5(0, 7)) )dr
y i7s
7j=1

— / Z ewity—wilzvp, (¢ YU, (t,y) — e—wé(wvy)+wi(t70)—wi(w70)bjs(t, 0)U,(t,0))dt

x J7S
7=1
=gs(x,y), 1 <s<n.

We get

(9) KS (a’;) y, t’ 7-) = ewg(xv'r)_wg(mvy)"'wf(th)_wf(va)c‘i (t’ 7—)’

Kyo(a,yit, 7) = e e i) e, 1, 7)

. 2 (ewf(tn')—wf (z,7) s (t, T))ewg (z,7)—ws5 (z,y)

ot
a ws (z,7)—ws(z,y)\ ,wi(t,7)—ws(x,7)
—8—(6 2\ 2\%Y )6 1" 1 bjs(t,T)
-
ws(x,7)—ws(x a
(10) et (b (1, 7))
— W5 (1) —ws (@,y)+wi (t,7) —wi (2,7) g
Oas(t,
X [cj@, ) — % s (t, T)bss (8, T) — g, )by (2, 7)
0bjs(t,7) ows(t,7)  owi(z,T)
- b's ta )
+ ot + or or js(t:7)
(11) K (z,y;7) = e @n =g, (o 7),
(12) K@ (z,y;7) = emsen-wien-uitng (o 1),
(13) K (w,yi7) = 1070100, (1, ),
(14) K (@, y; 7) = evitOwilen)eie O, (1, 0).

Then the problem takes the solution of Volterra system integral equation of
the second type in the form:
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(15)
9s(z,y) =
/ dT/ (x,y; ¢, 7)Us(t, 7) —|—i(st(l‘,y;t,T>Uj<t,T)]dt
s
- / m(i(K,i?u, y; VU, 7)) = K32 (2,4 7)U;(0, 7))dr—
g
- / IS K s U (1) — K vy U (4,0, 1< 5 <
T A
The proof is complete. 0J

Remark 1. The solution g,(z,y) of equation (15) in the neighborhood of T'f
can be represented in the form:

U0.) — [ I L0 1)U0,7) — K2 0,5:7)U0,7)dr = 6,0,0),

=1
is

(16) 9+(0,y) = W, (0)e17) + / eV OD 0N G (1) dr.
Yy

From equation (11), (12) we get
(1) R :
st (ana’r) - st (07y77_)7
then

US(O7 y) = gs(oa y)

Similarly, the solution gs(z,y) of equation (15) in the neighborhood of T'y can
be represented in the form:

(17) (z,0) Z/ (KD (2, 058) — K12 (2, 0;6)]U; (¢, 0)dt = g(x,0),
J#S

(18) gs(x,0) = Uy(z), 1 <s<n.
Then we can put
K(S)(x,o;t) —ewi(t0)—wi yco)bjs(x 0),

gs

KD (2,0;t) =evitOwi@0y, (1,.0) = K\V(x,0;¢).

gs
We get
US(ZE,O) - gs(x, 0) - ‘Ijs(x)
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Problem P;. Find a solution of system (1) within the class C*(D) N C(D U
I’y UTy) under the boundary conditions:

Us(Oa y) :as(y)7y € P2a
(19) Us(x,0) =bs(x),z € 1,1 < s <m,
as(0) =bs(0).

Solution of Problem P;. Substitute the conditions Ug(z,0), Us(0,y) in the
integral representations (17), (16) we can get

Wy (x) =bs(z),

/ 3000300 (7)dr —au(y) — bs(0)e~ 5O,
Y

/ ewS(O’T)(I)S(T)dT —ew3(0v) _ bs(0),
y

then
s d. .
B,(y) e 10D L1000, ) — b,(0)] o
2 —w$ ws ws
(R0} @, (y) e ON 300 (0, y) (as(y) — bs(0)) + €20V al (y)],
CIDS(y) ZGSS(O’ y)[%(y) - bS(O)] + CLS(y)'
We get

D,(0) = a(0,0)as(0) + a3 (0), as(0) = by(0).
Substituting the obtained functions V4(x), ®4(y) into the integral representa-

tion (15) and using the condition (19) of problem P; we get the solution of
Volterra system integral equation of the second type in the form:

Us(w,y)—/dT/[Ks(a:,y;t U, (x,t) +Z (z,y;t, 7)U,(t, 7))dt
v ’ J#s

(21)
—/;K(l)(a: YT :ETdT—/Z (x,y; 0)U;(t, y)dt

7=1
. x
J#s J#s

=Gs(z,y),1 <s<n,

Go(z,y) =gs(af, Y)

(22) (/ KO (2, y;7)ay (7 )d7+/:Obj(t)K;;”(x,y;t)dt).

