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Cy,-BICECH SPACES AND (,;-BICECH SPACES
CHAWALIT BOONPOK

ABSTRACT. The aim of this paper is to introduce the concepts of Cy-biCech
spaces and C7-biCech spaces and study its basic properties.

1. INTRODUCTION

Cech closure spaces were introduced by Cech [2] and then studied by many
authors, see e.g. [4, 5, 6, 7]. BiCech closure spaces were introduced by Chan-
drasekhara Rao, Gowri and Swaminathan [3]. Caldas and Jafari [1] introduced
the notions of As — Ry and As — Ry topological spaces as a modification of the
known notions of Ry and R; topological spaces. In this paper, we introduce
the concepts of Cy - biCech spaces and C;-biCech spaces and study its basic
properties in biCech closure spaces.

2. PRELIMINARIES

An operator u: P(X) — P(X) defined on the power set P(X) of a set X
satisfying the axioms:
(C1) ubd =0,
(C2) ACuA for every A C X,
(C3) u(AUB) =uAUuB for all A,B C X.

is called a Cech closure operator and the pair (X, u) is a Cech closure space.
For short, the space will be noted by X as well, and called a closure space. A
closure operator u on a set X is called idempotent if uA = uuA for all A C X.

A subset A is closed in the closure space (X, u) if uA = A and it is open if
its complement is closed. The empty set and the whole space are both open
and closed.

A closure space (Y,v) is said to be a subspace of (X,u) if Y C X and
vA = uANY for each subset A C Y. If Y is closed in (X, u), then the
subspace (Y, v) of (X, u) is said to be closed too.
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Let (X,u) and (Y, v) be closure spaces. A map f: (X,u) — (Y, v) is said to
be continuous if f(uA) C vf(A) for every subset A C X.

One can see that a map f: (X,u) — (Y,v) is continuous if and only if
uf~'(B) C f~'(vB) for every subset B C Y. Clearly, if f: (X,u) — (Y,v) is
continuous, then f~!(F) is a closed subset of (X, u) for every closed subset F
of (Y, v).

Let (X, u) and (Y, v) be closure spaces and let f: (X, u) — (Y, v) be a map.
If f is continuous, then f~!(G) is an open subset of (X, u) for every open
subset G of (Y,v).

Let (X,u) and (Y, v) be closure spaces. A map f: (X,u) — (Y, v) is said to
be closed (resp. open) if f(F') is a closed (resp. open) subset of (Y, v) whenever
F' is a closed (resp. open) subset of (X, u).

The product of a family {(X,,u,) : a € I} of closure spaces, denoted
by [](Xa,ua), is the closure space ([] Xa,u) where [] X, denotes the

acl acl acl
Cartesian product of sets X,, o € I, and u is the closure operator gener-
ated by the projections 7y : [[(Xa, ta) — (Xa,ua), @ € I, i.e., is defined by
a€el
uA = [] uama(A) for each A C ] X,.
acl acl
The following statement is evident:

Proposition 2.1. Let {(X4,uq) : « € I} be a family of closure spaces and

let B € I. Then the projection map mg: [[ (Xasta) — (Xg,ug) is closed and
ael
continuous.

Proposition 2.2. Let {(X,,us) : a € I} be a family of closure spaces and let

B e 1. Then F is a closed subset of (Xg,ug) if and only if F' x [[ X4 is a

aF 3
ael

closed subset of [[(Xa, ta)-

acl
Proof. Let § € I and let F' be a closed subset of (Xﬁ,ug). Since mg is con-
tinuous, Wﬁ_l(F) is a closed subset of [ (Xa,us). But 7T6_1(F) =F x [] Xa,

acl a#8
ael
hence F' x ] X, is a closed subset of [] (Xa,tq).
af ael
ael
Conversely, let F' x [] X, be a closed subset of [](Xa,us). Since 7g is
a#p ael
aecl
closed, mg (F x 1 Xa> = [ is a closed subset of (Xg,ug). O

a#p
acl

Proposition 2.3. Let {(X,,us) : @ € I} be a family of closure spaces and let

B e l. Then G is an open subset of (Xg,ug) if and only if G x [[ X, is an

a#f
acl

open subset of [[ (Xa,ua)-

ael
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Proof. Let 3 € I and let G be an open subset of (Xg,ug). Since mg is con-
tinuous, ;' (G) is an open subset of ] (X4, ua). But 75'(G) = G x ] Xa,

ael a#f
acl
therefore G x [] X, is an open subset of [[(Xa,ua)-
a#B ael
ael
Conversely, let G x [[ X, be an open subset of [] (X4, uq). Then [ X, —
a#f ael a€el

acl

G x ][ Xa is a closed subset of [[(Xa,ua). But [[ Xo — G x [] Xo =

a# B acel ael aFpB

ael ael
(Xg—G) x [] Xa, hence (Xg—G) x [[ X, is a closed subset of [] (Xa, ta)-
a#£p a#pB acl
acl acl
By Proposition 2.2, Xg — G is a closed subset of (Xg,ug). Consequently, G is
an open subset of (Xg, ug). O

3. Cyp-BICECH SPACES AND C;-BICECH SPACES

Definition 3.1. Two maps u; and us from power set X to itself are called
biCech closure operator (simply biclosure operator) for X if they satisfies the
following properties:
(1) w10 =0 and us0) = 0,
(ii) ACujA and A C uyA for every A C X,
(iii ) w3 (AUB) =uAUwu B and us(AU B) = us AU wuseB for all A, B C X.

