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LIPSCHITZ ESTIMATES FOR MULTILINEAR
COMMUTATOR OF LITTLEWOOD-PALEY OPERATOR

WANG MEILING AND LIU LANZHE

ABSTRACT. In this paper, we will study the continuity of multilinear com-
mutator generated by Littlewood-Paley operator and Lipschitz functions on
Triebel-Lizorkin space, Hardy space and Herz-Hardy space.

1. INTRODUCTION

Let T be the Calderén-Zygmund operator, Coifman, Rochberg and Weiss
(see [4]) proves that the commutator [b, T|(f) = bT(f) — T(bf)(where b €
BMO(R™)) is bounded on LP(R") for 1 < p < co. Chanillo (see [2]) proves a
similar result when 7 is replaced by the fractional operators. In [8, 16], Jan-
son and Paluszynski study these results for the Triebel-Lizorkin spaces and the
case b € Lipg(R"), where Lipg(R") is the homogeneous Lipschitz space. The
main purpose of this paper is to discuss the boundedness of multilinear com-
mutator generated by Littlewood-Paley operator and b; on Triebel-Lizorkin
space, Hardy space and Herz-Hardy space, where b; € Lipg(R").

2. PRELIMINARIES AND DEFINITIONS

Throughout this paper, M(f) will denote the Hardy-Littlewood maximal
function of f, and write M,(f) = (M(f?))"/? for 0 < p < oo, Q will denote
a cube of R" with side parallel to the axes. Let fo = |Q|™! [, f(z)dz and
f#(x) = sup,eq |QI™" J 1f(y) — foldy. Denote the Hardy spaces by H?(R").
It is well known that H?(R")(0 < p < 1) has the atomic decomposition char-
acterization(see [12][17][18]). For # > 0 and p > 1, let Ff"’o(R”) be the ho-
mogeneous Tribel-Lizorkin space. The Lipschitz space Lips(R") is the space
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of functions f such that

() = f()l
ip; — Sup < 00.
||f||L Pg oye R |J] — y|g
Ty

Lemma 1 ([16]). For0 < g <1, 1 <p < oo, we have

1l e = || \@W/'f - foldal|

Q

sup inf / f(z) — cldx
€Q °© |1+/3 | |

Lp

Lemma 2 ([16]). For0 < g <1, 1 <p < oo, we have

1
I, ~ swp s [ 17600 = Jolde

1 /1 .\
spm(@/@!f(x)—fc;\ i)

Lemma 3 ([2]). For 1 <r <ooc and >0, let

Mﬁ,r<f><x>:§1€1@p<| e = [ 1w ) ,

suppose that r < p <mn/B3, and 1/q = 1/p — 3/n, then
M (F)lle < C|If] e
Lemma 4 ([5]). Let Q1 C Q2, then

[far = foul < ClIf|Lip, | Q27"

Definition 1. Let 0 < p < 1. A function a(z) on R™ is called a HP-atom , if

1) suppa C B(xg,r) for some zg and for some r > 0 (or for some r > 1),
) ||a||L°o < |B(xo, )71,
3) [ a(x)z"dz = 0 for all v with 0 < |y| < [n(1/p — 1)].

Lemma 5. (see [14][15]) Let 0 < p < 1. A distribution f on R™ is in H?(R")
of and only if f can be written as f = ij_oo Aja; in the distributional sense,
where each a; is HP-atom and \; are constants with Y~ |\;|P < co. More-

over,
oo 1/p
|[f|[m» = inf ( > |)‘j|p> :

j=—o00

]_700

where the infimum take over all decompositions of f as above.

