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ACYCLIC NUMBERS OF GRAPHS
VLADMIR SAMODIVKIN

ABSTRACT. A subset S of vertices in a graph G is acyclic if the subgraph
(S) induced by S contains no cycles. The lower acyclic number, i,(G), is
the smallest number of vertices in a maximal acyclic set in G. The upper
acyclic number, 8,(G), is the maximum cardinality of an acyclic set in G.
Let p € {Ba,%q}. Any maximal acyclic set S of a graph G with |S| = pu(G)
is called a p-set of G. A vertex x of a graph G is called: (i) u-good if x
belongs to some p-set, (ii) p-fized if = belongs to every p-set, (iii) p-free if
belongs to some p-set but not to all p-sets, (iv) p-bad if x belongs to no p-
set. In this paper we deal with u-good/bad/fixed/free vertices and present
results on upper and lower acyclic numbers in graphs having cut-vertices.

1. INTRODUCTION

We consider finite, simple graphs. The vertex set and the edge set of a
graph G is denoted by V(G) and E(G), respectively. The subgraph induced
by S C V(G) is denoted by (S,G). For a vertex z of G, N(z,G) denote the
set of all neighbors of z in G and N|z,G] = N(z,G) U {x}.

A subset of vertices S in a graph G is said to be acyclic if (S, G) contains no
cycles. Note that the property of being acyclic is a hereditary property, that
is, any subset of an acyclic set is itself acyclic. An acyclic set S C V(G) is
mazimal if for every vertex v € V(G) — S, the set S U {v} is not acyclic. The
lower acyclic number, i,(G), is the smallest number of vertices in a maximal
acyclic set in G. The upper acyclic number, 3,(G), is the maximum cardinality
of an acyclic set in G. These two numbers were defined by S.M. Hedetniemi et
al. in [4]. We denote by MAS(G) the set of all maximal acyclic sets of a graph
G. For every vertex x € V(G), let MAS(z,G) = {A € MAS(G) : =z € A}.

Let u(G) be a numerical invariant of a graph G defined in such a way that
it is the minimum or maximum number of vertices of a set S C V(G) with a
given property P. A set with property P and with p(G) vertices in G is called
a p-set of G. A vertex v of a graph G is defined to be
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(a) p-good, if v belongs to some p-set of G [3];
(b) p-bad, if v belongs to no u - set of G [3];
(c) p-fized if v belongs to every p-set [5];
(d) p-free if v belongs to some p-set but not to all p-sets [5].
For a graph G and p € {i,, 3,} we define:

G(G,p) ={z € V(G) : x is p-good};

)

B(G,p) ={x € V(G) : xz is u-bad};
Fi(G,p) = {z € V(G) : x is p-fixed};
Fr(G,p) ={z € V(G) : © is p-free};
Vo(G, ) = {z € V(G) : (G —x) = u(G)};
V(G p) ={z € V(G) : p(G — z) < u(G)};
V(G op) = {2 e V(G) : (G —x) > p(G)}-

ClearlY: {V— (G7 :U’)v V0<Ga /'L)7 V+(G7 M)} and {G(G7 ,LL), B(Gu :u)} are parti—
tions of V(G), and {Fi(G, u),Fr(G, n)} is a partition of G(G).

Observation 1.1. For any nontrivial graph G the following holds:
(1> V(G) = V*(G7 ﬁa) U VO(G7 ﬁa);

(2) V(G,Pa) = {2 € V(G) : fu(G — x) = B(G) — 1} = Fi(G, Ba);
(3) V_(G,iy) ={x € V(GQ) : i,(G — x) = i,(G) — 1};

(4) Vi(G,ia) € Fi(Gia);

(5) B(G7 ia) g VO(G7 Z.a)'

Proof. (1): Let v € V(G) and M be a (,-set of G —v. Then M be an acyclic
set of G which implies (3,(G —v) < G,(G).

(2): Let v € V(G) and M; be a f,-set of G. First assume v be no f,-fixed.
Hence the set M; may be chosen so that v ¢ M; and then M; is an acyclic
set of G — v implying G,(G) = |[M;| < B.(G — v). Now by (1) it follows
Bu(G) = (G — v).