J#S
The system (21) is solvable and its uniqueness solution can be obtained by
using the kernels (9), (10), (11).
The proof of the following Theorem is completed.
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Theorem 2. Let the coefficients of system (1) satisfy the conditions of Theo-
rem 1, as(0,y) € C*(Tq),as(y) € C*(T2) and bs(x) € C'(T'y). Then Problem

Py has a unique solution in the form:

Us(z,y) =g(7,y) / / y(x,y;t,7)g(t, 7)dtdr
(23) +/OO Lo(z,y;7)g( T)d7+/m Us(z,y;t)g(t, y)dt

/ Ly y; 7)g (0, 7)dr — / Dy (e, y: 7)g(t, 0)dt

where g(x,y) = (91(9: y) 92(2,9), 93(%,Y), - . ., gu(z,y)) and U(z, y) = (Ui(z,y),
Us(z,y),Us(x,y),...,Us(x,y)), 1, T, are the kernels of the formula (21).

The formula (23) of the functions G4(z,y) can be obtained by using the
inequalities (22), (3), (4), (20), (19).

Problem P,. Find a solution of system (1) within the class C*(D) N C(D U
I’y UTy) under the boundary conditions:

Us(x,0) =gs(x),
(24) U
83/ . :fs (y)

where f,(y), gs(x) are continuous functions on I'j, I'}.
Solution of Problem P,. From equation (2), we have

oUs|  _9gs(z,y)
ay =0 ay x:O’

8 S ) —ws o s oS
g (ZL‘ y) — ¢ wQ(m,y)ass(x’y) |:\I]S(I) +/ er(w,O) wl(x,T)(I)s(7_>d7_
Yy

dy
+ / ewg(ac,'r) / ewf (t,7)—ws (x,7) fs(ty T)dt:|
y T

o0

fews(@y) {qpsw)e@(w:y)—@(w,y) + ewS(xvy)/ ewf(t’y)_wf(x’y)fs(t,y)dt )
xr

We get

99s(7,y)
dy

= —e "0 a(0,y)[T,(0)+ / 2O (r)dr]+ D4 (y) = fi(y),
Yy

=0
or

a0 p0) + [ OB ()] + O 4B (y) = 1.(y)e 5O,
Y

Also we get
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We can get the function ®4(y) from the integral equation

OV (y) — as5(0,y) / 0N (r)dr) =fi(y)e O — as(0,4)g:(0),
Yy

20N (y) =Pl (y),

S

fS(y)ewS(O’y) - a88(07y)gs<0) =Fy(y),1<s<n,

(25) #(0) ~ au(0.0) | " ol (r)dr = Fi(y),

©,(0) = Fy(0) = f5(0) — as5(0,0)g5(0), or
®4(0) = £5(0) = ass(0,0)g5(0).

By solving equation (25), we can get

(I)S(y) :fS (y) - ass((), y)gs(O)e_WS(Ovy)

26 o s
(26) +ass(0,y)/ af‘(gl)_ewz(O,r)gs(())dT_

Substituting the obtained functions ¥(z), ®4(y) of equations (25), (26) into
the integral representation (15) and then solving the obtained system, we get
the solution of Problem P,.

Theorem 3. Let in system (1) the coefficients a(x,y),b(x,y), c(z,y), f(z,y)
satisfy the conditions of Theorem 1 and in Problem Py: f,(y) € CY(T3), gs(x) €
C?(T'y). Then problem Py has a unique solution which is given by the formulae

(23), (3), (25), (26).

The values of the kernels I'y — I's can be obtained from equation (23) and
then substituting into the integral representation (15).

Cases 11.

Theorem 4. Let the coefficients in system (1) satisfy: bss(z,y) € Cj(D),
ass(z,y), cs(z,y) € C(D),s = 1,2,...,n; ajs(z,y) € Co(D), bjs(z,y) € Cj(D)
atj #s,5,s =1,2,...,n. Then any solution of the system (1) within the class
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C2(D) N C(D) is:

Us(a.y) = > / dr / S (2, y;t, 1)Uy (t, 7)dt
Is
S / KD @,y Ut y) — —KD(x,y:)U; (¢, 0))dt
j=17%
its

n

(27)

where ggl)(x, y) is the Volterra system integral equation of the second type, and

the Kernels of equation (27) are:

KD (2, y;t,7) _9 [ (b9)—wi (@a)us (t:r) w3 ()]

ot

s s 5 8 5
+ew1(t,y)*wl(ryy)*wz(t’y)g[er(t’T)bj (t,7)]

_|_€wf(t7y)—wf(x7y)+w§ (t,7)—w3(ty) Cjs (t,7),

K150 et )
K (@, y;t) =it =wi@p, (1,0),
KJ(? (z,y;7) =ew2tDmws@Y g (7)),
Kg%) (2, y;7) =ew2 O 7ws0u)wilv) g, (0, 7).