Definition 2. Let 0 < p, ¢ < 0o, a € R, B, = {x € R",|z| < 2F}, A} =
Bi\By—1 and xj = xay for k € Z.
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1) The homogeneous Herz space is defined

KgP(RY) = {f € L3, (R"\{0}) : || [l e < 00},

where

o0

1/p
f [l gor = [Z Qk""’llkall’iq] ;

k=—00

2) The nonhomogeneous Herz space is defined by
K" (R") = {f € Lioo(R") : || fl[xgw < o0},

where

o0 1/p
1 llgr = | D2 Il o + IIfXBOII’Zq] :
k=1

Definition 3. Let a € R, 0 < p,q < 0.
(1) The homogeneous Herz type Hardy space is defined by

HEG?(R") = {f € S'(R") : G(f) € Kg*(R")},
and

U agcgr = NG gors
(2) The nonhomogeneous Herz type Hardy space is defined by

HEJP(R") ={f € S'(R") : G(f) € K" (R")},
and

U axcgr = NG xegr;

where G(f) is the grand maximal function of f, that is

G(f)(x) = sup sup [f*p(y)l,
YEKm |z—y|<t
where K, = {¢ € S(R") : SUD,epn jaj<m (1 + [u])" [ DY(u)| < 1},
oi(x) = t7"p(z/t) for t > 0, m is a positive integer and S(R") is the
Schwartz class (see [17, p. 88]).

The Herz type Hardy spaces have the atomic decomposition characteriza-
tion.

Definition 4. Let « € R, 1 < ¢ < oco. A function a on R" is called a central
(c, g)-atom (or a central (a, ¢)-atom of restrict type), if

1) suppa C B(0,r) for some r > 0 (or for some r > 1),
2) llallze < [B(0,r)|~/",
3) [ a(x)zdx = 0 for all n with || < [a —n(1 —1/q)].
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Lemma 6 ([6, 15]). Let 0 < p < o0, 1 < g < o0 and a > n(l —1/q). A
temperate distribution f belongs to HKC‘I”Z’(R”) (or HKP(R™)) if and only
if there exist central (o, q)-atoms (or central (o, q)-atoms of restrict type) a;
supported on B; = B(0,27) and constants \;, Y. |\j|P < oo such that f =
Do o Njag (or f=32700 Aja;) in the S'(R") sense, and

Jj=—00
1/p
Sl gcer Cor | fllaer) = (ZWVD) :
J

Definition 5 ([7]). Let a € R, 1 < p,q < 0.
1) A measure function f is said to belong to homogeneous weak Herz
space WKP(R"), if

+oo
g = sup A 27| € By : [f ()] > AP/ < oo
>

—00

2) A measure function f is said to belong to inhomogeneous weak Herz
space WKP(R"), if

—+00

[ fllwker = Sup A 2 r|{x € By | f(x)] > A}
> k=1

+{z € By : |f(z) > AP/YYP < 0.

Definition 6. Let > 1, n > 6 > 0 and 1 be a fixed function which satisfies
the following properties:

1) [ ¥(2)dz =0,

2) [P(x)] < C(1+ |of)~+179),

3) [(x +y) — ()| < Clyl(1 + [|)~**7") when 2y| < |z].
Given a positive integer m and the locally integrable function b;(1 < j < m).
The multilinear commutator of Littlewood-Paley operator is defined by

dhal)) = [ I GE= |Ff<f><x,y>|2ffff] -

Fen = | [H(bxa:) - bj(z))] Uuly = 2)f ()i,

j=1

where

When m =1, set

dhsl)) = [ [ Gry) \Ff(f)«a@ﬁffff] -




LIPSCHITZ ESTIMATES ... 89
where
Rw9) = [ 0la) = b))y - ()i
and y(x) = t"H0p(x/t) for t > 0. Set F(f)(x) = f * di(x), we also define

that "
dydt
2z [/ /Rn'*'l (t+ |z — y\) ’Ft(f)(y)]2tn+1] ’

which is the Littlewood-Paley operator (see [18]).
Let H be the space H = {h Rl = (f [arer [R(y, ) [Pdydt je7T)H2 < oo},
+

then, for each fixed x € R™ F;(f)(x) may be viewed as a mapping from [0, +00)
to H, and it is clear that

" np/2
sl )(x) = ‘ (5om) RO
and
; t R
o)) = ' (=) Fe)
Note that when b; = - -+ = b,,, gg’ 5 1s just the m order commutator. It is well

known that commutators are of great interest in harmonic analysis and have
been widely studied by many authors (see [1, 2, 3, 4, 8, 10, 9, 11, 16]). Our
main purpose is to establish the boundedness of the multilinear commutator
on Triebel-Lizorkin space, Hardy space and Herz-Hardy space.

