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ON THE FAMILY OF DIOPHANTINE TRIPLES
{k + 2,4k, 9k + 6}

ALAN FILIPIN AND ALAIN TOGBE

ABSTRACT. In this paper, we prove that if k& and d are two positive integers
such that the product of any two distinct elements of the set

{k+ 2,4k, 9%k + 6, d}
increased by 4 is a perfect square, then d = 36k + 96k2 + 76k + 16.

1. INTRODUCTION

Let m, n be two integers, m > 1. A set of m positive integers {ay,...,an}
is called a Diophantine m-tuple with the property D(n) or a D(n)-m-tuple
(or a P,-set of size m), if a;,a; + n is a perfect square for all 1 <i < j < m.
Diophantus was the first who considered the problem of finding such sets and
it was in the case n = 1. Particularly he found the set of four positive rational
numbers {%, %, 117, % with the property D(1). However, the first D(1)-
quadruple was found by Fermat and it was the set {1,3,8,120}. Moreover
Baker and Davenport [1] proved that the set {1,3,8,120} cannot be extended
to a D(1)-quintuple. Several results of the generalization of the result of Baker
and Davenport are obtained. In 1997, Dujella [3] proved that D(1)-triples of
the form {k —1,k+ 1,4k}, for k > 2, cannot be extended to a D(1)-quintuple.
In 1998, Dujella and Pethd [5] proved that the D(1)-pair {1,3} cannot be
extended to a D(1)-quintuple. In 2008, Fujita obtained a more general result
by proving that the D(1)-pairs of the form {k — 1,k + 1}, for £k > 2 cannot be
extended to a D(1)-quintuple. A folklore conjecture is that there does not exist
a Diophantine D(1)-quintuple. Recently, Dujella [4] proved that there does not
exist a D(1)-sextuple and that there are only finitely many D(1)-quintuples.
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Case n = 4 is closely connected to the case n = 1. It is easy to see that
if we have D(4)-m-tuple with even elements, when we divide those elements
by 2, we get a D(1)-m-tuple. In 2005, Dujella and Ramasamy [6, Conjecture
1] conjectured that there does not exist a D(4)-quintuple. Actually there is a
stronger version of this conjecture.

Congecture 1.1. There does not exist a D(4)-quintuple. Moreover, if {a, b, ¢, d}
is a D(4)-quadruple such that a < b < ¢ < d, then

1
d:a+b+c+§(abc+rst),

where r, s,t are positive integers defined by
ab+4=r%ac+4=s>bc+4="t.

If we denote dy = a + b+ ¢+ 3(abc + rst), then {a,b,c,d;} is a D(4)-
quadruple called a regular D(4)-quadruple. We also define number d_ = a +
b+c— %(abc +rst). If d_ # 0, then {a,b,c,d_} is also a D(4)-quadruple, but
d_<e.

The first result of nonextendibility of D(4)-m-tuples was obtained by Mo-
hanty and Ramasamy in [17]. They proved that D(4)-quadruple {1,5,12,96}
cannot be extended to a D(4)-quintuple. Later Kedlaya [16] proved that if
{1,5,12,d} is a D(4)-quadruple, then d = 96. One generalization of this result
was given by Dujella and Ramasamy [6]. They proved Conjecture 1.1 for a
parametric family of D(4)-quadruples. Precisely, they proved that if & and
d are positive integers and {Fyy, 5ForpdFor + 2,d} is a D(4)-quadruple, then
d = 4Ly, Fy. + 2 where F), and Lj, are the Fibonacci and Lucas numbers. A
second generalization was given by Fujita in [12]. He proved that if k& > 3 is
an integer and {k — 2,k + 2,4k, d} is a D(4)-quadruple, then d = k* — 4k. All
these results support Conjecture 1.1. The first author have studied the size of
a D(4)-m-tuple. He proved that there does not exist a D(4)-sextuple and that
there are only finitely many D(4)-quintuples exist (see [9, 8, 10, 7]).

