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SOME COMPARISON THEOREMS IN FINSLER AND
MINKOWSKI SPACES

A. A. BORISENKO

ABSTRACT. It is given the survey of comparison theorems for volumes balls
and spheres in Finsler and Hilbert spaces.

1. RIEMANN — HADAMARD MANIFOLDS

In 1972, in the course of the study of some problems of geometric probability
in H?, L. A. Santal6 and I. Yanez [18] proved the following result: Let {Q(t)},cp+
be a family of compact h—conver domains in H? which expands over the whole

space. Then lim;_.q %&%)) = 1. A domain in the hyperbolic space H"*!

of sectional curvature — 1 (and dimension n + 1) is a closed subset of H"*!
with interior not empty. An h-convexr domain (or convex by horoballs in the
terminology of [2]) in the hyperbolic space H"*! of sectional curvature — 1 (and
dimension n + 1) is a domain Q C H"™! with boundary 9 such that, for every
p € 09, there is a horosphere H of H"*! through p such that Q is contained in
the horoball of H"*! bounded by H. This H is called a supporting horosphere
of © (and of 99Q). We say that a family of domains {C(t)},cp+ n H" " expands
over the whole space (e.0.w.s. in abbreviated notation) if for any € H" ™! there
is a tgp € R such that, for every t > tg, x € C(t).

Theorem 1 ([5], A. A. Borisenko, V. Miquel, 1997). Let {Q(t)},cp+ be a family
of h—convex domains expanding over the whole Lobachevsky space H" 1. Then

volume(§2(t)) 1

t—oo volume(0Q(t)) n’

This result had been generalized for Riemannian — Hadamard manifolds M.

2000 Mathematics Subject Classification. 53B40.
Key words and phrases. Riemann — Hadamard manifolds, Finsler — Hadamard manifolds,
asymptotic Properties of Hilbert geometry.

231
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Definition 1. A C? hypersurface N C M such that in every point all the
normal curvatures are greater or equal than a non-negative A is called a regular
A—convex hypersurface. When N is the boundary of a domain € it is said that
) is a regular A—convex domain when its normal curvature with respect to the
inward normal direction is greater or equal than .

Definition 2. A locally hypersurface N of a Hadamard manifold is said to be
h—convex if every point has a locally supporting horosphere.

Theorem 2 ([4], A. A. Borisenko, 2002). Let M be a (n + 1)-dimensional
Hadamard manifold with sectional curvature K such that
—k2<K<—k? ki,ka>0

Then there are functions a(r), ai(r) of the inradius and B(R), (1(R) of the
circumradius such that a(r), aq(r) — 1/(nk2) and B(R), 51(R) — 1/(nk1) when
r and R grow to infinity such that:

(al) For compact A\—convex domain € in M with A < ko
A vol(Q2)
— < < .
o5, = Sorany) = PH)
(a2) For compact h—compact domain Q in M
vol(§2)
<
ai(r) < vol(092)
For a family {Q(t)},cg+ of compact convexr domains expanding over the whole
space as a consequence there are true the following results:
(bl) For compact A\—convex sets {Q(t)},cr+, A < ko
.. . vol(92(t)) : vol(2(t)) 1
— <1 f———————— <1 < .
nkZ = oo vol(Q(E)) = toeo P vol(AQ(E)) — nky
(b2) For compact h—convex sets {Q(t)},cr+, A < ko
1 .. . vol(Q(t)) _ vol(2(t)) 1

— <1 f————2 < < .

ks = oo vOl(00() = s P Nol(00(1) — nk:
(b3) For compact h-convex sets {Q(t)},cp+ @ Lobachevsky space H*1 of

the sectional curvature — 1

vol(Q(t)) 1

m — = =

200 vol(Q(t))  n’

< B1(R).

2. FINSLER — HADAMARD MANIFOLDS

Our goal is to generalize this theorem for Finsler manifolds.

By definition, a Finsler metric on a manifold is a family of Minkowski norms
on the tangent spaces. A Minkowski norm on a vector space V" is a nonnegative
function F': V™ — [0, 00) with the following properties:
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(1) F is positively homogeneous of degree one, i.e., for any y € V" and any
A >0, F(\y) = AF(y);

(2) Fis C* on V™\{0} and for any vector y € V" the following bilinear
symmetric form g,: V" x V" — R is positive definite,

1 02
Gy(u,v) = 3 5109 [Fz(y + su + tv)]|s=t=0-

Property 2 is also called the strong convexity property.

A Minkowski norm is said to be reversible if F(y) = F(—y), y € V™. In this
paper, Minkowski norms are not assumed to be reversible.

