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PROJECTIVE EINSTEIN FINSLER METRICS

N. SADEGHZADEH AND B. REZAEI AND A. RAZAVI

ABSTRACT. In the present paper, we investigate the necessary and suffi-
cient condition of a given Finsler metric to be Einstein. The considered
Einstein Finsler metric in the study describes all different kinds of Einstein
metrics which are pointwise projective to the given one.

1. INTRODUCTION

A Finsler metric on an open subset in R™ is called a projective flat Finsler
metric if it is pointwise projective to Euclidean metric. The problem of char-
acterizing and studying projective Finsler metrics is known as Hilbert’s fourth
problem. More general, it can be assumed a Finsler metric on a manifold whose
geodesics coincide with the geodesics of the given one as set points.

There are some quantities in the projective Finsler geometry which are projec-
tive invariant. One most important of them is the Weyl curvature. The Finsler
metrics with W,z = 0 are called Weyl metrics. It is well-known that a Finsler
metric is a Weyl metric if and only if it is of scalar flag curvature. The Ricci cur-
vature plays an important role in the projective geometry of Riemannian—Finsler
manifolds. The well-known Ricci tensor was introduced in 1904 by G. Ricci.
Nine years later Ricci’s work was used to formulate the Einstein’s theory of
gravitation [5].

The Ricci curvature is defined as the trace of the Riemann curvature where the
Riemann curvature in direction y € T, M is a linear transformation R, : T, M —
T, M. A Finsler metric is Einstein if the Ricci scalar Ric is a function of x alone.
Equivalently Ric;; = Ric(z)g;; In Riemannian space, if g and g are pointwise
projectively related Riemannian metrics on manifolds of dimensional n > 3, then
g is of constant curvature if and only if g is of constant curvature. The same
statement is also true for Einstein metrics. More precisely, it can be said:
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Theorem ([9, 10]). Let (M, g) be an n-dimensional Riemannian space and g
another Riemannian metric pointwise projective to g. Suppose that g is Finstein,
then g must be Einstein.

The paper focuses on the Einstein Finsler metrics which are projectively re-
lated to other Einstein Finsler metrics. The classification of these metrics on
the compact manifold is investigated.

These metrics are studied in the two different categories including: Finsler
metrics pointwise projectively related to Einstein isotropic Finsler metric and
the non-isotropic one. A Finsler metric F' is said isotropic if it is of scalar flag
curvature and this metric is said mon-isotropic if it is not of scalar curvature.
The main proposed theorem is as follows:

Theorem. Let F be a Finsler metric (n > 2) projectively related to F where F'
is an Einstein non-isotropic Finsler metric, then F is Einstein if and only if it
is a constant multiple of F.

The question that can be raised in the situations where a Finsler metric
is projectively related to the Einstein one is as: When is a Finsler metric is
Einstein? The contribution of the paper is to give an answer to this question.

2. PRELIMINARIES

Let M be a n-dimensional C'*° manifold. Denote by T, M as the tangent space
at x € M, and by TM = U,epT, M as the tangent bundle of M. Each element
of TM has the form (z,y), where v € M and y € T, M. Let TMy = TM{0}
and the natural projection m : TM — M is given by w(z,y) = x. The pull-
back tangent bundle m*T'M is a vector bundle over T'M, whose fiber 7T M at
v € TMy is just T, M, where 7(v) = . Then

T TM = {(z,y,v) |y € TuMy, v e T, M}

A Finsler metric on a manifold M is a function F' : TM — [0, c0) which has the
following properties:

(i) Fis C* on T'My;
(ii) F(z,Ay) = AF(z,y) A > 0;
(iii) For any tangent vector y € T, M, the vertical Hessian of %2 given by

1
gij(%y) = [QFz} o
Yyl

is positive definite.
We obtain a symmetric tensor C defined by

where U = U? a?;ﬂ V=V a?;“ W =Wt 62,., and Cjjx, = i[FQ]yiyjyk (y).
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C is called the Cartan tensor. It is well known that C = 0 if and only if I is
Riemannian. Every Finsler metric F induces a spray G = yi% - 2G(x, y)a%i
by

1 (%y)} y'y".

