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ON THE AUTOMORPHISM OF A CLASS OF GROUPS
M. HASHEMI

ABSTRACT. We exhibit a presentation for automorphism group of a class
of 2-generator metabelian groups.

1. INTRODUCTION

Many authors have studied the automorphism groups, of course most of
these are devoted to p-groups. In [3], Jamali presents some non-abelian 2-
groups with abelian automorphism groups. Bidwell and Curran [2] studied
the automorphism group of a split metacyclic p-groups. By a program in [1],
one can calculate the order of small p-groups. In this paper G will denote a
group. G', Z(G) and Aut(G) will denote the derived subgroup, center and
automorphism group of G.

Let m > 2 be an integer. Consider the group U(m) = {n|l < n <
m, (n,m) = 1}, clearly U(m) is abelian and |U(m)| = ¢(m). Furthermore,
there exist ¢y, co, ..., c; € U(m?) such that U,z = (s1) X (s9) X -+ X (54).

We consider the finitely presented group,

H, = (z,ylz™ =y™ =1Ly ey = 2™, m>2.

In Section 2, we study the groups H,, and show that H,, is an extra-special
group (G’ ~ Z(G)). Section 3 is devoted to the characterization of the auto-
morphism group of H,,.

2. SOME PROPERTIES OF H,,

First, we state a lemma without proof that establishes some properties of
H,,.
Lemma 2.1. If G is a group and G' C Z(G), then the following hold for every
integer k and u,v,w € G :

(i) [uv, w] = [, w][o, w] and [u, vw] = [u, o] u, w].

(ii) [u® v] = [u, v¥] = [u, v]*.
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(ii3) (uv)* = uFoFv, u]FE=1/2,
Proposition 2.2. Let G = H,,. Then Z(G) = G' ~ (z|z" = 1).

Proof. We first prove that G’ C Z(G). By the relations of G, we get [z,y] =

iy = 7™ = 2™ Then

[z,9],9] =y ta yay ey ey = (a7 Ve (z et

m 1+m)?2 —2m—1x1+2m+m2

= g My g
2
=z =1.
Also we have [[z,y],z] = 1 so that G' C Z(G) and [z,y|™ = 1.

It is sufficient to show that Z(G) C G'. For every U = uj'u3®...u;" in G,
where u; € {x,y} and sy, sy, ..., 5, are integers, using the relation y~lzy =
217 we may easily prove that U is in the form y"z* where 0 < r < m and
0 < s <m?. Suppose y"z* € Z(G). Then y"x = xy" and yz® = r°y. Hence

=T

1+m)" _ 14+rm) rm

1 =[x,y =2 af el =z,

1 = [%S,y] _ xfs(xs>y _ x75$(1+m)s — pms.
These show that m|r and m|s, and then y"z* = (2™)" = [z,y]" € G'. Therefore
Z(G) =G". O

By the above calculations, we get:

Corollary 2.3. FEvery element of G = H,, can be written uniquely in the form
yz®, where 0 <r <m—1and 0 < s <m?—1. Also |G| = m?>.

Proof. Let y"z® =1 then 1 = [z, y"| = [z, y]” = 2™™. Therefore m|r, m?s and
uniqueness of the presentation follows. This yields that |G| = m?. O

Remark 2.4. For an integer n > 1 and u = y"2°', v = y™x* € H,,, when
we are trying to find the automorphism of H,, we need to concentrate on the
terms wv, u"and (uv)". By the Lemma 2.1 and Proposition 2.2, we get

