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SOME EXAMPLES OF RANDERS SPACES

M. ANASTASIEI AND M. GHEORGHE

ABSTRACT. A Riemannian almost product structure on a manifold induces
on a submanifold of codimension 1 a structure generalizing the paracontact
structures and containing a Riemannain metric and an one form . We
show that the pair consisting of this Riemannian metric and one form
defines a strongly convex Randers metric on submanifold. We establish
some properties of this Randers metric and we provide some examples.

1. RANDERS METRICS PROVIDED BY INDUCED STRUCTURES

Let (M g, 15) be a Riemannian almost product manifold. This means that P
is an almost product structure on M i.e. P2 =T (1dent1ty) and g is a Riemannian
structure on M which is compatible with P, i.e. §(PX,PY) = §(X,Y) for any
vector fields X, Y on M.

Let M be a submanifold of codimension 1 in M. We denote by g the Rie-
mannian metric induced by g on M and by N a field of unitary vectors that are
normal to M.

Then for any vector field X tangent to M, the vector field PX decomposes
in a tangent and a normal component:

(1.1) PX = PX +b(X)N, X € X(M),

(X(M) denotes the Lie algebra of vector fields on M). It is clear that b is an
1-form on M. Also, the vector field PN decomposes in the form

(1.2) PN = ¢ +aN,

where £ is a vector field tangent to M and a is a function on M.
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Based on the properties of 1757 g and on the uniqueness in the decomposition
of type (1.1) and (1.2) the following formulae can be derived. For details and
arbitrary codimension see [3].

1.3) P2X = X — b(X)¢,
b(PX)=—-ab(X), X eX(M),
b(€) = ||€]|> =1 —a® (norm is taken with respect to g)
P¢ = —ag,
b(X) = g(X,£),
g(PX,Y) = g(X, PY),
g(PX,PY)=g(X,Y)-b(X)b(Y), X, Y €X(M).
We say that (]3, g) induces on M a (P,&,b,a)-structure. By (1.5) we have
a € (—1,1). If a = 0, this structure reduces to a paracontact structure on M.
We assume in the following that a # 0 and £ # 0. o
Let (z*), 4,4,k...=1,...,n=dim M be local coordinates on M and (z*,y")
be local coordinates on tangent bundle T'M. We set g;; := g(%7 %) and
b; := b(32:) and consider the real functions on TM:

a(z,y) =\/gi(@)y'y?,  Bz,y) =bi(z)y".
It is well known that the function F(x,y) = a(z,y) + B(x,y) defines a Finsler
structure on M whenever ||b|] < 1, cf. [1], Ch. 11. Such a Finsler structure is
called a Randers structure and the pair (M, F') is called a Randers space. The
function F is also called a Randers metric. Here [|b|| := v/b;b where b = gi/b;.
By (1.7) we have b* = &' if £ = ¢'52-. Hence [|b]| := \/b;¢? = V1 —aZ by (L.5).
Therefore, ||b]] < 1.
Thus, we have

Theorem 1.1. Any submanifold with & # 0, a # 0 of codimension 1 of a
Riemannian almost product manifold carries a Randers structure i.e. it is a
Randers space.

2. SOME PROPERTIES OF RANDERS SPACES PROVIDED BY INDUCED
STRUCTURES

In this section assume that the almost product structure P is integrable. It
is well known that this assumption is equivalent with the condition VP =0.

Recall that the Gauss and Weingarten formula for the immersion M — M
are respectively

VxY = VxY + h(X,Y)N,
VxN = —AX,
and the equality h(X,Y) = g(AX,Y), holds for X, Y € X(M).
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Based on this condition as well as on the Gauss and Weingarten formulae, in
[3], one proves that for a (P,&,b,a) on M the following formulae hold

(2.1) (VxP)(Y) = h(X,Y)¢ + b(Y)AX,
(2.2) (Vxb)(Y) = —h(X, PY)¢ + ah(X,Y),

(2.3) V€& = —P(AX)¢ + aAX,

(2.4) X(a) = —2b(AX), for any X,Y € X(M).

Let a+ 3 be the Randers structure on M provided by the Theorem 1.1. It is
known that a Randers structure reduces to a Berwald one if and only if Vxb = 0,
for any X € X(M).