» : TpM is defined by

i L 99, 9g;
G (o) = 10" (0.0) {255 o) - T2

The Riemann curvature R, = R}‘Cdack &) %

; oG" o*’Gt - 02@1 0G* 0GY
2.1 R; =2— — ———— ) +2G7 — - .
(2.1) k(W) oxk  Oxidyk vt Oyioyk Oy Oy
The Riemann curvature has the following properties. For any non-zero vector
yeil,M,

R,(y) =0, gy(Ry(u),V) = gy(u>Ry(V)>v u,veT,M,

and

. 1 [0R, OR!
2.2 Ry =~ b l}.
22) "3 { oy Oy

For a two-dimensional plane P C T}, M and a non-zero vector y € 1, M, the flag
curvature K(P,y) is defined by [16]

gy(u, Ry (0))

KiPY) = o gy mu) — gy

where P = span{y,u}. F is said to be of scalar curvature K = A(y) if for any
y € T, M, the flag curvature K(P,y) = A(y) is independent of P containing
y € T,M, that is equivalent to the following system in a local coordinate system
(a',y') in TM,

= AF2{6;, — F'Fuy'}.
If X is a constant, then F' is said to be of constant curvature. The Ricci scalar
function of F is given by

Lo
p= ﬁRi

therefore, the Ricci scalar function is positive homogeneous of degree 0 in y.
This means that p(z,y) depends on the direction of the flag pole y but not its
length. The Ricci tensor of a Finsler metric F' is defined by

1
Yyl

Ricci-flat manifolds are Riemannian manifolds whose Ricci tensor vanishes. In
physics, they are important because they represent vacuum solutions to Ein-
stein’s equations.
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Definition ([13]). A Finsler metric is said to be an Einstein metric if the Ricci
scalar function is a function of alone, equivalently

Ric = p(x)gi;, or Ricgy = p(x)F?2.

Ricci-flat manifolds are special cases of Einstein manifolds. We now consider pro-
jectively related Finsler metrics on M i.e. the metrics having the same geodesics
as the point sets.

Definition. [15] A Finsler space F™ is projective to another Finsler space F",
if and only if there exist a one-positive homogeneous scalar field P(z,y) on T M
satisfying

G'(z,y) = G'(z,y) + P(z,y)y".
Let G* and G = G+ Py’ be sprays on n-manifold M. The Riemann curvatures
are related by [3]

(2.3) Ri = Rj + ES, + vy,
where
E:=P - Py,

T = 3(Pj — PPyi) + Eys.
Definition ([15]). Let (M, G) be a spray space. Assume that a function P on
TM is C* on TM \ {0} satisfying

P(\y) = AP(y), VYA>0,

(a) P is called a Funk function if it satisfies the following system of PDEs

Py = PPy.
(b) P is called a weak Funk function if it satisfies the following system of
PDEs
y* Py = P

Lemma ([12]). Let (M, F) be a Finsler space. A Finsler metric F is pointwise
projective to F if and only if

aal;lkyk — F” = O
then
G'=G'+ Py,
where ~
_ Py
2F

By above lemma an («, 3)-metric in the form of (1.1) is pointwise projective to
a if and only if

(2.4) @l/(a.lﬁ - abl)ﬁ|kyk = 04280/(5|k.1yk - ﬁu)-
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Now, we are going to study the Weyl curvature of spray as an important projec-
tive invariant. The Weyl’s projective invariant is constructed from the Riemann
curvature. Define [3]

7 7 7 1 m my, i

Wi(y) = R}, — Koy, — W(Rk - K&y,
here K = ﬁRic = ﬁRz Wy : T,M — T, M is a linear transformation
satisfying Wy (y) = 0. We call W := Wy, ., the Weyl curvature. W is a

projective invariant under projective transformations [14].
Theorem ([15]). A Finsler metric is of scalar curvature if and only if W = 0.

Theorem ([15]). For a Riemannian metric (M, g) of dimension n>2, the fol-
lowing conditions are equivalent.

(a) W=0

(b) g is of scalar curvature.

(¢) g is of constant curvature.

(d) g is locally projectively flat.

3. PROOF OF THE MAIN THEOREM

In the followings, we prove the main theorem.

