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TWO-DIMENSIONAL COMPLEX BERWALD SPACES WITH
(o, B)-METRICS

NICOLETA ALDEA

ABSTRACT. In this paper we study the two-dimensional complex Finsler
spaces with (a, 3)-metrics by using the complex Berwald frame. A special
approach is dedicated to the complex Berwald spaces with («, 3) - metrics.
We establish the necessary and sufficient condition so that the complex
Randers and Kropina spaces should be complex Berwald spaces, and we
will illustrate the existence of these spaces in some examples.

1. INTRODUCTION

In the previous papers [16], [4] we constructed the complex Berwald frame in
which the orthogonality is, with respect to the Hermitian structure, defined by
the fundamental metric tensor of a 2-dimensional complex Finsler space on the
holomorphic tangent manifold 7M. The complex Berwald frame is not only a
geometrical machinery, it also satisfies important properties which contain three
main real scalars which live on T"M : one vertical curvature scalar I and two
horizontal curvature scalars K and W. Such that, the study of the horizontal
and vertical holomorphic sectional curvatures was reduced to the significance of
these scalars. A first classification of the complex Finsler manifold of dimension
two came from the exploration of the vo—, ht— and vh— Riemann type tensors,
(Theorem 2.1). An immediate interest for the 2-dimensional complex Landsberg
and Berwald spaces was induced by the properties of the ho— and vh— Riemann
type tensors. We found that the complex Landsberg and Berwald spaces of
dimension two coincide, but also other interesting properties of these spaces,
(Theorem 2.2).
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The main purpose of this paper is to characterize the complex Berwald spaces
with (a, #)-metrics of dimension two. We apply some of the results obtained in
[4] to the 2-dimensional complex Finsler spaces with («, §)-metrics.

Subsequently, we make an overview of the contents of the paper.

In §2 we recall some preliminary properties of the 2-dimensional complex
Finsler spaces in general and complex Landsberg and Berwald spaces in par-
ticular. In §3, we prepare the tools for our aforementioned study. After we
review the construction of the complex (o, 3) - metrics, we find the expression
of them in terms of the complex Berwald frame. The complex Randers spaces
and Kropina spaces are of particular interests. We establish the necessary and
sufficient condition for these spaces to be complex Berwald spaces, (Theorems
3.1 and 3.2). We also show that I = —% and so, the vertical holomorphic
sectional curvature in direction m is negatively, (Corollary 3.2 and Proposition
3.10). All these results are in §3.1 and §3.2. Finally, in §3.3 some examples of
complex Berwald spaces with (a, 3)-metrics are discussed.

2. PRELIMINARIES

For the beginning we will make a survey of two - dimensional complex Finsler
geometry and we will set the basic notions and terminology. For more, see
[1, 4, 15, 16].

Let M be a 2-dimensional complex manifold, (z*) k=13 are the complex coor-
dinates in a local chart. Everywhere in this paper the indices ¢, j, k, . .. run over
{1,2}.

Let M be a complex manifold, dim¢ M = n, with (z¥) k=T7 complex co-
ordinates in a local chart. The complexified of the real tangent bundle T M
splits into the sum of holomorphic tangent bundle 7'M and its conjugate T" M.
The bundle 7'M, is in its turn, a complex manifold, the local coordinates in

a chart will be denoted by u = (2¥,n*) and these are changed by the rules:

2 =2k (), k= %if n’. The complexified tangent bundle of 7'M is decom-

posed as To(T'M) =T'(T"M) & T"(T'M). A natural local frame for T (T M)
is {%, %}, which changes according to the rules obtained with Jacobi matrix
of above transformations. Note that the change rule of % contains the second
order partial derivatives.

Let V(T'M) = kerm, C T'(T"M) be the vertical bundle, spanned locally by

9 . . . .
—k . 9 . L)y -
{ 5 }. A complex nonlinear connection, briefly (c.n.c.), determines a supple

mentary complex subbundle to V(T'M) in T'(T"M), i.e. T"(T"M) = H(T'M) @
V(T'M). Tt determines an adapted frame {% o _ Néainj}, where N{(z,n)

= 9zF
are the coefficients of the (c.n.c.), ([1], [2], [15]).
A continuous function F' : 7'M — R is called complex Finsler metric on M

if it fulfills the conditions:
i) L := F? is smooth on T'M = T'M\{0};
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ii) F(z,n) > 0, the equality holds if and only if n = 0;
iii) F(z,An) = |\F(z,n) for YA € C;

iv) the Hermitian matrix (g;;(z,7)), with g;; = 87?1-28%, called the funda-

mental metric tensor, is positive definite.