By 1. and 2., one can show that F'(y) > 0 for y # 0 and F(u+v) < F(u)+F(v).

A vector space V" with the Minkowski norm is called a Minkowski space.
Notice that reversible Minkowski spaces are finite-dimensional Banach spaces.

Let (V™, F) be the Minkowski space. Then the set I = F~!(1) is called the
indicatriz in the Minkowski space. It is also called the unit sphere.

A set U C V™ is said to be strongly convex if there exist a function F satisfying
2. such that OU = F~1(1). Remark that a strong convexity is equivalent to a
positivity of all normal curvatures of QU for any Euclidean metric on V™.

Let M™ be an n-dimensional connected C'°°-manifold. Denote by TM"™ =
|_|90e yn L M™ the tangent bundle of M™, where T, M™ is the tangent space at
x. A Finsler metric on M" is a function F': TM™ — [0, 00) with the following
properties:

(1) Fis C* on TM™\{0};
(2) At each point x € M™, the restriction F'|r, p» is a Minkowski norm on
T, M™.

The pair (M™, F) is called a Finsler manifold.

Let (M", F) be a Finsler manifold. Let (2%, y%) be a standard local coordinate
system in TM™, i.e., y* are determined by y = yi%h. For a non-zero vector
y = y's52, put gii(z,y) == 3[F?],,:(z,y). The induced inner product g, is
given by

Gy (U, ’U) = Gij (l‘, y)u’ivja

_ 4 0
2 V=05

_ 00
where u = u' 57

z-
By the homogeneity of F, we have F(z,y) = \/g,(y,y) = \/9ij (%, y)yiy.
In the Riemannian case g;; are functions of x € M™ only, and in the Minkowski
case g;; are functions of y € T, M™ = V"™ only.
The notions of length and area are also generalized to Finsler geometry.
Given a Finsler metric F' on a manifold M™.
Let {e;}"_; be an arbitrary basis for T, M™ and {#?}"_, the dual basis for
T;M™. The set

B ={(y") eR": F(z,y'e;) < 1}
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is an open strongly convex open subset in R"™, bounded by the indicatrix in
T,.M™. Then define
dVe = op(x)0* A ... A O",

where
L VOIE(IBn)
" Volg(B?)
Here Volg(A) denotes the Euclidean volume of A, and B” is the standard unit
ball in R".

The volume form dVr determines a regular measure Volp = f dVr and is
called the Busemann—Hausdorff volume form.

For any Riemannian metric g;j(z)u’v? the Busemann-Hausdorff volume form
is the standard Riemannian volume form

dVg = \/det(gij)ﬁl A AN

Let o: N*~! — M™ be a hypersurface in (M", F).

The Finsler metric F' determines a local normal vector field as follows. A
vector n, is called the normal vector to N*~ !t at x € N1 if n, € Too(zyM™
and g, (y,nz) = 0 for all y € T,N""1. Notice that in general non-symmetric
case the vector —n, is not a normal vector.

Define now an induced volume form on N™"~!. Let n be a unit normal vector
field along N"~!. Let F = ¢*F be the induced Finsler metric on N~ and dV&
be the Busemann—Hausdorff volume form of F. For € N™ ! we define

_ Volg(B") Volg (B (1))
~ Volg(B7) Volg(Bn—1)

Here B? = {(y*) € R™: F(y'e;) <1}. To define Bl !(n,) we take a basis
{ei}i, for T,(,yM™ such that e; = n, and {e;}?, is a basis for T, N"~'. Then
B Y (ng) = {(y?) e R": F(yie;) < 1}, where the index j passes from 2 to n.
Note that if F' is Riemannian, then { = 1.
Set

op(z

C(@,ng) :

dArp = ((z,ny)dV5.

The form dAp is called the induced volume form of dVr with respect to n [19].
The sense of defining such volume form is given by the co-area formula [19].
We shall need the co-area formula in one simple case for metric balls:

Vol(B(r, p)) = /O "Vol(S(t, p))dt.

Here Vol(S(t,p)) is the induced volume on S(¢,p) [19].

Finally, we introduce some more functions which are called non-Riemannian
curvatures. These curvatures all vanish for Riemannian spaces. We shall need
only one of this curvatures, which is closely connected to the volume form.
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Let (M™, F) be a Finsler space. Consider the Busemann-Hausdorff volume
form dVr with the density or. We define

det(gij(x,y))
O’F(.’L')

7(z,y) =In Jy € T M™.
7 is called the distortion of (M™, F). The condition 7 = const implies F' is a
Riemannian metric [19].