Lemma 7 ([9]). Let 0 < d<n, 1 <p<n/d,1/¢g=1/p—0d/n and w € A;.
Then g, is bounded from LP(w) to LY(w).

Given some functions b; (j = 1,...,m) and a positive integer m and 1 <
j < m, we set [|bl[Lip, = [T}, [1bj|lLip, and denote by C7* the family of all
finite subsets 0 = {o(1),...,0(j)} of {1,...,m} of j different elements. For
o€ O, set 0¢={1,...,m} \o. Foro = {o(1),...,0(j)} € CF', set b, =
(bg(l), e 7ba(j))7 bg == ba(l) P ba(j) and ||bg||Lipﬁ == HbJ(l)HLipg oo ||bg(j)HLipB.

3. THEOREMS AND PROOFS

Theorem 1. Let 0 < 5 < min(1, 1/2m) w>3+1/n—25/n1 < p < oo,
bj € Lipg(R") for 1 < j < m and g s be the multilinear commutator of
thtlewood Paley operator as in Deﬁmtzon 6. Then
(a) gWS is bounded from LP(R") to F;,""ﬁ’oo(R") for1<p<mn/§ and 1/p—
1/q=4d/n.
(b) gﬁ’é is bounded from LP(R"™) to LY(R"™) for 1/p—1/q = (mfB+0)/n and
1/p > (mB+6)/n.
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Proof. (a). Fixed a cube Q = (20,1) and & € Q. Set by = ((b1)g, - - -, (bm)a),
where (bj)q = |Q| ™! [, bi(y)dy, 1 <j <m. Write f = fxq + fo = fxamq =
fi + f2, we have

then

5@ = gs()0 —b1) - (B — b)) ) 0)
nu/2
< ( ! ) F¥ () (@)

T\t + [z —y

( " )nu/2
() R@e - ) (e — b))

t+ |zo — vl

nu/2
. <;> (b1(2) = (01)q) - - (bu(@) = (b)) Fu(F) ()

~ |\t |z =yl
m—1 " e . - o
2 (t+ Ix—yl) (b{2) = Ba) Pl = ba)o- F)v)

" np/2
=) A= 0e)- b = o))
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(= y|)w ~ (5))2))

(e |)W2 ~ (5))/2)(v)

= Li(2) + I(z) + I3(z) + L(x )
Thus,

Pl /Q 195,505 @) — gus((br)g = b1) - () — bun) ) (w0) |

1

1
<—— | T (x)dx—i——/ I(z)dx
|Q|1+m6/n/Q 1 |Q|1+mﬁ/n o 2
1

1
+—/Ig(a:)dx+—/f4(:c)dx
QMBI o |Q[1+ms/m o
=I+I1I+1II+1V.

For I, by using Lemma 2, we have

1
1< (i R0 ) ()l o) = (el [ loust9) ()l
1 m, n
< i, g™ /Q 1908 (@) dz
< OB, M (g5 (1)) (D).