The pair (M, F) is called a complex Finsler space. The iv)-th assumption in-
volves the strong pseudoconvexity of the Finsler metric F' on the complex in-
dicatrix Ir, = {n € TM | F(z,m) < 1}. We notice that if g5 = g5(2)
the complex Finsler metric comes from Hermitian metric on M, so-called purely
Hermitian metrics in [15].

Let us consider the Sasaki type lift of the metric tensor g,5,

(2.1) G= gigdzi ®dz + gﬁ&ni ® o7’
A Hermitian connection of (1,0)— type has a special meaning, in a complex

Finsler space. Its name is the Chern-Finsler connection in [1]. In the notations
from [15] it is DTN = (L%,0,C%,,0), where

CF ;
Niz gmi gim J 0gjm _ INy, i 9gjm
J g (9zj m, jk (5Zk 67’]7 ) Ik g 877k .
We denote by 1, | , 1 and T, the h—, v—, h—, T— covariant derivatives with respect

to the Chern-Finsler connection (in brief C' — F' connection), respectively, ([15]).
The nonzero curvatures coefficients of the C' — F' connection are denoted by

i _ S Ti (N =i s v i
R-*k - _5thk: - 6h(Nk) U =jnk — _6h0jk -

(2.2) ih Skhyj?

Considering the Riemann tensor
R(W,Z,X,Y) :=GR(X, Y)W, Z),
with

RW,Z,X,Y)=R(Z,W,Y,X),
for W, X, Z,Y horizontal or vertical vectors, it results the hh—, ho—, vh—, vO—
Riemann type tensors:

. _,,.pl . . pl = =l o - _ ,_ql
Riinke = 95 R Piink = 95 P05 S5imk = 955560 Siink = 91551k
which have properties

—_
—
—

Riz5 = Riqs Egen = P Pirn = S5 Sigan = S5k = Shies

j j i
where R 57 = Ry, et (see [15], p. 77). Further on, everywhere the index
ok

By analogy with the real case, we defined in [4] the following: (M, F) is
called complex Landsberg space iff Cjzpp = 0 and it is called complex Berwald
space iff O}z, = 0. Note that, by Proposition 2.1 iii) from [4], (M, F) is a
complex Landsberg space iff 2.5, = 0 and (M, F) is a complex Berwald space

0 means the contraction by 7, for example R = R;Eknj .
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iff 27,7, = 0. Moreover, any 2-dimensional complex Berwald space is Landsberg.
Also, using the similar arguments like those used in [9], p. 65, we can prove that
(M, F) is a complex Berwald space if and only if the coefficients L;k of the
complex Berwald connection (see [15]) depend only on z*.

For the vertical section £ = n¥dy, called the Liouville complex field (or the
vertical radial vector field in [1]), we consider its horizontal lift y := n*dy.
According to [1], p. 108, [15], p. 81, the horizontal holomorphic curvature of

the complex Finsler space (M, F') in 7 direction, is given by

(2.3) Kp(z,m) = 5 GR, X)X X)-

~ Next, we recall in brief the construction of the complex Berwald frame {l, m,
[, m} on VoT'M. For more details see [16].
In [16] we set [ := ['0; with its dual form w = [;0n", where

1 1 . .
(2.4) I'= Fn’ and l; = ngjﬁj = g;;17.

As the vertical distribution VT'M is a two-dimensional space, it is decom-
posed into VI'M = {1} @ {I}*, where {l}* is spanned by the unit vector m ob-
tained by requiring the orthogonality conditions G(I,m) = 0 and G(m,m) = 1.
Taking m; := g;3m?, these lead to the system

l1m1 + l2m2 =0
mlm1 + mgm2 =1

l
L— N and m? = Zl’ where A = limo — lomy1. A

with the solutions m

straightforward computation proves that A = A is real and if we replace these
solutions in the second equation of the system, we will get that A? = g =
det(g;;). Thus, we have m = %(—lza% +lig2).