We have

Theorem 2.1. The Randers structure on M induced by (13, g) on M reduces to
a Berwald one if and only if
PA=aA

holds

Indeed, by (2.2) we have
(VB)(Y) = ag(AX,Y) — g(AX, PY) =
=ag(AX,Y) — g(PAX)Y) =
=g(Y,(aA — PA)X), for any X,Y € X(M)
and
Vxb=0, for any X € X(M)

it is obviously equivalent to PA = aA.

Recall that 2db(X,Y) = (Vxb)(Y)—(Vyb)(X), for any X, Y € X(M). Thus,
if Vb =0, then db = 0 i.e. the 1-form b is closed.

One easily check that 2db(X,Y) = —g((PA — AP)X,Y), for any XY €
X (M).

Thus, we have

Theorem 2.2. The 1-form b is closed if and only if PA=AP.

Let be again (P, g,&,b,a) the structure induced on M by (}5, g). In [3] one
proves

Theorem 2.3. The vector field & is Killing if and only if
PA+ AP =2a0A
holds.

Notice that since A and P are both selfadjoint operators with respect to g,
the condition (Vxb)(Y) = 0 is also equivalent to AP = aA.
If one combines the Theorem 2.1 and Theorem 2.3 one gets
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Theorem 2.4. The Randers structure on M induced by (ﬁ,’gv) is Berwald if
and only if the 1-form b is closed and £ is Killing.

If M is totally umbilical, i.e. A = AI then clearly b is closed and it follows

Corollary 2.5. The Randers structure induced by (]3, g) on a totally umbilical
submanifold M, is Berwald if and only if £ is Killing.

This Corollary applies for spheres in E™.

3. EXAMPLES

Let be E?™ the Euclidean space of dimension 2m. We denote its elements
by (x*,2'%), i =1,...,m and consider the almost product structure P given by

P(xt,2") = (2'%,2%). This is compatible with the usual dot product (,) and

so (E*™ P,(,)) is a Riemannian locally product manifold. Notice that P has

m eigenvalues equal to 1 and m eigenvalues equal to —1. The tangent spaces

T,E*™, 2 € E* is isomorphic to E*™ and we denote by (y*,y'?) its elements.
Now we consider the sphere of radius 1 in E?>™:

g2m—1 _ {(xi’x/i) | Z(x2)2 T Z(x/i)z _ 1}.
i i
The unitary vector field normal to S?™~ 1! is N = (2%, 2"") and the tangent space
in a point x € $2™ 1 is

ns = {hy") | Y@y +aty) =0}

3

We decompose PN = (2", 2%) into the tangent and normal parts PN = (€1, &)+
a(z®,z'") and by identification we find
(3.1) gh=2" —ax', ¢ =2"—aa"

and using Y (¢ 4 2/1¢"") = 0 one gets
(3.2) a=2 Z o'

Then (3.1) yields
5 _ (.%‘/i _ al‘i,l‘i _ ax/i),
with a given by (3.2). We note that a vanishes in the points (0,2'") and (¢, 0)
of §?m=1,
We insert £ in b(X) = (X, &) with X = (X% X'?) tangent to S~ ! and we
find the 1-form
b(X) =) (a'X" 42" X").

i
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For S?™~! the Weingarten operator is A = A\l (where A\ = —1) and the general
formulae from [3] reduce to

(va)(Y) = g(X7 PY) - CLg(X, Y)a
Vxé=PX — aX,
X(a) = 29(X,¢), for any X,Y € X(S*™1h).
We remark that the Randers metric provided by g and b is never Berwald since
(Vxb)(Y) = 0 is equivalent with P = al (I is identity) and this contradicts the
equation (1.6). In order to explicitly write the Randers function F' = o + 3 we

need a basis in the tangent space of the sphere S?™~!. We do this in the case
m = 2 that is for the sphere S3 in E*.