For II, taking 1 < r < p < ¢ < n/d, 1/¢ +1/qg = 1,1/s" +1/s = 1,
1/q=1/p—4d/n, ps = r by using the Hélder’s inequality and the boundedness
of g, from LP to L? and Lemma 2, we get

m—1
1YY g @) =Bl G~ Fa)oef @)l
7=1 UGCm
. 1/q
(b(z) —b 7
sz o (|@|/ (F) = Bolfa)
1 L 1/q
x (@ [ s~ B o) e
n 1
CZ Z |Q|m5/”|’ UHLII)@’Q“UW/ ‘Q|1/q

j=1 cecy’

([ 160 o swatrar)
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-1
1 4 n S s/n S
<Cy > ,Q|mﬁ/ng luip, | Q1171877 Q| 1/ 1/ + 1/

j=1 cecy’
1/ps’ 1/ps
ps dm) (—’Q‘laps/n/ |f(x)|p5dx)

(rcz\/' ©) = b

CZ Z |Q|m/6/n||b ||L1pﬁ’C‘?||Cf|ﬁ/n||baC

j=1 chCm

< O8] 130, M (1))

IN

Liny | Q171777 My o (1))

For I11, we choose 1 < r < p < q < n/d, 1/¢g =1/p—46/n, r = ps, by
the boundness of g, s from LP(R™) to LI(R") and Hélder’s inequality with
1/s+1/s' =1, we have

1 | " e
IIT < CW (@ /R" |gu,6(H(bj - (bj)Q)fXQ)($>|qd$>

J=1

m 1/p
1 1
< g g ( ICEE <bj>Q>|prf<x>xQ<x>|pdx)

j=1

/ m 1/ps’

|Q|(-V/@+1/ps'+(1=(ps/n)/ps) ( 1 / ,

<C — = ] [0i() = (b)) P da X
Q[ Qo' 14

1 1/ps
X (|Q|1——5p8/n /Q |f<x>|psdx)

< CJJb|uip, Ms, (1) ().

For IV, by the Minkowski’s inequality and by the inequality a'/? — b'/? <
(a —b)1/2 for a > b > 0, we have

[/ 1 (L

% TL1bs(=) — (b)al [y — z>r|f<z>|dz> dydt

(=) - )
t+ |z —y t+ |zo —

1/2

tn+1
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12— o T Iy (2) = (p)allnly — 2l )]
SC/QC / /< (i + o — y)osDP2 ) '

dydt]"?
tn—‘rl :| dZ

<c| ij:[le(z) — Gl Gl — ol ( [].G=)

tnd 1/2
X ydt dz
(t+ |y — z[)2nt2-2

Set B = B(x,t), then

tn / (;)WH dy
re \t+ |z —y| (t + |y — 2|)2nt2-20
t nu+1 dy
= / <—> 2n+2-26
Bl \T+ [T =] (t+ |y — 2|2
(3 / (;)"““ dy
1 2kB\2k—1B t + |I — y| (t -+ |y _ Z|)2n+2—26

22n+2—25d
<ot (/ 2y 2-26
Bag) (2t + [y — z|)?H2-
o0 ¢ np+l 9 (k+1)(2n+2-26) 4
S () e
— Jorpor-ip \ 1+ 2770 (21t + [y — z[)>+
dy

<Cct™
- (/B(x,w (t+ [z — 2[)t+2-2

o0 k(2n+2—26
—i—ZQ(l—k)(wH)/ 2k@Ent2720) gy
£ g (E+ |7 — 2|) 222

pet (t + |I _ Z|)2n+2—26

= 1
< C 1 2k(3n—nu+1—25)
- ( + Z (t + ’.CE _ Z‘)2n+2725

k=1
C

<
T (t+ | — Z‘)2n+2726
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and notice that |z — z| ~ |z¢ — z| for x € @ and z € R™"\@Q. We obtain

/QH“’ b)el | F(2)l |z — o] 2

Cj 1

t nptl trdydt s
" </ /R (m) (t+1y - z|>2n+2—26> *
0 gt 1/2
< C/CH!b ball i@l — ol (Hlx_z|)2n+2_%> -

<C _1/2 (n+1/2-96) b. d
- kz_;/w@@\?k_l@@o x|l — 2| f(z |H| bj)qldz

/ 1/r'

m ‘s

<OZQ i 126Q[1- 6/n/ H
=1

1 1/r
(e Lo @'”y)