81,72 52 yr1+T2ZE81+S2[

U = ymx y"2x ]817“2 — yT1+T2x81+82+m81T2

Yy
ut = ynrlxnsl [$s1 : yrl]n(nfl)/2 _ ynrlxnsl+mr131n(nfl)/2
" = y

=y T
(uv)" — (yr1+r2x81+82+m81m)n

T,y
n(sl+52)+mn231r2+m(r131+r252)n(n71)/2

n(m+7‘2)xn(sl—i—sg)—&-m(rlsl—f—rgsg)n(n—l)/2[ ]nrg(nsl-l—mrlsln(n—l)/Q

n(ri+ra)

n(ri+rz) .n(s1+s2+msirs) [ ]n(rl+r2)(sl+32+mslr2)(n—1)/2

:y €T

=Y

Yy

n(ri+ra) .n(s1+s2+msire)+(ri+s1)(ra+s2)mn(n—1)/2

X

3. A PRESENTATION FOR AUTOMORPHISMS GROUP OF H,,
The following proposition is the main result of this section.

Proposition 3.1. Let m > 2 be an integer.



ON THE AUTOMORPHISM OF A CLASS OF GROUPS

(i) If m is odd then
Aut {frsz frsz x° ( )fr s, Z:yl,mz

wher60<r<m 0<2<mand1<s<m when (m, s) —1}

(i) If % is even then

Aut {frsz frsz - y 'CE (y)fr,s,i = yrgxmi’

whereO§T<m, 0§z<m, r3 =1 if r is even and

7“3:1—1—% if ris odd also 1 < s < m?, when (m,s)zl}.

(iii) If %5 is odd then

AU_t {f2rsz f2rsz - 5 (y)fQT,s,i = yx%lv

U)h67“€0§7“<5, 0§i<2mand1§s<m2, when(m,s)zl}.
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Proof. Let f € Aut(H,,) and (x)f = y"a*', (y)f = y™x*>. Then for every

u=1ykx" € H,, we get

(W f = (N (@) )" = y=a™) (y )"

_ yk’rz +nry :Ek?SQ"rTLSl +mknsari+m(resek(k—1)/24s1rin(n—1)/2)

Since (z™)f = gmsrtmsirimm=1)/2 and |(z™) f| = |2™| = m, we have

(m,s1(1+rm(m—1)/2) =1,

namely,
(1) (m,s1) =1and (m,14+rm(m—1)/2) =1.
Also |(y)f| = m, thus g™(2+"5 1252 = 1 that is
—1
(2) So + %7"232 =0 (mod m).

For (m, 1+ m(m mm=1)) — 1 or 2 so that m/|s, or 5o
Since xy = y:EHm then

msirym(m+1)

(-Ty)f = (y;L'erl)f _ yrl+r2x52+(m+1)51+m(m+1)52h+ i

— (:E)f(y)f — ym-&-rz s2tsitmsiry
Therefore, by the Corollary 2.3, we get

m(m+1
(3) S1 + Sor1 + 317’1% = 5179 (mod m).

To prove (i), since m is odd then by (2), we get m/|ss. This together with

(1) and (3) gives ro = 1. As above, we consider

(2)f =y"z™, (y)f =y?a™
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where 0 <7 <m—-1,7=1,0<i<m-—1and 0 < s; <m?—1 when
(m,s1) = 1.
It is sufficient to prove that f, with the above conditions, is an isomorphism.
Let
(ykx”)f _ yr2k+r1nl‘mki+ns1+ms1r1n(n—1)/2 —e.
Since ro = 1, Corollary 2.3 implies that
(4) k+mnry =0 (mod m)
n(n —1)
2

Using the relations (1) and (5), we obtain m|n. It follows that m|k. This
together with (5) yields m?|n-+ 2=
mn) and u = y*2" = e.

Now, let m be even and %% = 2t. Then by (2), m|sy. This together with
(3) gives ry = 1 if r; is even and ry = 1 + % if r; is odd. Consider (z)f =
yxtt, (y)f = y™=a™, where 0 < ry < m — 1, ro = 1(when r; is even) and
ry = 14 Z(when, ry is odd), 0 < i < m—1and 0 < sy < m? — 1 while
(m,s1) = 1.

In a similar way as for the Case (i), we get
(6) rok +nrp =0 (mod m)

n(n —1)

(5) mki 4+ ns; +msiry =0 (mod m?).