The aim of this paper is to consider D(4)-triples of the form {k+2, 4k, 9k+6},
giving another polynomial parametric family of D(4)-triples (see the example
of Fujita [12]) and to prove the following result.

Theorem 1. If k is a positive integer and d is a positive integer such that the
product of any two distinct elements of the set

{k+2,4k,9k + 6,d}
increased by 4 is a perfect square, then d = 36k® + 96k* + 76k + 16.
Therefore, one can easily see that our quadruple {k+2, 4k, 9k+6, d} with d =
36k3+96k%+T76k+16 is regular. This family is the special case of twoparametric
family of D(4) Diophantine triples {k, A*> — 4A, (A + 1)’k — 4(A + 1)}, which
can be studied on the same way for small A’s. The organization of this paper
is as follows. In Section 2, we recall some useful results obtained by the first
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author and adapt them to our case. We use a result due to Bennett [2] on
simultaneous approximations of algebraic numbers which are close to 1 to get
an upper bound for k. Finally, in Section 4, we use Baker method and Baker-
Davenport reduction method to prove Theorem 1. The method, applied in this
paper, was used by the second author and Bo He in [15]. The results obtained
in this paper are sightly different from those in [15] as the family considered
by He-Toghé is a family of D(1) Diophantine triples. But let us mention that
their result proves our main theorem for even k. This method can be applied
to many Diophantine sets. With Bo He, we applied it to study a family of
two-parametric D(4) Diophantine triples, {k, A%k +4A, (A+ 1)’k +4(A+1)}
for small values of the parameter A (see [11]). In the same way, the second
author and Bo He studied a family of two-parametric D(1) Diophantine triples
(see [13] and [14]). These families are simplest if we consider them as linear
polynomials in k. Notice that the success of the method depends on the bound
of k obtained in Section 3. If this bound is too large, it would take too long
to run a program like we have done in Section 4.

2. SOME USEFUL LEMMAS

In this section, we will recall or prove some useful lemmas that will be used
to prove Theorem 1. So let r, s,t be positive integers defined by

(1) ab+4=1r% ac+4=5s> be+4=1.

To extend the Diophantine triple {a,b,c} to a Diophantine D(4)-quadruple
{a,b,c,d}, we have to solve the system

(2) ad+4 =2 bd+4=1vy% cd+4=7%

If we eliminate d, we obtain the following system of Pellian equations.
(3) az? — cx? = 4(a — c),

(4) bz? —cy® = 4(b—c).

From [8, Lemma 1], there exists a solution (zéi), xéi)) of (3) such that z = s

where

Vo~ = Z(g)7 Ug) - E(SZ(()) + ng))>> Uv(n)+2 - Svr(n)+1 - U1(n)7

and ]z(()i)] < %E Similarly, there exists a solution (zy), ygi)) of (4) such that

z = w,(f), where

Wl = 20 ) = §(tZ§J) +ey®), wd), =t — ),

and |z£j)| < ,/%E.
(%)

The initial terms z;’ and zgj ) are almost completely determined in the fol-
lowing lemma [10, Lemma 9].
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Lemma 1. (1) If the equation v, = wa, has a solution, then zy = 2.
Moreover, |z] = 2, or |z| = & (cr — st), or |z] < 1.608a 1111
(2) If the equation vey, 11 = way, has a solution, then

1
|20| = ¢, |21] = 5(07“ —st), zpz1 < 0.

(3) If the equation vy, = wa,+1 has a solution, then

1
|21] = s, |20] = i(cr — st), zpz1 < 0.

(4) If the equation voy,11 = Wanr1 has a solution, then |z| = t, |z1| = s,
2o+ 21 > 0.

Here, we consider

a=k+2, b=4k, c=9k+6,

and

r=2k+2, s=3k+4, t=06k+2.
We have

20| < \/Z\/‘/; < /39 +6) < 6.71VE
and

EARS ,/C—\/\/; < \/\/ﬁ~(9k+6) < 5.39Vk.

