Acta Mathematica Academiae Paedagogicae Nyiregyhdziensis
25 (2009), 271-276

www.emis.de/journals

ISSN 1786-0091

INTEGRABILITY OF DISTRIBUTION D+ ON A NEARLY
SASAKIAN MANIFOLD

WAN YONG AND DONG HE PEI

ABSTRACT. In this paper, we give some sufficient and necessary conditions
for integrability of distribution D1 on a nearly Sasakian manifold, and
generalize Bejancu’s result.

1. INTRODUCTION

Let M be a real (2n+1)-dimensional almost contact metric manifold with
the structure tensors (®,&,n, g), then

(1.1) ¢ =0,n(¢) =1,9* = T +n@&n(X) = g(X,¢),
(1.2) 9(PX,®Y) = g(X,Y) = n(X)n(Y),no®=0.
for any X,Y € I'(TM).

Definition 1.1 ([1]). The Nijenhuis tensor field of ® on an almost contact
metric manifold is defined by

(1.3)  [® ®(X,Y) = [®X,BY] + P2[X, Y] — B[®X,Y] — B[X, DY,

for any X,Y € T'(TM).

Definition 1.2 ([1]). An almost contact metric manifold M is called a nearly
Sasakian manifold, if we have

(1.4) (Vx®)Y + (Vy®)X = 2g(X,Y)§ —n(Y)X —n(X)Y,

for any X,Y € T'(T'M).

Definition 1.3. An almost contact metric manifold M is called a Sasakian
manifold, if we have

(1.5) (Vx®)Y = g(X,Y)E —n(Y)X,
for any X, Y € T'(TM).
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Obviously, a Sasakian manifold is a nearly Sasakian manifold.
Let M be an m;dimensional subn@nifold of an n-dimensional alm(ﬂ contact
metric manifold M. We denote by V the Levi-Civita connection on M, denote

by V the induced connection on M, and denote by V+ the normal connection
on M. Thus, for any X,Y € I'(T M), we have

(1.6) VxY =VxY + h(X,Y),

where h: T(TM) x T(TM) — T(T M%) is a normal bundle valued symmetric
bilinear form on I'(T'M). The equation (1.6) is called the Gauss formula and
h is called the second fundamental form of M.

Now, for any X € T'(TM) and V € T'(TM*),we denote by —Ay X and VyV
the tangent part and normal part of VxV respectively. Then we have

(1.7) VxV = -AyX + V3 V.
Thus, for any V € ['(T'M*1), we have a linear operator, satisfying
(1.8) g(AvX.Y) = g(X, AvY) = g(h(X,Y),V).

The equation (1.7) is called the Weingarten formula.

An m-dimensional distribution on a manifold M is a mapping D defined
on M, which assigns to each point « of M an m-dimensional linear subspace
D, of T,M. A vector field X on M belongs to D if we have X,€D, for each
x € M. When this happens we write X € I'(D). The distribution D is
said to be differentiable if for any z € M there exist m differentiable linearly
independent vector fields X; € I'(D) in a neighborhood of z. From now on, all
distribution are supposed to be differentiable of class C'*°.

The distribution D is said to be involutive if for all vector fields X, Y € I'(D)
we have [X,Y] € T'(D). A submanifold M of M is said to be an integral
manifold of D if for every point x € M, D, coincides with the tangent space
to M at x. If there exists no integral manifold of D which contains M, then
M is called a maximal integral manifold or a leaf of D. The distribution D is
said to be integrable if for every x € M there exists an integral manifold of D
containing x.

Definition 1.4 ([1]). Let M be a real (2m+1)-dimensional submanifold of a
real (2n+1)-dimensional almost contact metric manifold M with the structure
tensors (®,£,7n,9). We assume that the structure tensor ¢ is tangent to M,
and denote by {¢} the 1-dimensional distribution spanned by £ on M. Then
M is called a semi-invariant submanifold of M, if there exist two differentiable
distributions D and D+ on M, satisfying

(1) TM = D @ D+ @ {£}, where D, D+ and {¢} are mutually orthogonal
to each other;

(2) the distribution D is invariant by ®, that is, ®(D,) = D,, for each
r € M,

(3) the distribution Dt is anti-invariant by ®, that is, ®(Dl) C T,M*,
for each z € M.
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For each vector field X tangent to M, we put
(1.9) X =y X +wX,

where ¥ X and wX are respectively the tangent part and the normal part of
®X. Also, for each vector field V normal to M, we put

(1.10) ®V = BV +CV,

where BV and C'V are respectively the tangent part and the normal part of
V.

In paper [1], we know that the distribution D+ on M is integrable if and
only if [X,Y] € ['(D4), for all vector fields X,Y € T'(D%).

2. MAIN RESULTS

Theorem 2.1. Let M be a semi-invariant submanifold of a nearly Sasakian
manifold M. Then the distribution D+ is integrable if and only if

(2.1) g(Apy X — AgxY +2(Vx®)Y,®Z) = n([X,Y])n(2),

for any X, Y € T(D4Y) and Z € T(D & {&}).

Proof. By using (1.7) we obtain

(2.2) Vx®Y = —Agy X + V5 DY,

for any X,Y € I'(D+). On the other hand, by using (1.6) we also obtain

(2.3) Vx®Y = (Vx®)Y +dVxY = (Vx®)Y + dVxY + Oh(X,Y).
By comparing (2.2) and (2.3) we get

(2.4) (Vx®)Y = —Agy X + Vx®Y — dVyY — ®h(X,Y).
By changing X and Y in (2.4) we have
(2.5) (Vy®)X = —AgxY + VidX — dVy X — dh(Y, X).