Let v be (,-fixed. Then each (3,-set of G — v is an acyclic set of G but is
no f,-set of G. Hence (,(G) > (.(G — v). Since M; — {v} is an acyclic set of
G — v then 3,(G —v) > |M; — {v}| = (.(G) — 1.

(3), (4) and (5): Let v € V(G), My be an i,-set of G and v € M. Then
Ms € MAS(G — v) implying i,(G) > i,(G — v). Now let M3 be an i,-set of
G —v. Then either M3 or M3 U {v} is a maximal acyclic set of G. Hence
io(G —v) + 1 >1i,(G) and if the equality holds then v is i,-good. O

A set D C V(Q) is called a decycling set if V(G) — D is acyclic. A decycling
set D C V(Q) is a minimal decycling set if no proper subset D; C D is a
decycling set.

The minimum order of a decycling set of G is called the decycling number of
G and is denoted by V(G) (see [2]). Note that the set A is in MAS(G) if and
only if V(G) — A is a minimal decycling set. Hence V(G) + 6,(G) = |V(G)|.
For a survey of results and open problems on V(G) see [1]. In [2] the decycling
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of combinations of two graphs were considered, namely the sum, the join and
the Cartesian product. Let G; and G5 be connected graphs, both of order
at least two, and let they have an unique vertex in common, say x. Then a
coalescence G 5 (G5 is the graph G;UG5. Clearly, x is a cut-vertex of Gy 5 Gs.
In this paper we present results on maximal acyclic sets, lower acyclic number
and upper acyclic number in a coalescence of graphs.

2. MAXIMAL ACYCLIC SETS

In this section we begin an investigation of maximal acyclic sets in graphs
having cut-vertices.

Proposition 2.1. Let G = H, o Hy, M € MAS(z,G) and M; =MnNV(H;),
j=1,2. Then M; € MAS(z, H;) for j =1, 2.

Proof. Clearly M; is an acyclic set of H;, j = 1,2. Assume M; ¢ MAS(z, H;)
for some i € {1,2}. Then there is a vertex u € V(H;) — M; such that M; U {u}
is an acyclic set in H;. But then M U{u} is an acyclic set of G - a contradiction
with the maximality of M. U

Proposition 2.2. Let G = H, o Hy, M; € MAS(x, H;) for j = 1,2. Then
M = M, U M, € MAS(z,G).

Proof. Since x is a cut-vertex then M is an acyclic set of G. If M ¢ MAS(G)
then there is u € V(G — M) such that M U {u} is an acyclic set of G. Let
without loss of generalities uw € V(H;). Then M; U{u} is an acyclic set of H;
contradicting M; € MAS(H;). Hence M € MAS(G). O

Proposition 2.3. Let G = H, 6 Hy, M € MAS(G), = & M and M; =
MNV(H;), j =1,2. Then one of the following holds:
(1) M; € MAS(H;) forj=1,2;
(2) there are I and m such that {l,m} = {1,2}, M; € MAS(H,), M, €
MAS(H,, — x) and M,, U {z} € MAS(H,,).

Proof. Clearly M; is an acyclic set of H;, i = 1,2. Assume there be j € {1,2}
such that M; ¢ MAS(H,), say j = 1. If My ¢ MAS(H; — x) then there
isv e V(H, —z),v ¢ My such that M; U {v} is an acyclic set of H; — x
and since x ¢ M then M U {v} is an acyclic set of G - a contradiction. So,
M, € MAS(H, — z). Since M; ¢ MAS(H,) then there is u € V(H; — M)
such that M; U {u} is an acyclic set of Hy. Since M; € MAS(H; — z) then
u = x. Hence M; U {x} € MAS(H;). Suppose My ¢ MAS(H;). Then
MyU{x} € MAS(H,) and by Proposition 2.2, MU{x} € MAS(G) contradicting
M € MAS(G). O

Proposition 2.4. Let G = Hy, o Hy, M; € MAS(H;) for j = 1,2 and = ¢
M = M, UM,. Then M € MAS(H).