Proof. Let the coefficients in system (1) satisfy: by (z,y) € Cy(d), ass(z,y),
cs(x,y) € CD,1 < s < n,a;(x,y) € Co(D), and bjs(z,y) € C, (D) at j # s.
Then the system (1) can be written in the form:

[8% +au(e, yﬂ P ; bss<x,y>} U(z,y) =

ox
:fs(‘ray) +Cg(xay)Us(m7y)
(28) ]Zl {%s(% y)w + bjs(z, y)%{j’y) + ¢j(2, y)Uj(x, y)}
= 3 Jaten P b P o))

=rW(z,y),
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—1 abss (.7}, y)
dy

1

(29) c(z,y) = _(1:79)_168(93’9) +x + (,y) " ass(z,y)bss (7, y)

Solving the system (28) we get

Us(a:,y)—/ {ewf(t’y)_wf(x’y)dt/ Cg(t,T)ewg(t’T)_wS(t’y)Us(t,T)dT
x y

+/ ewf(t,y)—wf(z,y)dt/ ew;(t,T)—wS(t7T)><
x y

(30)
- oU; oU;
X ; (ajs(t, T)a—tj + b;s(t, T)E?_t] +¢;(t, 7)U;(t, 7')) dr
J#s
=g (z,y),
g (z,y) =0L(y)e i@y 4 /Oo Wity —wil@y)—wsty) g () qr4
(31) ’

+/ ewf(t’y)_wf(x’y)dt/ ewr =Wty £ (+ )dr,1 < s <n
x y
Also, we have

& o s s s s - aU
d wy (tyy)fwl (wvy)+w2(t»7)7w2(tay) i t _Jdt
JACaTAC )t ),

i
/ {Z e [(erilen e -t (o, 1)U, 7)
O 01,0,7)00,7)
> a El S S
a / a (ewl(t’y)+w2(t7‘r)7w2(t7y)@j5 (t’ T>>Uj (tv T)dt]}d7->
and

/ thT) Zbﬂs dT—

Jaﬁs
- ws > 8 ws(t,7)b; T)dT
= [e“2 Wb, (t,y)Uj(t, y) — bja(t, 0)U(t, 0) —/ Ujlt, 7) 5l 2t (b)),
j=1 y
i#s

Substituting the obtained integral values into equation (30), we get the solution
of the integral system in the form (27). O
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Remark 2. From equation (27) we get the following integral equations

(2,0) +Z/ K& (@,0;6)U;(t,0)~ K2 (2,0,4)U;(t, 0)dt = gtV (x,0),
J#s

(33)  Us(0y +Z/ (0,53 7) — K12(0,557)U;(0, 7)dr = (0, y),
J;és
where
D (2, 0;t) =e itO=wi@0Y, (¢ 0) = K (2,0,1),
( 2(0,y;7) =3O =i 00 g, (0, 7) = KD(0,y;7),
Us(x,0) :gﬁl( ,0),
Us(0,y) =gV(0, y).

From equation (31), we get

g(0,y) =21 (y),

gV (,0) =B (0)e i) + / eUitO—ui @O g (1) gt

S
x

Theorem 5. Let the coefficients of system (1) satisfy the conditions of The-

orem 1. Then any solution of system (1) within the class C?>(D) N C(D)
contains 2n arbitrary functions of one variable (n-functions of the variable =
and n-functions of the variable y) can be represented in the form:

Uz, y) =g(a,y) + / / PO (2, g 1, 7)g(t, 7)dbdr
y T
(34) T / PO (2, g 0)g(t, y)dt + / T (0, s 7)g(t, 7)dr

xT

+ [ TP yoge0d+ [0y, 7)r
T Y
where ®1(y), Pa(y), ..., Pu(y); Vi(x), Vo(x),..., VY, (z) are arbitrary continu-
ous functions of the variables x and 1y, Fgl) —Fél) are the kernels of system (15),
g:g((pl,@z,...,(I)n;\lfl,\pg,...,\pn) = (gl,gg,...,gn),U: (Ul,UQ,...,Un).
Moreover ®,(y) € CH(Ty), ¥, (z) € C*(Ty).

Theorem 6. Let the coefficients of system (1) satisfy the conditions of Theo-
rem 4. Then any solution of system (1) within the class C*(D)NC(D) contains
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2n arbitrary functions of one variable can be represented in the form:

U(z,y) g (x Y) / dt/ 2) (z,y;t, T)g(l)(t,T)dth

(35) —i—/ F2 (x,y;t (t,y)dt+/ Fg)(x,y;T)g(l)(a:,T)dT

)

-I—/ F2 (z,y;t 1)(t O)dt—l—/ FéQ)($,y;T)g(l)(0,T)dT,
y

where (y), ¥ 1)(31:),1 < s < n are arbitrary continuous functzons of the

Variables x and y, T §1 - F51) are the Kernels of system (27), g* = g(q)( )

¢51)7 R ®7(7‘1); ‘Pg.l)7 ‘Pgl)7 R \117(7/1)) — (gg. )795 )7 st 7g7(7'1))7 U - (U17 U27 MR Un)'
Moreover, 1 (y) € C2(Ty), ¥ (z) € CY(Ty).