< O3 2P ]l QI M () ()
k=1

dy X

< CHE||LipB|Q‘mﬁ/nM5,r(f)(j)7

SO
IV < C||b]|Lip, M5 (f)(E)-

We put these estimates together, by using Lemma 1 and taking the supremum
over all () such that € @), we obtain

195 5(H) e < ClBlIuipg (1M (9u6(£)) + Mar(£)] |10)
< ClIblluip, (1M (95 (Do + 1Mo (f)] ] 124)
< ClIblleip, (1gns () 2o + 11 M5 (£)] 120)
< ClJBluip, |1 £ r-

This completes the proof of (a).
(b). By some argument as in proof of (a), we have

el / 19 5(D(@) = Gus((B)a —B1) - . (bu) — bun) o) (o)l d

1 1
< @/Qh(x)dx%—@/qzb(x)dx+@/ng(x)da:jt@/cyh(z)dz

=Vi+Va+Vs+ Vi
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For V3, taking 1/s = 1/r — 6/n, by the boundedness of g, from L"(R") to
L*(R"™), so we have

Vi< 5 suplbu(@) — (ol [oule) — (bw)al / 9a(f) (@)
|Q| zeqQ

. 1/r
< OBl uip, Q21 ( /Q |f(:c)!”dx)

5 1 i 1/7”
= Clllhs, (s [ (o)1)

< Cl‘a ’LipﬁMmﬂ+6,r(f) <j>

For V3, taking 1/¢'+1/s = 1,1/s = 1/r —d/n, by using the Holder’s inequality
and the boundedness of g, s from L"(R") to L*(R"), we get

V<) Z + /Q (5() = B0l 90((F = B f) (@) da
m 1/s'
=C ;Zf;(r@\/' 'dx> "

<ﬁ /R 9:6((6 — ba)oe f X@)(w)ISd:c) :

m—1 1/s
L (e o)

j=1 ceC
X </n \(5(117) — gQ)UCf(x)XQ(x)Irda;> 1/r

m—1
<CY D Qb i, | QL7 |[boe

j=1 ceC

“( / i) !

. 1 yr
< VBl (g [ [0 )
Lipg Q|1 (mB+d)r/n o
< C||b||Lingmﬁ+5,r(f)(j)'

X

lo°18/m o

Lipﬁ ’Q




96 WANG MEILING AND LIU LANZHE

For V3, by the boundness of g, 5 from L"(R") to L*(R") and Holder’s inequality
we get

m 1/s
v?,<c(,Q| / \gwg D)l >|de)

m

1/r
<l (/ [T os ol 1f(@)x <x>|rd:c>

J=1

. 1 1/r
< QI 1QI Q1 Bl 1., (@ /Q If(frf)|’"dx)

< C| |b‘ |Lingmﬂ+5,r(f> (j)
For V}, similar to the proof of IV in (a), we get

/ H|b b)ollF(2)lle — 202 x

1/2
(o o)™ i)
rrtt \+ |z =y (t+ |y — 2[)t2=20
<C [ oo = aft ey = 7O |H|b Joldz
@
” 1/’
k/2
<CZQ (ng1 6/n/ 1_[1 dy) x

1 1/r
y (—pk o / . |f(y)|’“dy)

1 . 1/r .
< ¢ (gt | ) ir) Vil
< O[] |Lipy Mingssr(f)(E)-

m

So we have
1l / 195 5()(@) = gus(((B1)g = b1) - (b)g — b f2) (o) |
< C|[B]|wipy, M5 () (E).
Thus,

(% 5()* < ClIblluipy Mg, (f).

By using Lemma 3 and the boundedness of g, 5, we have
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197, 5(F)l1z0 < Cll(ghs () * 1o
< OBl || Mg sar (F)[ 0 < C[Bl[Lip, |1 ][22
This completes the proof of (b) and the theorem. O
Theorem 2. Let 0 < 8 < 1, p > 3+ 1/n—26/n, n/(n+mpB) <p < 1,

1/q=1/p— (mB+0)/n, b; € Lipg(R") for 1 < j < m. Then 92,6 is bounded
from HP(R™) to LI(R").