Proof. The proof is analogous to the proof of Proposition 2.2. O
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Proposition 2.5. Let G = Hy o Hy, My € MAS(x, Hy), M, € MAS(H,) and
x & My. Then M = My U M is no acyclic set of G and there is a set M3 such
that M1 — {LC} - M3 € MAS(Hl — Z’) and M3 U M2 € MAS(G)

Proof. Since M;—{z} is an acyclic set of H;—x then there is M3 € MAS(H;—x)
with My — {x} C Mjs. Hence U = M3 U M, is an acyclic set of G. Assume
U & MAS(G). Then there is v € V(G) — U such that U U {v} is an acyclic
set of G. Now either M3 U {u} is an acyclic set of H; —z or My U {u} is an
acyclic set of Hy depending on whether v € V(H; — x) or u € V(Hs). In both
cases we have a contradiction. O

3. [34-SETS AND 1%,-SETS

In this section we present some results concerning the lower acyclic number
and the upper acyclic number of graphs having cut-vertices.

Theorem 3.1. Let G = Hy 6 Hy. Then B.(Hy) + fuo(Hy) — 1 < Bu(G) <
Ba(Hy) + Bua(Hy). Moreover, B,(G) = Bo(H1) + B.(Hz) if and only if x is no
Bu-fized vertex of H;, i = 1,2.

Proof. We need the following claims:
Claim 1. If x is a f,-fixed vertex of G then (,(G) < B,(Hy) + B.(Hz2) — 1.

Let M be a ,-set of G. Then

Ba(G) = [M[ = [M OV (Hy)| + [MNV(H)| =1 < Ba(Hy) + Ba(H2) — 1.
Claim 2. If x is no B,-fixed vertex of G then 3,(G) < B,(H1) + Bu(Ha).

Let M be a (3,-set of G such that x ¢ M. Hence

Pa(G) = M| = M OV (Hy)| + MOV (Hy)| < Ba(Hy) + Ba(H2).

Claim 3. If x is no f,-fixed vertex of H;, 1 = 1,2 then 5,(G) > B,(H1)+5.(H2).

Let M; be a (,-set of H; and x & M;, : = 1,2. Then M = M; U M, is an
acyclic set of G and (,(G) > |M| = |My| + | M| = Bu(H1) + Bu(Ha).

Claim 4. If x is (,-fixed vertex of H; for some i € {1,2} then
Ba(G) > Bu(Hy) + Bu(Hz) — 1.

Let without loss of generalities i = 1. Let M; be a [(,-set of Hj, j = 1,2.
Then M = (M; — {x}) U M, is an acyclic set of G and

ﬁa(G) > |M| = |M1| -1+ |M2| = ﬁa(Hl) + ﬁa(HQ) -1
By the above claims it immediately follows
(1) 6a<H1) + ﬁa(H2) —1 S 6a(G) S ﬁa(Hl) + Ba(H2)

If x is no (,-fixed vertex of H;, i = 1,2 then by (1) and Claim 3 it follows
Ba(G) = Bu(Hy) + Ba(Hz). Now, let without loss of generalities x is a [,-fixed
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vertex of Hy. If x is a f,-fixed vertex of G then by Claim 1 and (1) it follows
Ba(G) = Bu(Hy) + Bo(Hy) — 1. Assume z is no f(,-fixed vertex of G. Then
there is a ,-set of G with « ¢ M. Hence

0a(G) = [M| = M OV (H)| + |M N V(H,)|

< ﬁa(Hl - l‘) + 5a(H2> = (5{1(1{1) - ]-) + Ba(HQ)
because of Observation 1.1 (2). O

Corollary 3.2. Let G = Hy o Hy and z is a (,-fived vertex of G. Then
6a(G) = ﬁa(Hl) + ﬁa(Hg) — 1

Theorem 3.3. Let G = H; 5 Hy. Then:

(1) 10(G) > ia(Hy) + ia(Hs) — 1;

(2) Let x be an i,-good vertex of G, i,(G) = i.(Hy) + io(H2) — 1, let M
be an i,-set of G and x € M. Then M NV (H;) is an i,-set of Hj,
J=12

(3) Let x be an i,-bad vertez of the graph G, i,(H) = i,(H1)+i,(H2)—1 and
let M be an i,-set of G. Then there are l,m such that {l,m} = {1, 2},
M N V(H)) is a ig-set of H;, M NV (H,,) is an i.-set of H,, — z,
io(Hy — ) =ia(Hpm) — 1 and (M NV (H,,))U{z} is an i,-set of Hy;

(4) Let x be an i,-good vertex of graphs Hy and Hy. Then

i0(G) = ia(Hy) 4 ia(Hy) — 1.