Remark 3. The obtained integral representations can be used to solve various

boundary value problems.
For solving Problem P;, we use the representation of the form (35), and the

functions @gl)(y), \Ifgl)(x) can be obtained from equation (33). From (33) we
get

Uy(z,0) =g (z,0),
U,(0,y) =g (0,y).
Then

9D (z,0) =d (0)e w1 @0 4 / £ (10)~wi (.0) gy (1) gy
(36) S S - S

9(0,y) =0i(y),

(37) OL(y) = as(y)
as(0)evi@0 4 /00 Wit —wi@Og M (Y = b (2).
We get ’
/oo e 1T () dt = by(x)e®1@0) 1 a,4(0).
Solving the above :quation, we get
(38) W(t) = [bi(@) + by (2, 0)by()).
Then the proof of the following Theorem is complete.

Theorem 7. Let the coefficients of system (1) satisfy the conditions of Theo-
rem 4. The functions as(y), bs(y) satisfy the conditions of Theorem 3, bss(x,0) €
CY(T'y). Then Problem Py has a unique solution which is given by the formulas

(35), (31), (36), (37).
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Problem Ps. Find a solution of system (1) within the class C*(D) N C(D U
I’y UTy) under the boundary conditions:

Us(0,9) = (v),

U
sl ()
o | 95" (),

where fs(l)(y), gs(1)(z) are given continuous functions on I'y, T';.
Solution of Problem Ps. From equation (30), we have

U,(0,y) =2{"(y),

aU’s :5921) (.CE, y)
oz |, Ox y:O’
but
995" (z,y) . o
T”yzo = - bss(x, O)eiwl (2,0) [(I)gl) (O) + / ewl(tvo)\pgl) (t)dt] + \Ilgl) (l’)
=g (x).
Then
(39) oM (y) = M (y),

s

e 1@Ow W (1) — b (x, O)/ 1T (yat = g (2)e™ 1@ 4 FD(0)b,,(x,0).
Solving this integral equation we get
Vi (2) =gtV () + f1V(0)bys(x, 0)e i)

s (i, 0)e i) / (g5 (1) + FE(0)bys (¢, 0)e 1) dt,

xT

(40)

Theorem 8. Let in the system (10) the functions a;s(z,y), bjs(x,y), ¢;(z,y),
fs(x,y) satisfy the conditions of Theorem 4 and in Problem Psj: fs(l)(x,y) S
C%(Ty), ggl) € CY(T'y). Then problem P3 has a unique solution which can be
obtained by using the formulas (35), (31), (38), (39).

Remark 4. Let in system (1)

al, (x,y) bjs(, y)
' _ s\ , — sV I
a]s(%y) |$_y|ajs,bjs($,y) ‘x_yﬁjs7
¢z, y) (e, y)
, — IVl = L5
cj(x,y) |$_y|7jaf8(xvy> |z — |5’

where a5 < 1,85, < 1,7, <1,6; <1,1 <s,7 <n.
From equation (4), we get the continuous functions wi(z,y), ws(z,y). The
ows; (t,7) Ows(x,T
or ) oz

continuous functions ) satisfy the condition bss(z,y) = 0 (|z —
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y|*), as > fss when x — y. Then the integral equation (15) is Volterra integral
equation of the second type.

Theorem 9. Let in the system

82(]s _{_zn: ags(l‘7y) an b?s(xay) an + C?s<x7y) . _ fg(xvyé)"
Oy |z —y|%

— |z =yl 0r oyl Oy |z —ypi

where ajs < 1,0, < 1,7, < 1,0; < 1,1 <5 <n,1 <s < n, the coefficients
satisfy:
(1) bjs(x,y) of the variable y have continuous derivative of the first order,
continuous of the variable x.
(2) ajs(x,y) at j # s have continuous derivative of the variable y, contin-

uous of the variable x. B
(3) Az, y), fO(x,y) are continuous functions in D.

Then any solution of system (1) within the class C*(D) can be written in the
form (34), where

aly(z,y) b (=, 9)
‘ _ s\ , — ISV
(l]s(x7y) |$_y|ajs,bjs($,y) |x_y|ﬁj57
A(z,y) Az, )
' _ g\ = S8\ I/
Cj(x7y) |aj—y|’¥j7f$(x7y) |m_y55'
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