. Since m is odd, m?|n (for (m,2) =1,

(7) mki + ns; + msiry =0 (mod m?).

Since (m,s;) = 1, the congruence (7) yields that m|n. Also (m,r2) = 1 then
by (6) we have m|k. Combining all these facts, we see that n + mrln(”T_l) =
0(mod m?) and hence m?|n or n = mTQ If n= mTQ then we have
2 2(m® 4
m7+mr1m 512 ) =0 (mod m?).

2
This yields that 1 + %T_l) = 0 (mod 2), which is a contradiction (for,
2 = 2t). Then m?/n and u = y*2" = e. This completes the proof of (ii).
Lastly, let % be odd. Then by (2), we get %|s. Also (m, 1 —1—7’1@) =1.
Therefore r; is even and we have ro = 1 by using relation (3). Consider
(z)f = y"2® and (y)f = yx2?, where r; is even , 0 < i < 2m — 1 and
0<s; <m?—1when (m,s;)=1.

Now, we show that f is an automorphism. Similar to Case (i), we have
(8) kE+mnry =0 (modm)
n(n —1)
2

By (9), we get F|n. Since r; is even, by (8) we have m|k. So k = 0. This
together with (9) and (1) yields m?|n so that (iii) is established. O

(9) %kz + nsy +msiry 0 (mod m?).
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As a result of this proposition and using ¢(m?) = me(m) (for every positive
integer m) we get:

Corollary 3.2. For everym > 2, | Aut(H,,)| = m®¢(m) then the order of H,,
divides | Aut(H,,)|.

Before we give the presentation for Aut(H,,) and its proof, we need the
following lemma.

Lemma 3.3. Let m > 2 be an integer. By using the notations of the Propo-
sition 3.1,

(1) if m is odd then Z(Aut(Hy,)) = {fo, me+1, o] 0 <t < m}
(ZZ) ’Lf % is odd then Z(Aut(Hm)) = {fo7 2mt+1, 0, fo} 2mit+1, m| 0 S t < m}
(idi) if % is even then Z(Aut(Hpm)) = {fo, 2me+1, 0, Jo, 2mtm, =| 0 <t <m}

Proof. (i) Consider T' = {fo. mt+1, 0] 0 < t < m}. One can easily check that
T C Z(Aut(H,,)). Let f. s ; € Z(Aut(H,,)). Then for every f. 5. i €
Aut(H,,), we have

(x)fm, s1, i1fr, s, 1 — ($)fr, S, i.f’rl, s1, 41

W) frr, 1, infr s, i = W), s, ifrn, s, i
These yield

(10) i1(l1—=s)=i(1—s1) (modm)
(11) r1+sir=r+sr; (mod m)
(12)
N mrssl(;l - 1) N mr551(231 -1) - m317"152(s - 1) (mod m).

Substituting, i; = 1 and s; = 1 in the congruence (10) gives s = mt + 1, 0 <
t < m. Similarly, we get r = 0 by selecting r; = 0 and s; = 2. With using the
above values in (12), we have ¢ = 0. Then f, s i = fo, mt+1, 0 € T

(i) Let T' = {fo, mt+1, 0> fo, me+1, m| 0 <t < Z}. Then one can easily prove
that T' C Z(Aut(H,,)). We now suppose that fs. 5 ; € Z(Aut(H,,)). Then
for every for,, s, i € Aut(H,,), we get

(x)f2r1, 51, i1f2r, s, 1 — (x)fQT‘, s, if2r1, s1, 11
(y)f%l, S1, i1f2r, s, 1 — (y)er, s, if2r1, S1, 1°
Hence
(13) 2r + 2sry = 2r; + 2597 (mod m)
m2
(14) rmi; + 71'1(7’(27" — 1)+ mrisis(s —1)

2
= rymi+ m?irl(Zrl — 1) +mrssi(s; — 1) (mod m?)
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2
(15) %w+%ﬁ&+%wm¢%ﬁ—n
2
= %il + %isl + 7517“1@'(%@ —1) (mod m?).