Proof. 1t suffices to show that there exists a constant C' > 0 such that for every
HP-atom a,

lgps(@)llze < C.

Let a be a HP- atom that is that a supported on a cube @ = Q(xo, 1), ||a||r=~ <
Q"7 and [y, a(z)adz = 0 for 3] < [n(1/p — 1)
When m =1 see [9] Now, consider the case m > 2. Write

12, sl < (/M%KZT |gz,a(a)(x)|qu) v

. 1/q
+ (/ ygfm(a)(a;)dxw) =1+1I.
le—zo|>2r

For I, choose 1 < p; <n/(mB+0) and ¢; such that 1/¢; = 1/p1 —(mpB+6)/n.

By the boundedness of gz,é from LP*(R™) to L9 (R™) (see Theorem 1), the size
condition of @ and Holder’s inequality, we get

I < Cllghs(@)| gm0/ < CHEHLinga!!m?‘”“/q’”“)

< CHbHLl (=1/p+1/p1) pn(1/q=1/q1) < CHbHLlpﬂ
For I, let 7,7/ € N such that 7+ 7' = m, and 7" # 0. We get
| (a)(z,y)| <
< [(br(2) = b1(0)) - - (bm(z) — bin(0)) /B(@/Jt(y — 2) = Uy — mo))a(z)dz]
+ i > 1) = b(x0))oe /B(E(Z) — b(0))ot(y — 2)a(2)dz]
j=1 ceCm

J

< C|[Blluip, [ — 0| ™ / (Y — 2) — ny — 7o)l al2)|d
O, 37— 2| / 12— 2ol Puly — 2)laz)|dz

T+7'=m

7 k2 xo’
< Olllhin, 77— ‘ | 120 = 2lla(2)|d
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g t ,
+O|BllLp, Y o= zo™ / |2 — x| Pla(z)|d>
_ n+1-4
T4+7'=m (t + |y CL’Ol) B
— t (1 .
< C||b||Lipﬁ Ty = 2o L pAn(=1/p) | |z — 20|
— t ,
i . E 7' B4+n(1-1/p) | o 3
T+T'=m

Thus,

198 5(a)(x)] <

00 t 2 dt 1/2
bl at C1tn(1=1/p) | o mB
§C||b||Llpg (/0\ <<t+’$—x0’)n+26) t ) T p |$ :E0|

00 t Zdt 1/2
+C1[0l|Lip, (/0 ((t+|x_x0|)n+16) 7) X

N D e S PP L

T+1'=m

< C||5||Lip5|a: — | L 14n(=1/P) | g 1mB

+O||g||Lip5|'r - x0|_(n_6) : Z TT/,@+n(1—l/p) . |ZL' — I0|T6,

T+7'=m
SO
- 1/q
I < C’||b||Lipﬁ . pitn(1=1/p) </ |x _ x0|—(n+1—5—mﬁ)qdl,)
|x—x0|>2r
- , 1/q
+C1[b]|Lip, - Z 7 B+n(1=1/p) (/ lz — IO|—(n—5—Tﬁ)qu>
4 =m |x—x0|>2r
= Ji + Jo,
we get

) 1/q
J, < CHgHLipﬁ . pltn(1=1/p) Z/ <2k7,)7(n+1767m/8)qu
k=1 2k+1Q\2kQ

o] 1/q
< C||5||Lipﬁ . pltn(1=1/p) <Z 2—kq(n+1—6—mﬁ)T—q(n—‘rl—&—mﬁ)2(k+1)nrndx>
k=1
< C||5| |Lip, Z 9—k(n+1-6—mpB-n/q), 1+n(1-1/p)—(n+1-8-mfB)+n/q

k=1
< C1)b||Lipy-
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For J,, similar to J;, we have Jy < C’HgHLipﬁ.
Combining the estimates for I and I, then leads to the desired result. O

Theorem 3. Let 0 < <1, u>3+1/n—20/n,0<p<oo,1<q,q < oo,
/g1 —1/qe = (mB+6)/n, n(1—1/q) <a<n(1—1/q1)—i—€ e < min(1,mp),
bj € Lipg(R") for 1 < j < m. Then g, is bounded from HKO‘p(R”) to
Kj;;p(R”).