We note that [;I* = 1, ;m’ = I'm; = 0, my;m’ = 1 and, from the definition
(2.1) of the metric structure G, the (1,0) vectors are orthogonal to (0, 1) vectors,
thus ;I = 0, etc. With respect to the complex Berwald frame, % and g,;; are

given by aini = l;l +m;m and g;; = l;l; + m;m; and, from here we deduce that
(2.5) C;k = gmékgjm = Al'mgpm; + Bm'mgm;,

where we set A := mjmkth,?j; B = mhmkijJhk.
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Therefore, the formulas from Proposition 3.2, in [16], become

—1 _ 1 1 B 1
W) = 5zl W) = 53l Wma) = gzmi; Ums) = gzms;
_ 1 1 1
m(m;) = 5 mi; 57 gl
l( l) = —i i 7( Z) = L i, (lz) _ 1 i.
m’) = 2Fm, m 2Fm’m Fm’
i ' L, : : 1. 1. .
_ N — 0O)- 1) — __B T A 1. = By — i —B 1,.
m(l*) = 0; m(m') 5 Bm 1% m(mb) Fl S Bm

By using the complex Berwald frame the local coefficients of the vv, vh, ht—
Riemann type tensors can be written as

Sfjﬁk = Impmzm my, Eﬁ-gk = —Aml,:mjmk — Bjymemjimy,
_ 1 - — A - _
Pfjﬁk; = —F[A“{‘J — ﬁA“flJ + (BAA”€ + FAK)mk + BA|SmSmk)mj]mfm,-L,

where I:= —B|sm® — BTB and it is called in [4] the vertical curvature scalar.
Taking into account (2.3), we defined in [4] the vertical holomorphic sectional

curvature in direction [ and m, respectively
(2.7)  Kp,(z,n) = 2R(, I,I,) =0; K (2,m) i= 2R(m,m, m,m) = 2L

Theorem 2.1. [4] Let (M, F) be a complex Finsler space of dimension two.
Then it is purely Hermitian, or it satisfies that B =0 and A # 0, or By, =0
and AB # 0.

The above considerations get us the premises for some special characteriza-
tions of the 2- dimensional complex Landsberg spaces.

Theorem 2.2. [4] Let (M, F') be a complex Finsler space of dimension two. The
following statements are equivalent: i) (M, F') is a complex Landsberg space; ii)
Ajg = B = 0; iii) Aj, = 0; iv) (M, F) is a complex Berwald space.

An important result can be deduced, namely the class of 2-dimensional com-
plex Landsberg spaces coincides with the Berwald class. Another remark is that
Ay, = 0 implies Bj;, = 0, but the converse is not true, (see [4]).

3. COMPLEX FINSLER SPACES WITH (c, 3)-METRICS

Now, we consider z € M, n € T/M, n = ni%, a:= ai;(z)dzi ® dz’ a purely
Hermitian positive metric and b = b;(z)dz" a differential (1,0)— form. By these

objects we have defined (for more details see [5]) the complex (a, 3)— metric F
on T'M

(31) F(Zﬂ?) = F(a(zvn)v ‘5(2777)‘)7
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where
az,m) = y/a;(z)n'n7;
18(z,m)| = \/B(z,n)B(z,n) with B(z,n) = b;(z)n’

Let us recall the coefficients of the C' — F' connection corresponding to the
purely Hermitian metric o are

(3.2)

Tk nk O0im G Ti( i
— am T . 2 T
N-._a =1, Gk (5k aﬂ), Ck_ 0

J 823 J

a
Now, we denote by (CZL, m, 1, Tgn) the complex Berwald frame of the purely Her-
mitian space (M, «). Their local coefficients are

3.3 a0~y % 1 a 9 a ¢
(3:3) m' = AZ; m?= ZIS mi= —AI%; mo= Al
A” := det(a;7)

a a
On the one hand, we can decompose b; into [; and T(;Li, this is b; = 5 l; +T TCIL”LZ
Contractmg with 7 it results 8 = ea. NOW the contractlon by m' gives 7 =

b; m'. On the other hand, mz bt = a;; mJ bt = b; mJ— 7. So that,

[[B][? := bib" = g li b+ 7 M, b = ‘2—‘2 + |7|2. From here immediately results

(34) bl = é CZLZ' +7 ’I%li; bz = ﬁ ;Z +7 7:117
(6% 6%
where |7_‘2 _ 042\|b||22—|/3|2.
Using (2.6) it is easy to show that

o v_loa o B a0 181
(@) =53 0(0)= 5 1B =05 18D = 5o

- () =—5=3 1) =55 1 (7)) =0;