Proposition. Let (M, F) be a Finsler space of dimension n > 2. F is Einstein

metric if and only if

: 3(n—1
i _3m=1)

Where Vil = Wy — Ry — -2 Ricor /'

Proof. (i) Assume that F' is Einstein. By definition of Weyl tensor, we have

) . n—2 3F?
Wi —yiR), = —Ky, — —— K , F? Ricoy,
YiWyg — Yilyy Yk 1k +n+1 1Cok
then )
. n—
Vi =Ky, — K ,F?,
YiVk Yk ntl &
Since F' is non-isotropic Einstein metric, it can be concluded
2Ky, = K 1, F?,
therefore ( )
; 3(n—1
'L'Vl = - K )
YiVi — Yk
this completes the proof (i).
(i) Suppose
; 3(n—1)
Vi =— Ky,
YiVi n+1 Yk
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by definition of Weyl tensor, we have
. . n—2 )
—uyVi=vy | K6, + —Kry' |,
YiVi y( k+n+1 ‘ky>
it can be resulted in
-2 3(n—1
Ky, + LK,;CFQ — L)

n+1 n+1
by a simple computation and n > 2, it is concluded that,

2Ky, = K, F2,

(7).~
F2) ’

Kyy,

this implies

therefore F' is Einstein.

O

Proposition. Let F' be projectively related to F with projective factor P (of
dimension n > 2) which F' is an Einstein Finsler metric. If F' be Einstein, then

(%) where E = P? — P‘kyk.

Proof. Let W and W be the Weyl curvature of F' and F. For Einstein Finsler

metric F', we have

;. —3(n—1)
V= ——— Ky,
YiVi nt1 Yk
therefore ( )
. . 3Ricor ; 3(n—1
; i _ ; i i\ ,
Yille y(’”L n+1 ) nt1 Uk

but W is invariant under projective transformation, then

i T —; | 3Ricor 3(n—1) -
iW,L - WZ =Y, ? 4 —
YW =yWi =Y ( L+ 1 ) 1
therefore
i _ pi 3Yi o i w— iy 3(n—1)
(31) yi(Rk - Rk) + m(RlCok Yy — RlCoky ) - n+1 (K

but we know that o
Ric = Ric+ (n — 1)E,
and it implies that
(3.2) K=K+E,
By settling (3.1) in (2.2) one can conclude

3R;€l = 3R?cl + (E,l — Tl)éé — (E_;.C - Tk)5lz + (Tk.l - Tl_]g)yi,

therefore
3 Rico; = 3Ricy; + (n—2)E,; — (TL + )7,
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by substituting the above in (3.1), it is concluded:

3yi 3(n—1)

E F24+ =2 _((n—2)ELy" — Dyt — E
Yk + Tk +3(n+1)((n VE Y — (n+ 1)7py’) ol Yk
2(n —2) (n—2)F?
=" "F 2 FEL=0.
1 DYt T P
thus
n—2
ELF? —2Ey;) = 0.
nH(k Yk)
Since n > 2, then (%)k =0. O

Proposition. Let F' be a Finsler metric (n > 2) projectively related to F, where
F' is an Einstein non-isotropic Finsler metric, then F' is Einstein if and only if

(),

Proof. Assume F' is Einstein, by definition we have (%) . = 0 and by above
, = 0, then _there exist a function £(z) where EE = §(a:)_ F
is projectively related to F, then by (3.2) we have % = % + % But F is
Einstein non-isotropic Finsler metric then there is a non-zero function A(x) such
that K = A(z)F. It can be concluded that (%) = 0. It is clear, conversely. O

Lemma (%)

k

Proof of Theorem. F is projectively related to F' then it can be said that G* =

G' + Py’ where P = F‘;}Z . By above proposition, there is a function of = only,

— k
where F' = f(z)F then P = f';—}/

By using the formula of G* told in previous, it can be concluded

f;gckyk ifE—ilf l:éi+f;zkyk i
2f Yy 4fg i 2f y.

Then one can conclude that f.,; = 0 and therefore f is constant. O

G =G+

Corollary. A Finsler metric F' (n > 2) projectively related to a Riemannian
metric F' of constant sectional curvature is Einstein if and only if o is of constant
flag curvature.

Proof. Let F be projectively related to Riemannian metric @ of constant sec-
tional curvature. This Riemannian metric is of constant sectional curvature,
then W = 0 and since F is projectively related to a, then W = 0. This resulted
in F'is of scalar curvature. Then it is Einstein if and only if it is of constant flag
curvature [13]. O
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