Proof. By Lemma 7, let [ € HK“p(R”) and f = Zr w Ajaj, suppa; C

Bj = B(0,27), a; be a central (a, q1)—atom, and Y372 [A;P < oo.
p
1955 (Alfzer < C Z 2kar < > lllgh o aa)kaqu)
k=—o0 j=—00
0o 0o B p
O Z okap < Z P\j\M,&(%)X}eHL%) =I+1I
k=—0o0 j=k—1
For I1, by the boundedness of g/’i& on (L%, L%) (see Theorem 1), we have
1< CllIE,, > 270 ) Nlllagllzn )
k=—o00 j=k—1

< ClIBIEs,, Z Z [A] - 207

k=—o00 j=k-—1

00 j+1 ]
3 |)\j|p > Q(kfj)oqo7 0<p<l1
j=—00 k=—00
< CHbHLlpﬂ ’ j

00 Jj+1 . Jtl . ’ /
SO NP Q(k—J)ap/Q)( S 2lk=gap /2)10/197 1<p<oo
j=—00 k=—00 k=—o00
< O||b||L1p Z |/\]|p
j=—00

For I, we have

| (a5) (2, y)] <
< [(br(2) = 61(0)) - - - (b () — bm(0)) /BV(@Z}t(y — 2) = Ye(y))a;(z)dz]

3% 1) — B0)).e /B (=) = B(0))otiely — 2)ay()d2]

j=1 ceC J

< Cllllugy o™ | it = 2) = )y )1z
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Clflhin, 3 ol [y = sl

T+71'=m

b o™t (Ln(1-1/1)a)
< CHbHLiPBW .7 q1
; Ll i Btn(1-1/q1)—a)
+C||b||Lipﬁ Z W . 23 q1 .
T+7'=m
Thus,

-

92,5(%)(33) <

9 1/2
o . o0 t dt
< O|bl|; mf  9j(l+n(1-1/q1)=a) , / - ) =
< | ||Lpg|x| ) (t + |z|)»+2-? t

+C||gl|Lipﬁ Z |a;|Tﬁ . 9d (T B+n(1-1/q1)~a)

T+1'=m

00 2 1/2
(L Gpt) 5

< C’\|5||Lipﬁ|a:|m5|x|—(”+1—5) . 9i(14+n(1-1/q1)-a)

+C||gHLip5 Z || || ~(n0) . Qi (T AHn(—1/q)—e)

T+7'=m

and

ng,d(aj)XkHL% <

< O, - 20OV ( /

1/q2
+CH5||LipB Z 9i(r'B+n(1-1/q1)~a) , (/ ]:C\(”Tﬁtﬂqzdx)
Bp\By_1

TH+T'=m

1/g2
|x|—(”—(m5+5)+1)q2 dr
k\Br—1

< C||b]|ip,, (2771 @) =)=k (1+n(1=1/1))
< -

+ Z Qj(T’ﬁ+n(1—1/q1)—a)—k(T’5+n(1—1/Q1)))
T4+1'=m

< CHgHLing_ka (2(j—k)(1+n(1—1/111)—a) + 2(j—k)(mﬁ+n(1—1/q1)_a))

9

SO
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p
<oy, 35 (5w g o)

k=—00 \j=—00
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o) k—2 p
+C!|b||fipﬁ Z <Z ] - 2(Jk)(mﬂ+n(11/ql)a)> .