3.5 ) . 3
i (a) = 05 1 (8) = 75 (3) = 05 A (18]) = 5T
a a _ B a B
i (7) = 0; 1 (7) = =3 i (7)) = 52

Let (I,m,l,m) be the complex Berwald frame of the complex Finsler space
with (o, 8)— metric F', (M, F(a(z,n),|8(z,7m)])). The link between these frames

O = Ll + mym =13l + .

lSa—ni—
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Lemma 3.1. Let (M, F(a(z,n),|5(z,n)|)) be a complex Finsler space with (o, 3)-

metric of dimension two. Then o, = 0 if and only if (N;f— N%;) 1;=0.

Proof. 0 = o), = opax = %niﬁj —aNJ l,=a(N", —N}) L, O
By 0 = Fjy = Lo oy + Lg|8|;x and by the expression of |7| it results the

following

Lemma 3.2. Let (M, F(a(z,1n),|5(z, )|)) be a complex Finsler space with (« B)—
metric of dimension two. If oy, = 0 then |B|jx = 0. Moreover, if |[b]|* is
constant on M then |T|;;, = 0.

Further on, we focus on the two classes of complex («, 3)— metrics.

3.1. Complex Randers metric F' := a+|3|. For the complex Randers metric
F := a+ |8| we have, ([6])

F F oaa F 1
gijzaaij_Q_lil] 2|5|bb + ll
g]’L — F |ﬁ’(0¢||b|| + |6|)lzl] o g_bzb] . g(ﬂlzb] +ﬂbllj),
(3.6) v v 7
l. [ ﬂ_ laL — &a_a+%a| ’ _?. _’_ﬁb
" F Fop.  Foy  F op ' Up"
i1 agn o T e
"= 7T =F I'; g :=det(g;5) = 207]3]
where 7 := (||b||2 —1). One can check that 1 (F) = %, 1 (v) = 2%,
m (F) = ﬁ—g m () = ﬁTTf Next we compute
my = \/ \/
My = \/_ll /2045 Al 1 /
l2 20B|
m' = m? b
T E e A
2a|f] B Ba B a a [2a]f| pT i
N e LA S 4 W e [CA N A 1)
Ry R A ) =y e

By analogy we have,

2 _ 11 /2a\5| p _« [2p| F ° BB
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So, we have proved
Proposition 3.1. Let (M, F := a+|B|) be a complex Randers space of dimen-
sion two. The coeﬁ?cients of the complex Berwald frame (I, m,l,m) are
57’ a . a

lz _ z_
Iﬂl

(3.7)
e [ 2045 '_W_Bf
‘ 2a(6] " |B|F

In the theory of two-dimensional complex Berwald spaces, an important role
is played by the scalars A and B. Therefore, our next goal is to determine the
scalars A and B for a complex Randers space.

zi—

Proposition 3.2. Let (M, F := a+ |3|) be a complex Randers space of dimen-
sion two. Then

. a @ 2 a a
l)l:fl;m: a’ylm(m s l)
.. 2 aa a a — a a a
i) gi7 = £ Lily +575 (67 Limg +B7 mil;) + (!TP + #,m) mim;;
9.7 727-2 a a a 3T —a T a
Proof. By Proposition 3.1 and (3.7) it results i).
ii) Using (3.6) and (3.7) we compute
F F aa F 1
i — —Q;5 — — [il7 —bzb* —lil*-
9i5 = %5 ~ 55 lilj +2|5| i T 5l
F aa F o a F aa F a a B a g
== Lilj - ming — o lilj +m( li +7 mz)(a I +7 mj;)
1 Fa 57’ a F ,67' a
(= i+ mi)(— 5+ m;
F F F| ‘ F2 a @ F _a q -~ a a
= (E—%—f— +2—2) lij—f—m(ﬁT Lim; +57 mzlj)
F F 2 ’T| a a
+ (E + m’ﬂ + 7) m;ms;
F2 a a F _a q - a a 2 Y a a
= — lil; +|—m(ﬁ7' Lim; +B1 myl5) + (|77 + m) m;m;
We can write Cjp), = %%h = ((llk;(ll + T%kﬁl)gjh'

Taking into account (2.6) and (3.5) we obtain (llgjﬁ =0 and
3212 o a B37(4]6)? — o?|7|?
Frt o BRI —ollrP) o
2| 4ol B|

which lead to iii). O

a
mgip = —
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Using now (3.7) and Proposition 3.2 iii) we obtain

o232 [2018] Br |8l —a | 2|B|F
(3.8) C; k—_memklh+ S 2|,6’|2( 2 + S ym,jmyms,.