We consider the congruence (13) and take r; = s1 = 1, so 2s = 2 (mod m),
that is s = 1+ %t;. For, (s,m) = 1, t; is even, so that s = 1 +mt. Again in
(4), replacing s; by m — 1 and s by 1 4+ mt, we get 4r = 0(mod m), so 2r =0
(mod m).

Now, by (15) with iy = r; = 0 and s; = —1, we have mi = 0 (mod m?) so
that i = 0 or i = m. Finally, by (15) When3—mt+1 r=0,ip=1landi=0
or i =m, we get s = 2mk + 1. Consequently, forsi = fo.2mk+1,0 O fo 2mk+1,m-
Similarly, if % is even the result follows in a similar way as for the case (ii). [

The following corollary is now a consequence of Lemma 3.3.
Corollary 3.4. For every m > 2, |Z(Aut(H,,))| =m

Let m > 2 be an integer and let U,2 = (s1) X (S2) X --- X (s;). Since
m + 1 € U,,2, there exist unique integers my, mo,...,m; such that m +1 =
sTsh? ... sy, Finally, let k; denote the order of s; modulo m?. In other
words, k; is the smallest positive integer such that sf =1 (mod m?).

Consider

m m ki
A= (ay,a9,...,a;,a,bla™ =" =a;" =1,

Haa b]v a] = Hav b]? b] = Hav b}a ai] = [ai? aj] =1, [av ai] = CLSFla
b, a;] = b%[b,a]%, [a,b] = aay>...al™, 1<, j<t);

B = <CL1,CL2, ... 7at,G,b’ a2m — b% a/k 17
[[a,b], a] = [[a,b],0] = [[a,b], @] = [a;,a5) = 1, [a,a;] = a* !,
[b az] = baz[b a] [a’b] (CLTla;nQ ) ._a;nt>%717 1<i, j< t);

= (ay,as,...,a;,a,b,c|R),
where
R={a™ b%, a¥ c2p't7%,
[ai, a;], [b,d], [[ al,a], [[b,a],0], [[b,d], ai], ai, ala™ ", [a bl[c, al?,
[a;, b] (Db, ), [a~t, ¢ ([e, a]) 2, caic_l[a,c](%_l) =

—1 -1 bL;l (%_1)517*1 mi _ma M <G i < ¢
¢ a;c ai[ca] , la,cJa™ay® . oaf, 1 <4, j <t}

;=51 —1and §; = A
Wlth these notations, We state the main result of this paper.

Proposition 3.5. Let m > 2 be an integer. With the notations of Proposition
3.1,
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(i) if m is odd then Aut(H,,) ~ A,
(i) if %5 is odd then Aut(H,,) ~ B,
(iii) if % is even then Aut(H,,) ~ C.

Proof. (i) For simplicity, we write fo1u = fo, 1,1, fiio = fi,1,0 and f;, =
fo, si. 0, (1 <@ <t). Then for every k > 0,

(@fécll =, (y)fécll = yka
(35)f1k10 = ykfl?a (y)fflo =Y
(@) fF = 2", (y)fF =y

= k; and le?:l |f51 =

Consequently |fo11] = [fi10] = m, |fs, ma¢(m). Also

we can show that,

forr, fo] = Foir®s [fuos ol = oty [for fo,] =1, [fi10, forr] = fria

and

f . fmi1 fma2 me
m+1 — S1 So *ttdsp

ki1 %
where o; = 5,7 — 1 and 3, = .