By using (2.4) and (2.5) we obtain

(2.6) (Vx®)Y —(Vy®)X = —Agy X + AsxY + V3 PY — V30X — O[X,Y].

By using (1.4)+(2.6) we get

(2.7) 2(Vx®)Y =2¢(X,Y)¢ — Agy X + AgxY + Vi ®Y — VEdX — DX, Y].

That is,

(2.8) ®[X,Y] =29(X,Y)E — Ay X + ApxY + V@Y — V30X —2(Vxd)Y.
For any Z € I'(D @ {¢}), then ®Z € I'(D). Hence, we have

(2.9) 9(29(X, V)¢ + Vx®Y — V30X, 07) = 0.

By using (2.8), (1.2) and (2.9) we obtain

(2.10) g([X,Y],Z) = g(—Aay X + AaxV — 2(Vx®)Y,2Z) + n([X,Y])n(Z).

Thus, [X,Y] € T'(D*) holds if and only if (2.1) is satisfied. O
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Lemma 2.1 ([1]). Let M be a semi-invariant submanifold of a Sasakian man-
ifold M. Then

(211) A@XY = A@yX
and
(2.12) [X,Y] e T(DaD"Y),

for any X, Y € T'(D4).

Corollary (Bejancu-Papaghiuc [1]). Let M be a semi-invariant submanifold
of a Sasakian manifold M. Then the distribution D= is integrable.

Proof. For any X,Y € I'(D*) and Z € T'(D®{¢}), then ®Z € T'(D) holds. By
using Lemma 2.1 and (1.1) we obtain

(2.13) g(—Aay X + Agy¥,82) = 0,7((X,Y]) =0
On the other hand, by using (1.5) we get
(2.14) g2(Vx®)Y,®Z) = 0.

Taking into account that a Sasakian manifold is a nearly Sasakian manifold,by
using (2.13) and (2.14) we have (2.1). By using theorem 2.1, then the distri-
bution D+ is integrable. O

Theorem 2.2. Let M be a semi-invariant submanifold of a nearly Sasakian
manifold M. Then the distribution D+ is integrable if and only if

(2.15) 9(AsxY — Aey X — 20V Y, ®Z) = n([X,Y])n(2),
for any X, Y € T(D4Y) and Z € T(D @ {&}).
Proof. By using (2.4) and (2.8), we obtain
(2.16) P[X,Y] =
29(X,Y)E + Ay X — AgxY + V@Y — V3dX 420V Y + 201(X,Y),

for any X,Y € I'(D*). For any Z € T'(D @ {£}), then ®Z € I'(D). hence, we
have

(2.17) 9(29(X,Y)E 4+ VY — VP X, 0Z) = 0.
From (1.2), we get
(2.18) g(20h(X,Y), dZ) = 0.
By using (1.2), (2.16), (2.17) and (2.18), we obtain
(219) g(X.Y], Z) = —g(AoxY — Auy X — 20V Y, 8Z) + (X, Y])n(2).
Thus, [X,Y] € T'(D*) holds if and only if (2.15) is satisfied. O
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Lemma 2.2 ([4]). Let M be a nearly Sasakian Manifold. Then
(2.20) [®,9](X,Y) =4®(Vy®)X +n(Y)VxE+ Xn(Y)E —n(VxY)E

— 29(X, Y )&+ n(X)PY — n(X)Vy€ = Yn(X)E+n(VyX)E
+29(Y, BX)E — (V)X + 4g(X,Y)E — 29(Y) X — 2p(X)Y,

for any X,Y € T(TM).

Lemma 2.3. Let M be a semi-invariant submanifold of a nearly Sasakian
manifold M. Then

(2.21) 20[X,Y] = —49(X,Y)E — 240y X + 24pxY + 2V dY
—2V3®X — @@, ®|(X,Y) + 4n((Vyd)X)E,
for any X, Y € T(D4).
Proof. By using (2.20) and (1.1), we obtain
(2.22)  ®[D,P)(X,Y) =40*(VyP)X = —4(Vy @)X + 4n((Vy®) X)E,
for any X,Y € I'(D}). From (2.22) and (2.7), we get
(2.23) ®[D, P|(X,Y) = —4g(X,Y)E — 24y X + 2A5xY + 2V% DY
—2V3®X — 20[X, Y] + 4n((Vy®) X)E.
By using (2.23), we have (2.21). O

Theorem 2.3. Let M be a semi-invariant submanifold of a nearly Sasakian
manifold M. Then the distribution D+ is integrable if and only if

(2.24) 9(2Asy X — 2ApxY + @[Q, Q|(X,Y), ©Z) = n([X, Y])n(Z),
for any X, Y € T(D4Y) and Z € T(D @ {&}).

Proof. For any X,Y € T'(D+) and Z € I'(D @ {£}), then ®Z € T'(D). Hence,
we obtain

(2.25)  g(—4g(X, V)¢ +2VxPY — 2V X +4n((Vy®)X)E, 0Z) = 0.

By using (2.21), (1.2) and (2.25), we get

(2.26) 29([X,Y], Z2) = g(29[X,Y],®Z) + 2n([X, Y])n(Z)
= g(—2A0y X + 2A¢xY — ®[D, D](X,Y), ®Z) + n([X,Y])n(Z).

Thus, [X,Y] € T'(D*) holds if and only if (2.24) is satisfied. O
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