k=—00 \j=—00

When 0 < p <1,

[<C'HbHLlp Z (Z [\ [P - 2p— R (n(1-1/a) e ))

k=—0c0 \j=—00
S k—2
+C|’b”€ip5 Z (Z IA;]7 - Qp(Jk)(m6+n(11/q1)a)>
< CO|lblls, (Z e Z op(i—k)(1+n(1-1/q1)~a)
J=—0 k=j+2
0 o]
+ Z ‘)\j|P Z 2p(jk)(mﬁ+n(11/q1)a)>
j=—o00 k=j+2
< ClfblfE,, S NP
]_—OO
When p > 1,
00 k—2
I<ClblRy, > (Z |Aj|P2P<J'—k><1+n<1—1/q1>—a>/2> »
ipg
k=—oc0 _j:_oo
k—2 p/p’
X (Z Qp’(jk)(1+n(11/q1)a)/2>
j=—00
S k—2
+C|’bHL1pB Z (Z ‘)\j|p2p(‘jk)(m6+n(11/q1)a)/2) X
k=—o0c0 \j=—00
p/v
(Z op (j=k) (mB+n(1-1/q1)— )/2>
j=—00
< CHbHLlp Z |)\j|p-
j=—00

From I and I, we have

o0

1/p
19E 5Pl s < CllFluin, ( 3 w) < Olfllmsgr

Jj=—00
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This completes the proof of Theorem 3. U

When a =n(1 —1/¢1) + €, ¢ < min(1, mf3), this kind of boundedness fails.
Now, we give an estimate of weak type.

Theorem 4. Let 0 < <1, 0<p<1,1 <Q1,q2 <ool/qge=1/q — (mB+
8)/n, b; € Lipg(R") for 1 < j < m. Then g’ 5 maps HE Y/ at=r g
continuously into WK /1) TEP(R™), where 0 < & < min(1,m3).

Proof. We write f = >~ Ayay, where each ay, is a central (n(1—1/q1)+¢, ¢1)
atom supported on By and > 2 | A\|P < oo. Write

[19506llw gena-1/mrsen <

< sup M Z 2l n(=t/a)+op| {1 ¢ F - |gw Z Aeay) ()| > A/2} [P/} 1/

A>0

=0 k=1—3
-4
+sup A oln(I=1/a)+elp| f 0 € F : |g Ap@ > \/2) /e 1/p
Py o< B ksl 32 M) > /23
:G1+G2.

By the (L%, L%) boundedness of gg, s and an estimate similar to that for I; in
Theorem 3, we get

o0 oo

o0
G <03 2 gh (S N a@alls, < ORI, S P

l=—o00 k=1-3 k=—o00
To estimate G5, let us now use the estimate
91.5(@i) () < OBl i ]| =170 hCn /o))

+C||g||LipB Z |z|7B ||~ (=) . k(' Bn(-1/a1)=a)

T+7'=m

which we get in the proof of Theorem 3. Note that when z € Ej,
a=n(l-1/q)+e,

-4

A<2 ) Nllghs(an)(@)] <

k=—00
=4 . 14
< Cllfluip, D Iel(2ymoromnt B @yttt
k=—00 k——o00
i—4 I—4

g, 550 3 @ Sty

k=—o00 T+7'=m k=—o00
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-4
< Cl[blluip, Y [Ael(2)mOHo

k=—o00

< CJJblluip, 2O ),

k=—o0

for A > 0, let [, be the maximal positive integer satisfying

220490 < ClBllap, A7 Y ),

k=—0o0
then if [ > [, we have
-4
{z € B |ghs( D> ar)| > A2} =0,
k=—00

so we obtain

Ix
G < sup M Z Ql(n(l—l/ql)+s)p(2l)np/q2}l/p

>0
Ix
< sup /\{ Z <2l)(n+€fm576)}
A>0 I—— oo
< sup /\2l)\((n+e—mﬁ—(5)
A>0
< C[blluin, ( Y (Ml

k=—00

Now, combining the above estimates for G; and G5, we obtain

||9Z,5(f)||WK;2<1—1/q1>+e,p < OB, ( > [l

k=—o00

Theorem 4 follows by taking the infimum over all central atomic decomposi-
tions. U
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