We parameterize S® as (z,y,2) — (,2,y,2)/\/1+ 22+ y2 + 22, with ¢ =
+1

A basis of 7,5 is as follows:
hi = (—ex, 1+ 9> + 2%, —xy, —x2) /A3,
hy = (—ey, —yz, 1 + 2% + 2, —y2) /A®,
hs = (—ez, —zx, —2y, 1 + 2% 4 3%) /A3,

where A := /1 + 22 + y2 + 22

The induced metric g has the matrix:

e 2 +22 —ay —z2
e -y 1422422 —yYz
—2T —zy 1+ 22 + 92

The form of ¢ in the given parameterization is
¢ = (ye — a,ze — axe, 1 — aye, xe — aze) /A,

Tz —€ey

where a = 2 yE

. Thus, we have
1
€= ﬁ(eyﬁ —2(zz + ey)e, e2A? — 2(z2e + y)z,

A% —2(xze + y)y,ex A% — 2(z2e + 9)2).

We write £ = ahy + Shy + vhs and by an identification we determine «, 3, v
and we find that ¢ in the basis h = (hq, ho, h3) is as follows:

€= (ze —xy)hy + (1 — y*)ho + (xe — y2)hs.

We compute the components b; = b(h;) = g(h;,£) of b in the basis (hy, he, h3)
and we find

1
b= Z(EZAQ —2(exz 4+ y)x, A% — 2(x2e + y)y, cxA? — 2(exz 4+ 7)2).
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We denote by (u,v,w) the components of an arbitrary tangent vector in the
basis h. The above calculations show that the Randers function F = a + 3, for
€ = 1 has the form:

F(z,y, zu,0,w) = /(A2 = 22)u? + (A2 — y2)0? + (A2 — 22)u?

(242 — 2(zz + y)a)u
A

(A2 =202z + y)y)o | (@A? =22z +y)2)w
A A :

Recall that A = /1 + 22 + 32 + 22.

Let E™*! be an Euclidean space of dimension m + 1. Every almost product
structure P : EM*TL — E™+! has let say k = 0,m + 1 eigenvalues equal to
41 and m + 1 — k eigenvalues equal to —1. For a convenient choice of coor-
dinates on E™*!, the operator P takes the standard form ﬁ(xl, coamtl) =
(z1,... 2%, —zF+ . —zm+1). Then (E™FL, P,(,)) is a locally product Rie-
mannian manifold.

Let M be a hypersurface in E™*! (dim M = m). Assume it is given in

—2xyuv — 2rzuw — 2yzow +

an explicit form: ™+ = f(z!,... 2™) with f a smooth function and denote
ol .
pii= g i =1.m.

A natural basis in T, M, x € M is given by h; = (0,...,1,...,p;), i =1,m
and an unitary normal vector field is N = (p1,p2,...,Pm,—1)/A, where A =
V1+pi2+ -+ pp2 We have

P(N) = (p1,--+,Pks —Pk+1s-- > —Pm, 1) /A.
On the other hand ﬁ(N) is decomposed in the form
P(N) =&y + - + ™Ry, + aN.

An identification gives:

1_(1—a)p1 k_(l—a)pk
5 - A 7"'7§ - A 9
£k+1 _ _(1 + a)pk+1 é—nL _ _(1 + a’)pm
A P A ’
m l1+a
P&t A" =

By inserting (£%) in the very last equation, one obtains

_p%+...+pifpi+1f...fpgnf1
a= ye
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Moving a in the form of ¢ we find

2
¢ = E(l +pz+1+...+p72n)(p1,,,_7pk,07,”,0)
2

— P DO Ot ).

As to the induced metric g, we have
1+p7, i#j
9ij = . .
DiPj, =]
We compute b; = gihfh and obtain:
2p; .
bi: AZ,Z:1,2,...,]€,
bi:O7 ’L:k+1,,m

Let (y%) be the components of an arbitrary element of T, M. The Randers
metric derived from (g;;) and (b;) has the form:

k
) )
_ 2 7\2 .M.t - h
F(x,y)—\/% L+p) W)+ pinjy y3+Ah§71phy , or

.3

m 2 m k
F(z,y) = (Zmyi) +> ()2 + % > pny”
=1 h=1

i=1

Recall that p; = %, A= \/T+p2+--+p,2 With this procedure we

generically find a set of m Randers metrics on M. Notice that for a hyperplane
™ = a2t + -+ a,,2™ all these Randers metrics are locally Minkowski.