If M; is an i,-set of H;, j = 1,2 and {x} = My N M, then My U M; is
an i,-set of the graph G;
(5) Let z be an i,-bad vertex of graphs Hy and Hy. Then

1o(G) = i,(Hy) + i,(Hy).
If M; is a iq-set of Hj, j = 1,2 then My U M, is an i4-set of G.
Proof. (2): Let M be an i,-set of G and M; = M NV (H;),j=1,2. Ifx e M
then by Proposition 2.1 it follows M; € MAS(z, H;), j = 1,2. So that
i.(G) = | M| = | M| + |Ms| — 1 > i,(Hy) +i,(H2) — 1.

Clearly the equality holds if and only if M; is an ¢,-set of H;, : = 1, 2.

(3): Let M be an i,-set of G and M; = M NV (H,), j = 1,2. Since x is
ia—bad, i ¢ M. If Mj & MAS(HJ), j = 1, 2 then

ia(G) = [M| = [My| + [Ms| > iq(Hy) +ia(H2).
If there are [ and m such that {[,m} = {1,2}, M, € MAS(H,), M,, €
MAS(H,, — x) and M,, U{z} € MAS(H,,) then
ia(G) = |M| = |Ml| + |Mm| > ia(Hl) + ia(Hm) -1

and the equality holds if and only if M; is an i,-set of H;, M,, is an i,-set

of H,, —x and M,, U{z} is an i,-set of H,,. There is no other possibilities
because of Proposition 2.3.
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(1): Immediately follows by the proofs of (2) and (3).
(4): Let M; be an i,-set of H;, j = 1,2 and {z} = M; N M,. It follows by
Proposition 2.2 that M; U My € MAS(G). Hence

ia<G) S ’Ml U M2| — ‘Ml‘ + ‘MQ’ — 1 - ia<H1) + ia(HQ) — 1

Now, by (1), ia(G) = ia(H1) +ia(H2) — 1 and then M; U Ms is an i,-set of G.

(5): Assume i,(G) = i,(Hy) + i,(Hy) — 1. If = is an i,-bad vertex of G
then by (3) there exists m € {1,2} such that i,(H,, — z) = i,(H,) — 1. Now,
by Observation 1.1(5) z is an i,-good vertex of H,, - a contradiction. If z is
an i,-good vertex of G, M is an i,-set of G and x € M then by (2) we have
M NV (Hy) is an i4-set of Hy, s = 1,2. But then x is an i,-good vertex of Hy,
s = 1,2 which is a contradiction. Hence, i,(G) > i,(Hy) + i,(Hs). Let M;
be an i,-set of H;, j = 1,2. By Proposition 2.4, M = M; U M, € MAS(G).
Hence, ia(Hl) + ia(Hg) S ZQ(G) S |M| = |M1| + |M2| = ia<Hl) + ia<H2). L]

Example 3.4. Let Hy and Hs be the graphs defined as follows:

V(Hy) ={z;211, .., T1m; T21, - - -, Tom },

E(Hy) = UL {31, 229, T152: },

V(Ha) = {2, 4, 25011, - - Yin3 Y21, - - s Yom} 2115 - - -5 Z1p) 2215 - - - Z2p )
E(Hy) = {zy,yz, 2o} UUL {yyui, Yyai, Yriyai } U Ui 1{ 2215, 2295, 215295},

where m,n and p be positive integers such that m +1 < n < p. Now, let
G = H, 6 Hy. Tt is easy to see that i,(Hy) = m+1, i,(Hy) =n+p+ 2 and
io(G) = 2m 4+ n+ p+ 2. Hence, i,(G) — ia(Hy) — ia(Hy) = m — 1.

This example establish the following result.

Theorem 3.5. For each positive integer r there exists a pair of graphs Hy and
Hy such that they have an unique vertex in common, say x, and

ia<H1 (I) HQ) — ’ia(Hl) — ia(H2> >
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