Moreover, we find

Proposition 3.3. Let (M, F := a+ |3]) be a complex Randers space of dimen-
sion two. Then

_ @@ [alg Gr JBl—a  2A8F
GO A P e E )

Further on, our aim is to disclose the conditions in which a complex Randers
space of dimension two is a complex Berwald space. As it has already been
obtained in Theorem 2.1, we can talk about only three classes of 2 - dimensional
complex Finsler spaces: i) the purely Hermitian class (A = 0), ii) the class with
B = 0 and A # 0 and iii) the class with B, = 0 and AB # 0. In order to
solve the stated problem we use (3.9). On the one hand, we note that A =0 iff
7 = 0. Indeed, 7 = 0 is equivalent to a?||b||* = |3|* and so this last condition
is equivalent to F' = «a(1 + ||b||), namely it is purely Hermitian. On the other

hand, if B = 0 and A # 0 imply 2= 4 285 — 0. Taking ||b||> = 1 into

W‘% + @ = 0, it results @ = 3|5|. This means that the metric is purely
Hermitian, too. So, it is interesting for us to discuss about the class of two-
dimensional complex Randers spaces with Bj;, = 0 and AB # 0.

Firstly, we compute

B = ey 2 e, 2

1 [2al8],18] — 216|F ., - _
MEIE O;’ |(‘ |Fa+ |,y| )(BjeT + BTk

In addition, if [[b]|? is a constant on M and using that o = —|8|; then ), =

2aa,(]|b]]> — 1). Thus the term [2|[13|2 \/ ZQJB‘(‘B‘F_O‘ + Z@F)]VC is proportional
to |-

(3.10)

Proposition 3.4. Let (M,F := a+ |8|) be a complex Randers space of di-
mension two with AB # 0. If oy, = 0 and |[b]|* is a constant on M then
(M, F :=a+|f|) is a complex Berwald space.

Proof. Because AB # 0,a), = 0 and [|b||* is a constant on M, by (3.10) it
results that @m’—l—ﬁﬂk = 0. On the other hand, by Lemma 3.1, 5“564—53“; =0

and TRT + 775 = 0. Multiplying the first with % and the second with g and,
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by adding them we obtain

Bir— B

g
But, ﬂ|k 3 0 4 Tk = 8 = 0 because BixT = —07. Hence 5|k7. +57|k —0.

+ Bk 7'+/6’7'|k—0

B |Q|

Now, in our assumptions, by (3.9) Ay = _7F|5|2(ﬁ|k7 + ﬁﬂk) = 0, i.e. the
space is Berwald. ]
Proposition 3.5. Let (M, F := a+ |3|) be a complex Randers space of dimen-

sion two with AB # 0. If B|k7' + BT‘k = 0 and ||b]|? is a constant on M then
(M, F :=a+|f8|) is a complex Berwald space.

Proof. Because AB # 0, B‘kT—i—Bﬂk =0 and |[b||? is a constant on M, by (3.10)
it results that o), = 0. Applying Proposition 3.4, the claim is proved. ([l

Corollary 3.1. Let (M, F := a+|3]|) be a complex Randers space of dimension

two with AB # 0. If N/ =N'; and ||b||* is a constant on M then (M,F :=
a+|8]) is a complex Berwald space.

Proof. Immediately results by Lemma 3.1 and Proposition 3.4. O

Theorem 3.1. Let (M, F := a+ |3]) be a complex Randers space of dimension
two with AB # 0 and ||b||> = 1. Then (M, F = « + |8|) is a complex Berwald
space if and only if o, = 0.