Consider, T = {([T 1f§z)f11o [0 < iyip < m, 0 < I; < k;}, so that
|T| = m3¢(m). Since T C Aut(H,,),

Aut(Hy,) = (fors foar-- s fses J110, forr)-

Now, by [4, Proposition 4.2], there is an epimorphism ¢: A — Aut(H,,)
such that ¥(a) = fi10, ¥(b) = fonr and ¥(a;) = f5,, 1 < ¢ < t. It remains to
prove that 1 is one-to-one, and for this, consider the subset

t
= {(JJ ai)a" b0 < iy ip <m, 0 <1; < Ky},
=1

of A. By using the relations of A, for every w € A, we get Lw C L then A = L.
Suppose that ¢(([]i_, a)a’b"?) = e then ([]._, fl Vo, =1 that is

(16) Hfs, f110 011 =7

(17) Hfsl f110 011 —

By (2), yz™2 = y. So that Corollary 2.3, yields mlis i.e. io = 0. Again, with
using (1) and Corollary 2.3 we get

(18) i1sts? st =0 (mod m)

shtsl sl —1

19 shs . st mi13l13l2 sl
152 t 152 t 5
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Since (s;,m) = 1, by (18), we conclude that m|i;. This together with (19)
gives

sis? st =1 (mod m?).
Also (s;) M Iz;(si) = {1} then for every i where 1 < i < ¢, we have
si = 1 (mod m?) that is k;| I;, Combining all these facts, we see that
(T, a)ab = c.

(ii) Let 3 be odd. To calculate the Aut(Hy,), take foi1 = fo, 1,1, f210 =
fa, 1,0 and fs, = fo. s, 0, (1 <@ <) then for every & > 0, by using induction
method on k, we get

(@) for = 2, (y)fon = ya*m/?
(@) f510 = v**2, (W) 30 =1y
(@)f =", WIS =v.
Therefore, | fou| = 2m, |faio] = 2, |fs;| = ki and [[;_, | fs:| = mo(m). Also

we have,

m_

[f0117 fsz] :fgiil7 [f2107 f&] = élli() 7%—%17 [fsw ij] =1, [f011a f210] :fm—i-l

and

f — fm1 £m2 mi

m+1 — Jg; Jsg cccJs
— Gki—1

where o; = 5,77 — 1.

Consider the subset
t
T = {([ ) firofsiol 1< i< 2m, 0<ia < 5 0l < ki),
i=1

so that |T'| = m3¢(m) and
Aut(Hyn) = (fors fsor- oo fors 110, fo10)-

Now, let (TT._, £ i f2 =1 then by Corollary 2.3 we get

2igsi s .. st =0 (mod m)

iyt sl — 1

2

Iy 12 I 2 I

! : _ 2
S1S3 ... Sy 4 2migsy sy ... syt ( )J)=1 modm

mn =0 mod m?.
2
So that 2mliy, %|iz, k;| I; and the result follows in a similar way as for the
case (i).
To prove (iii), let 5 be odd. We consider fo11, fi10, f210 and fs, then for
every k>0

(@féfn =, (y>f(§€11 = yka

kim km

(x)fflo = Z/H[?] 2, (Z/)flklo = Z/H 2
<5U>f§10 = y%x, (y)kaIO =Y.
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Hence |fou1] = m, |fio] = |forol = 5, and |f,,| = k;. Combining all these
facts, we see that

[foir, fol = 511_1, [far0, fsi] = [0l
[fsi, fs;] =1, [for0, forr] = fome,
[[fo10, fo1], four] = [[f210, fou1]s far0] = [[for0, foul, fei] =1
and fpy1 = fifo2 ... fot, where o; = sfi_l — 1.
Take N = (fsl, f$2, ooy Jses Jo11, for0|R1), where
Ry = {ft, Fator £, U ol i7" [ ForolfSiofins [foor fi)

[forr, farol fomsrs [[far00 fourls fourl, [[f2n05 fourl, farol, [[f210, fourl, fs:]}-
Then by the above relations we get

N = {Hf VoSl <idp < m, 0<@2<§ 0<1Ul; <k}

Hence |[N| =2 ¢ m) , therefore (Aut(H,,): N) =2 and

Aut(H,,
# = (N fi10l(N f110)> = N).
Then the assertion may be obtained by [5, 2.2.4].
We note that, for this case, if ' is even then |fi;0| = m. By the above
consideration, the assertion is established. [
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