Using the same procedure as in [15], we can exclude all items of Lemma 1 except
the first item with g = 2, yo = 2, and |z| = (cr — st)/2 = 2. Therefore, we
need to solve the system of Pell equations

(5) (k+2)2* — (9 + 6)a® = 4(—8k — 4),
(6) 4kz* — (9k + 6)y* = 4(—5k — 6),
with o = y; = 2 and 2y = z; = £2. This is equivalent to solve the equation
(7) 2 = Vg = Wap.
Let zp = z1 = 2. We have
(8) vo =22, v1 =9 + 6+ (3k+4), Vo = Bk +4) Vi1 — U,
(9) wo = 12, wy = 9k + 6 £ (6k + 2), w2 = (6k + 2)w,1 — Wy
For the relations of indices m and n, we have

Lemma 2. If vy, = wa,, then n < m < 2n.

Proof. By [10, Lemma 5], if v,, = w,, then n — 1 < m < 2n + 1. In our even
case, we have 2n — 1 < 2m < 4n + 1. The result is obtained. ]

Now let us recall the following lemma.
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Lemma 3. We have

1
Vom = 20 + §c(azom2 + sxgm) (mod c?),

1
Wop, = 21 + §c(bzln2 +tyin)  (mod ¢?).

Proof. See [6, Lemma 3]. O

The next result will help us to determine a lower bound of m depending on
k.

Lemma 4. Assume that vs,, = wa, with m,n > 2, then

m > %\/E — 1.
Proof. Using the results of Lemma 3, we have
(10) +am? + sm = £bn® +tn (mod c).
In our case, the congruence becomes

+(k + 2)m? + (3k + 4)m = £4kn® + (6k + 2)n  (mod 9k + 6)
Multiplying the above congruence by £9, it results
12m? £+ 18m = —24n* ¥ 18n  (mod 9k + 6).
Therefore,
(11) 4m? +8n* £6m+6n=0 (mod 3k +2).
If m,n > 2, then
4m® + 8n® + 6m + 6n > 4m* 4 8n*> — 6m — 6n > 0.
Hence from (11) we obtain
4m?* 4 8n* + 6m + 6n > 3k + 2.

By Lemma 2, we know that m > n. So we have 12m? + 12m > 3k + 2 > 3k.
This completes the proof of the lemma. O

Now we prove the following result.

Lemma 5. Let x,y,z be positive integer solutions of the system of Pellian
equations (5) and (6) such that z ¢ {2,18k* + 30k + 10}. Then

log(2z) > (VE — 2) log(3k).

Proof. The proof is similar to that of Lemma 5 in [15] but here we take zy =
+2, 20 = 2 and vy, = Wa,. O
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3. AN APPLICATION OF DIOPHANTINE APPROXIMATION

In this section, we will use a result of Bennett [2] on simultaneous approxi-
mations of algebraic numbers which are close to 1 to get a lower bound for &
in order to solve the system of Pell equations (3) and (4). So let us consider

the numbers
/ 4 / 2

The following result gives us some information on the approximations of the
algebraic numbers 6; and 6s.

Lemma 6. If k > 5 and (z,y, z) # (2,2,2), then
6x
2z

0, — < 16272 and |0y — ;)_y < 3272

z
Therefore we obtain

rnax{ } < 16272,

Proof. The lemma can be proved exactly like Lemma 7 in [15]. O

6
e

3y
0
2z 2

22

)

We will use the above lemma to prove the following lemma that gives us the
information on d.

Proposition 3.1. If k > 881906 and if the set {k + 2,4k,9k + 6,d} is a
Diophantine quadruple, then d = 36k> + 96k* + 76k + 16.

Proof. 1f d satisfies the condition, then 22 = cd +4 = (9k +6)d +4. Asd > 1,
we have z # 2. If d # 36k3+96k* + 76k + 16, thus we have z # 18k%+ 30k + 10.
Therefore, Lemma 5 implies

(12) log(22) > (Vk — 2) log(3k).