Proof. We suppose that (M, F := a + |3]) is Berwald, ie. Ay = Bz = 0.
By (3.9) these conditions lead to the system a]ﬁ\(BT)“; + FBTa“; = 0 and

2a|5|(3|5] —oz)(BT)“; —3F(a— |ﬁ|)B7'a|,; = 0 with the solution o = (BT)“; =0.
So, aj; = 0. The converse results from Proposition 3.4. O

Further on, we aim to find other features of the complex Randers spaces.
Namely, we determine the vertical curvature scalar I of a complex Randers
space.

Proposition 3.6. Let (M, F := a+ |3|) be a complex Randers space of dimen-
siton two. Then

' gl 2L 72 v
Proof. it results with I = —B|zm® — @ = m(B) — 2B and the relations (3.5),
(3.9) and Proposition 3.2 i). O

For |[b]|? =1 in (3.11) we obtain

Corollary 3.2. Let (M,F := a+ |3|) be a complex Randers space of dimen-
sion two with ||b|[* = 1. Then I = —1 and the vertical holomorphic sectional
curvature in direction m is Kg. . (z,1) = -2 <.
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3.2. Complex Kropina metric F' := 2 || # 0. A similar approach, we

make to the complex Kropina metric F' := % 8] # 0. From [3] we recall that

a a o
955 = 2q%a;; — 2¢° 1515 +1;l;, where ¢ = —

El
o o, 1
(3.12) gﬂ:Zwﬂ__ﬁgﬂmw (B0 + BUD);

2|p]
g := det(g;;) = 2¢" A%

Proposition 3.7. Let (M, F = O‘—) be a complex Kropina space of dimension

two. Then 5
i) 1(F)=4% 1(g)=0;m(F)=-%5 1 (q) = — 455
ii lz:q?i—ngT m;; lizéla"; m; = qv/2 my; mlzq}@(ﬂiz—i—%lg),
iii l:%?,'m:q—lz(ﬁl+@?),

|
il —Fﬁ(ﬁ? (llﬂ% +57 mZ i)+ (¢ \7’]2—1-2) mlmf
]

9i3
o 24°3%r2 a a ¢ 287 (¢3|b]|1?+1) @ _
thk: = 35— MMl — EE mjmkmh,

B
Proof i) follows by

(3.5)
(34). Ui = Ly = 10
mt = _l_z — 1 ( a QQBT a 1 qﬁT la

= ———=(ql2 =5 M2) = (m b,
VI PAV2 18| g2 I&

Analogue, for m?.

iii) is a consequence of ii). (3. 12) with ii) gives iv).

Again, we write Cjp), = %i}f = (lkl + mkm)g]h Using (2.6), (3.5) and i) we
obtain [ g;; = 0 and
2¢°3°7% o o 2B7(P|PIP+1) o o

pE T g

m 9in =
which lead to v).

Now, taking into account i) and v) of above Proposition we obtain

(3.13) o i prv2

ik g Ty

So, we have proved
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Proposition 3.8. Let (M, F = I%I) be a complex Kropina space of dimension
two. Then
o _
2
(3.14) A:ﬁg ;B:—BT\[.
6] 1B17q

Having the expressions of the scalars A and B, we can deduce the conditions
in which a 2-dimensional complex Kropina space is a complex Berwald space.
Taking into account Theorem 2.1 and (3.14), we obtain only two cases:

1. A=0iff 7 = 0. Indeed, 7 = 0 is equivalent to o?||b||> = |3|>. This leads
to F' = ﬁ and so, the metric is purely Hermitian.

2. B, =0 and AB # 0. This case is developed follow up.

Firstly, Fj, = 0 implies |3, = 2a| k- Secondly, a direct computation gives
3f V2 o o
2|5|3 Q) — m(ﬁwﬂ' + BT

So that, B), = 0 is equivalent to BIkT + Bﬂk = %a“{. Moreover, ay;, = 0 iff
ﬁ|k7' + ﬁﬂk = 0.
Proposition 3.9. Let (M, F = lﬁl) be a complex Kropina space of dimension
two with AB # 0. If o, = 0 then (M, F := ﬁ) is a complex Berwald space.