A structure (X, up, uy) is called a biCech closure space

Definition 3.2. A biCech closure space (X, uy,us) is said to be a Cy-biCech
space if, for every open subset G of (X, u;) such that z € G, us{z} C G.

Ezample 3.3. Let X = {a, b} and define a closure operator u; on X by u;() = ()
and ur{a} = u1{b} = w; X = X. Define a closure operator us on X by usf) = (),
and ug{a} = us{b} = us X = X. Then (X, uy, uy) is a Cy-biCech space.

Proposition 3.4. A biCech closure space (X, u1,us) is a Cy-biCech space if
and only if, for every closed subset F' of (X, uy) such that x ¢ F, us{x}NF = ().

Proof. Let F be a closed subset of (X,u;) and let z ¢ F. Since x € X — F
and X — F' is an open subset of (X,u;), us{zr} € X — F. Consequently,
ug{z} NF =10.

Conversely, let G’ be an open subset of (X, u;) and let z € G. Since X — G is
a closed subset of (X, u;) and x ¢ X — G, up{x} N (X —G) = (). Consequently,
uz{x} C G. Hence, (X, uy,uy) is a Cy-biCech space. O

Definition 3.5. A biCech closure space (X, u1,us) is said to be a Cy-biCech
space if, for each z,y € X such that u;{x} # ua{y}, there exist a disjoint open
subset G of (X, uy) and an open subset V' of (X, u) such that u;{z} C G and
u{y} C V.
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Ezample 3.6. Let X = {a, b} and define a closure operator u; on X by u;() = ()
and ui{a} = {a}, u1{b} = {b} and u; X = X. Define a closure operator us on
X by ugl = 0, ug{a} = {a}, ua{b} = {b} and us X = X. Then (X, u1,uz) is a
C,-biCech space.

Proposition 3.7. Every C,-biCech space is a Cy -biCech space.

Proof. Let (X,uy,us) be a Cj-biCech space. Let G be an open subset of
(X,uy) and let z € G. If y ¢ G, then us{x} # ui{y} because = ¢ u,{y}. Then
there exists an open subset V, of (X, uy) such that u;{y} C V, and =z ¢ V,,
which implies y ¢ uo{z}. Consequently, us{z} C G. Hence, (X, uj,uy) is a
Cy-biCech space. O

The converse is not true as can be seen from the following example.

Ezample 3.8. Let X = {a, b} and define a closure operator u; on X by u;() = ()
and u;{a} = u1{b} = u1 X = X. Define a closure operator uy on X by usf) = 0,
us{a} = {a}, and uz{b} = usX = X. Then (X, uy,uy) is a Cyp-biCech space
but it is not a C;-biCech space.

Proposition 3.9. A biCech closure space (X, u1,us) is a Cy-biCech space if
and only if every pair of points x,y of (X, ui,us) such that u1{x} # ux{y},
there exist an open subset G of (X, uy) and open subset V' of (X, uy) such that
reV,yeGand GNV = 0.

Proof. Suppose that (X, uy,u;) is a C;-biCech space. Let x,y be points of
(X, uy,us) such that ui{z} # us{y}. There exist a disjoint open subset G
of (X,uy) and an open subset V' of (X, us) such that x € u;{z} C V and
y € u2{y} CG.

Conversely, suppose that there exist an open subset G of (X,u;) and an
open subset V of (X, uy) such that x € V, y € G and GNV = (). Since every
C1-biCech space is a Co-biCech space, ur{zx} CV and us{y} C G. This gives
the statement. 0
Proposition 3.10. Let {(X,,ul,u2) : a € I} be a family of biCech closure

(0] o (6%

spaces. If T] (Xa,ul,u2) is a Co-biCech space, then (Xq, uk,u?) is a Cy-biCech

) ) 6% ) le 2] 6%
acl

space for each o € 1.

Proof. Suppose that ] (Xa,ul,u?) is a Cy-biCech closure space. Let (8 €

) «
ael

I and let G be an open subset of (Xg,up) such that x5 € G. Then G x

[T X. is an open subset of [](Xa,ul) such that (z4)acr € G x ] Xa-

a#3 ael a#p
acl acl

Since [](Xa,ul,u?) is a Cy-biCech space, [ u2ma({(za)acr}) € G x [[ Xa.

acl a€cl a# B
acl

Consequently, u3{zs} € G. Hence, (Xp, up, u3) is a Cy-biCech space. O
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Proposition 3.11. Let {(X,,ul,u2) : a € I} be a family of biCech closure

spaces. If (Xo,ul,u?) is a Cy-biCech space for each o € I, then [] (X, ul,u?)
ael
is a Cy-biCech space.

Proof. Suppose that (X,,ul,u?) is a C4-biCech space for each o € I. Let
(Za)aer and (Ya)aer be points of [ X, such that
acl

[T uama({(za)aer}) # 11 uama({(va)aer})-

acl acl
There exists 3 € I such that ug{zg} # u3{ys}. Since (Xgz, uj,u3) is a Ci-
biCech space, there exist an open subset U of (Xg, u%) and V' is an open subset
of (X, u3) such that UNV =0, u3{ys} € U and up{zz} € V. Consequently,
[T wima({(¥a)aer}) € Ux [] Xa and [] ugma({(za)aer}) €V x [] Xq such

ael s acl aZs
that U x J] X, is an open subset of [] (X, ul), V x [ X, is an open subset
of [T (Xa,u?) and (U x [] Xo) N (V x [] Xo) = 0. Hence, [](Xq,ul,u?)
ael a#B a#B acl
. ael ael
is a C1-biCech space. O
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