Now we apply [2, Lemma 3.2]. We take ag = —2,a; = 0, a5 = 4, M =
4, q =2z, py =3y, pr = ¢q, po = 6z and N = 3k + 2. When k > 881906, the
condition N > M? holds. Therefore, by [2, Lemma 3.2] and Lemma 6, we have
(13) 16272 > (130(3k + 2)7) 1 (22)*,

where v = 57.6 and

log(32.04 - 57.6 - (3k + 2)) log(3k +2) + 7.521
W=t e 168 (3k + 2)2/2304) = 1 2log(3k + 2) — 7.023
11.132
2log(3k + 2) — 7.223
If £ > 881906, then we have p < 2. In fact, we get
11.132
T 2log(3k +2) —7.223

<15+

0.5

2 — p.
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From (13) we have
(22)>7* < 16 - 130 - 57.6(3k + 2).
We deduce that

(14) log(22) < log(479232(3k + 2))/(2 — p).
A combination of (12) and (14) gives
log(479232(3k + 2 log(479232(3k + 2
(15) VE-2< Og(<2— )l(<) (3—1:) 2 < e 11 132< N '
K & <05 - m) log(?)k)

If £ > 881906, we get a contradiction. 0

4. PROOF OF THEOREM 1

This section is devoted to the remaining cases, i.e. 1 < k < 881906. A
theorem of lower bounds to linear forms in logarithms to helps get an upper
bound for m. In fact, let

Solving equations (3) and (4), we have
1

tam = o (o @)™ + (zov/a-+ /P ™)
and
Won = QL\/[_) <(21\/l_7 +yve)as" + (21\/1_7 + yl\/E)a2_2">

respectively. Notice g = y; = 2 and zp = z; = £2. Solving equations (3) and
(4) is equivalent to solve z = v, = wa, with m,n # 0. So we have (see [10,
Lemma 10))

(16) 0 < A:=2mloga; — 2nlogay + logas < 2aca; ™™,
where
e VB Va)
3= ——+—".
Va(ye+ V)

Therefore, we get
(17) log |A| < —4mlog oy + log(2ac) < (2 — 4m) log(3k + 5).
In [8], using Baker’s method the first author proved that
2m
log(2m + 1)
As 1 < k < 881906, we obtain
2m
log(2m + 1)
This implies m < 3.8 - 107,

< 6.543 - 10 log? c.

< 1.648 - 108,



152 ALAN FILIPIN AND ALAIN TOGBE

To solve the problem for the remaining cases 1 < k < 881906, we will use a
Diophantine approximation algorithm, so-called the Baker-Davenport reduc-
tion method. Lemma [5, Lemma 5a] or [15, Lemma 9] is a slight modification
of the original version of Baker-Davenport reduction method. We will apply
it with
:logoq’ - loga;»,, A:(k+2)(9k+6)7 B—al

log ap 2log an log ap
and M = 3.8-10".

In [8], the first author has used Baker-Davenport reduction method for
ab’c < 107, which covered all cases when 0.022di5b3'5 < 10%. In our case,
it corresponds to 1 < k£ < 15. Therefore, we wrote a program in Mathematica
that we ran for 16 < k£ < 881906. In fact, if zyp = z; = 2, then for 16 < k < 47,
we got m < 3 after the first step of reduction. We ran again the program by
taking M = 3 and we obtained m < 1. For k > 48, we got m < 2 after the
first step of reduction. On the other hand, if zp = z; = —2, the results are
similar with 16 < k£ < 43. In the same way, for £ > 44, we got m < 2 after
the first step of reduction.

If m = 2, then by Lemma 2 we have n < 2 and from Lemma 4 we get k£ < 36.
It is easy to check there is no integer k for which equation (7) is verified. Then
we consider m =1 (m = n = 0 gives the trivial solution d = 0).

Again by Lemma 2, we have m = n = 1. When vy = wy = —2, we obtain
vy = wy = 18%k%+ 30k + 10. Then we deduce d = 36k> + 96k? + 76k + 16. This
completes the proof of Theorem 1.

K
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