(3.15) By =

Proof. By means of Lemma 3.1, ﬁ|k,6+ﬁﬁ‘k = 0 and 77 +77); = 0. Multlplymg
the ﬁrst Wlth and the second Wlth [f and, by adding them, we obtain ﬁ|k 5+
e by ﬁ‘kT + ﬁﬂk = 0. But, ﬁ|k 7_'|ka = 0 because §;7 = —(7;. Hence
BirT + B = 0. i

With our hypothesis and by (3.14), A = Bi(ﬂwﬂ-"’_ﬁﬂk) = 0. So, the space
is Berwald. O

Corollary 3.3. Let (M F .= IQT;I) be a complex Kropina space of dimension two

with AB # 0. If N’ N’ then (M, F := W) is a complex Berwald space.
Proof. Tt results from Lemma 3.1 and Proposition 3.9. U

Theorem 3.2. Let (M, F := %) be a complexr Kropina space of dimension two

with AB # 0 and ||b||* a nonzero constant on M. (M, F := %) is a complex
Berwald space if and only if oy, = 0.

Proof. If (M,F := £) is Berwald then A = 0. But, by (3.14), Ay =
%(67)@ - %alk' So that, (BT)“; = %a“;. On the one hand, B”; =0

means that (67); = 3%%% #- From the last two equations we obtain

_ _ 6
BT(BT) 5 + B7(BT) ), = EWZWQOZ\E’
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equivalent |J%,|7[2 + [82I7[2, = 8|8 |rPayz.
- 2

On the other hand, |7|?> = —jf"g'. Therefore, %a“} = 0, which leads

to ay = 0. By conjugation, oy = 0. The converse results from Proposition

3.9. a

Proposition 3.10. Let (M, F := %) be a complex Kropina space of dimen-
ston two. The vertical curvature scalar I and the vertical holomorphic sectional
curvature in direction m are

1 2
I1= —E 3 KF,m(’Z?T,) = —z < 0.
Proof. 1: = —Blsm® — B8 = m(B) — BE = —Lo[m (B) + 457 | (B)]. Using
a 2 a =
(3.5) and (3.14) we have m. (B) = v2(;1z — 42l5) and I (B) = — 272 From
here, a quick computation leads to I = —% and Kg,,.(2,n) = —%. O

3.3. Some examples. In order to reduce clutter, let us relabel the local coordi-
nates 21, 22, nt, n? as z, w,n, 0, respectively. Let A = {(z,w) € C? |w| < |z] < 1}
be the Hartogs triangle with the Kéhler-purely Hermitian metric

0? 1

__ ' o2 ) — q.—niT
(3.16)  a; 5265 (log 020 (e = |w\2))’ o (z,win, 0) = azn'm,

where [2%|? := 2'Z¢, 2' € {z,w}, n* € {n,0}. We choose

w z

- b=
22 = Jwf?” |2[2 = |wl]?

With these tools we construct o(z,w,n,0) = /a;;(z,w)n'n/ and B(z,n) =
bi(z,w)n* and from here the complex Randers metric F' = a + |3| and the

(3.17) b.

complex Kropina metric F' := f‘—2| By a direct computation, we deduce

Oz = ————5 + bzbi; O = bzb’w; Quw = bwbﬁ);
(1—12)?

Wz (1 — |z|2)2‘

EER
vw (2P =) wl? (1 —22)*
2[2 B

’ 2

G,EZ — (1 . |2’|2)2; aﬁz —

(3.18)

2% — Jwl|? n|?
Pl 2 =1 a2 - = —

b* =0; b* = 5
(1—1[2?)
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and the coefficients of the Chern-Finsler (c.n.c.) are

CFZ CLZ 257) C}; az
DQ::AQZZT:Tag;NQZDQ;:&
cr a9z (1 1 122 + |w]?
(319)  N¥ =Nv= ( + ) S 4 e 'Y
2 \1=[z [z = [w]? z(|z? = w]?)
S w12+ [wP? 2wt
2 (2P wP) T 2P = w

Thus, these complex Finsler spaces with («, ) — metric fulfill the assumptions
of the Corollaries 3.1 and 3.3. So, they give us some examples of complex
Berwald spaces with (a, 3)— metrics.

CONCLUSIONS

By means of the complex Berwald frame, we made an approach to the geome-
try of the two-dimensional complex Finsler spaces with (o, #)-metrics. A trivial
class of complex Berwald spaces is represented by the purely Hermitian complex
Finsler spaces. But this paper moots a new class of complex Berwald manifolds.
It is desirable that the complex Randers and Kropina spaces will manage to
enrich the complex Berwald geometry, leading to new interesting issues.
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