We have to separately treat the cases a = +1 and a = 0. The case a = 1
is equivalent to 1 + p%H + .-+ +p?, = 0, that never holds. The equality a =
—1 holds in the points of M, where p; = po = -+ = pi = 0. In this case
¢ = 0 and we cannot construct F. Thus we have to delete from M the points
{(=',...,2™)|p1 = pa = -+ = pr, = 0}. Let denote by My the new hypersurface
obtained in such a way.

On Mj all functions F' from above are Randers metrics but only those ob-
tained for a # 0 are strongly convex. Thus in order to obtain only strongly
convex Randers metrics we have to delete from My the points {(z*, ..., 2™)|p? +
c PR —Ppyy — - —Ph, — 1= 0}. Let Moo be the hypersurface obtained after
this elimination. On My all Randers metrics from above are strongly convex.
We note that at the same time these Randers metrics are y-global (cf. [1], pg.
304).

Let now confine ourselves to the case m = 2. We have two different types of
product structures obtained for £ = 1 and k = 2. The corresponding Randers
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metrics are as follows:

2pu
kzl:F(JUay§U7U): (pu+qv)2+u2+1}2+7,
) Garaf
2(pu + qu
k=2:F(z,y;u,v) = /(pu + qu)? + uv? + v + ———=,
v V1+p?+g?
of of
where p = 72 q= 50 and (u,v) are the components of a tangent vector.
€T Y
Here are some particular cases.
1. For a hyperbolic paraboloid of equation z = xy we get:
2
k=1:F(z,yu,0) =+/(yu+2v)2 +u® + 02 + L —
V1422 +y?
2(yu + zv)

k=2:Fi(z,y;u,v) = /(yu+ 2v)? + u? + 02 +
(e,y;0,v) = /Ty T 20) —
2. For the hemisphere S? in E3 given by the equation

z=1/1—22 —y2, 4% <1

we get:
k=1:Fy(x,yu,0) =+/(1—y2)u?+ 2zyuv + (1 — 22)v2 — _ e
y Yy Uy 1—|—x2+y2

2
k=2: Fy(x,y;u,v) = /(1 — y2)u? + 2zyuv + (1 — 22)v2 — m

3. For the cylinder z = v1 — 22, |z| < 1 we get:

2
kzl:Fgl(x,y;u,v)zwlﬁxQ + 02 + 22u

2

402 — 22u

k:2IF32(ZL’,y;’LL,'U): 1 — 22

4. If we consider the hemisphere $? in E? parameterized by

T Y 1
<\/1+x2+y2’\/1+x2+y2’\/1+x2+y2>’

we get

V(v — yu)? + u? + 02 2(zu + yv)
L+a2 492 (1+22+y?)2

k=1:Fy(z,y;u,v) =

Vv —yu)2 +u2+02 2((1+y?)u — 2zyv)
1+x2+y2 (1+$2+y2)2

k=2:Fy(z,y;u,v) =



SOME EXAMPLES OF RANDERS SPACES 23

Notice that the Randers metrics Fy; and Fys coincide with F5; and Fby respec-
tively, but are written in different parameterizations.
In [2] one proves that any strongly convex Randers metric F' = \/g;;yy7 +b;y",

Ib]] < 1 solves a Zermelo’s navigation problem on the Riemannian manifold
i

, b
(M, h) with h;; = €(gi; — bib;) with the vector field (“wind”) W* = ——, for
€

¢ = 1—||b||2. The Randers metric induced by (P, §) solves the following Zermelo’s
navigation problem:

hij = a*(gi; — bibj), W'= -2
since in our case e = 1 — (1 — a?) = a?.
It is also proved in [2] that the Randers metric F' = \/g;;y%y7 + by’ is of
constant flag curvature K if and only if

1
(i) (M, h) is of constant sectional curvature K + EUQ for some constant o,
(ii) Lwh = —oh, where Ly denotes the Lie derivative with respect to h.

It is easy to see that the condition (ii) is satisfied if £ is Killing and a is a
constant function.

As we have seen, ¢ is Killing if and only if PA+ AP = 2aA and « is not a
constant function. Thus it will be hard to find Randers metrics of constant flag
curvature among our examples. Before this theoretical analysis was done, some
checking using Maple showed the same conclusion.
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