To measure the rate of changes of the distortion along geodesics, we define

S(y) = S [r(e(t), €O ooy € ToM"

where ¢(t) is the geodesic with ¢(0) = y. S is called the S-curvature. It is also
called the mean covariation and mean tangent curvature. One can easily show
that S = 0 for any Riemannian metric.

A Finsler metric F' is said to be of constant S-curvature ¢ if

S(x,y) = 0F (x,y)

for all y € T, M™\{0} and x € M"™. The upper and lower bounds of S-curvature
are defined by the same way.

For a given vector y € T, M™\{0} denote by Y its extension to a geodesic
field in a neighborhood of z. Let V denote the Chern connection, V denote the
Levi-Civita connection of the induced Riemannian metric g = gy . For a vector
v € T, M" define

Ty (v) = gy (Vo V1) — 3(VoV,y)
where V is a vector field such that V, = v.

The function Ty (v), y € T, M™\{0} is called T-curvature.
T-curvature is said to be bounded above T > —§ if [19, p. 223]

Ty(u) > -0 [gy(uw) — 8y (u %’JQ ] F(y)

The upper bound is defined at the same manner.
Notice that the T-curvature vanish for Berwald metrics; the converse is also
true [19, p. 155].

Theorem 3 ([6], A. A. Borisenko, E. A. Olin, 2007). Let (M"™*1 F) be an
(n+ 1)-dimensional Finsler-Hadamard manifold that satisfies the following con-
ditions:

(1) Flag curvature satisfies the inequalities —k3 < K < —k?, k1,ka > 0,

(2) S-curvature satisfies the inequalities ndy < S < ndy such that §; < k;.
Let B (p) be the metric ball of radius r in M™ ! with the center at a point p €
M"t S (p) = OBI(p) be the metric sphere. Let Vol = [ dVg be the measure
of Busemann-Hausdorff, Area(S"(p)) = [ dAr is the induced measure on S (p).
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Then there exist functions f(r) and F(r) such that f(r) — 1/(n(ks — 62)) and
F(r) — 1/(n(ki — 1)) as r goes to infinity and that
Vol(By*(p))
Py W) .
0 S Kreatspy) <71
Here

1
1) = g —=zhary <

1 n —2kor —nr(ke—0d2) )
X — e — €
(n(kg — (52) 'n(kg — (52) — 2]{72 ( )
1

- n(k:1 — 51)

Fr) (1—emrt=on)

As a consequence, for a family {B"(p)},>0 we have

1 .. . Vol(Br(p))
—— < lim inf —— 2
n(ky —d2) ~r—oc  Area(S7(p))

Vol(B(p)) < 1
r00 Area(S™(p)) ~ n(ki — 1)

If (M™HL F) is a space of constant flag curvature K = —k? and S-curvature
S =nd, § <k, we have

Vol(B*(p)) 1

e Area(S7(p))  n(k —9)

For a Riemannian space S = 0 and Theorem 2 is a special case of Theorem 1.

Let (M™™1 F) be a Finsler manifold. Then the exponential speed of the
volume growth of a ball of radius £ > 0 is called the volume growth entropy of
(M™+1 F). The explicit expression for the volume growth entropy is given by

o MOVOL(BE ()

t—o00 t

In this section we estimate the volume growth entropy of a Finsler-Hadamard
manifold with the pinched flag curvature and the S-curvature.

Theorem ([6]). Let (M"Y F) be an (n + 1)-dimensional Finsler-Hadamard
manifold that satisfies the following conditions:

(1) Flag curvature satisfies the inequalities —k3 < K < —k?, k1, ko > 0,
(2) S-curvature satisfies the inequalities ndy < S < ndy such that §; < k;.

Then we have

In(Vol(By*(p)))
t

n(lﬁ - (51) < tlim < ’I’L(k,’g — (52)
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If (M™HL F) is a space of constant flag curvature K = —k? and S-curvature
S =nd, 6 <k, we have
In(Vol(B} !
lim Il( O( t (p))) — n(k:—é)
t—00 t

Let M be a complete Finsler manifold. Then

(1) A set A is said to be conver, if each shortest path with endpoints in A
is entirely contained in A.

(2) A set A is said to be locally convez, if each point P € A has a neighbor-
hood Up in M such that the set A N Up is convex.

Hadamard proved the following theorem.

Theorem ([20]). Let ¢ be an immersion of compact n-dimensional oriented
manifold M in Euclidean space E"tY, n > 2 with everywhere positive Gaussian
curvature. Then (M) is a convez hypersurface.

Chern and Lashof generalized this theorem.

Theorem ([20]). Let ¢ be an immersion of compact n-dimensional oriented
manifold M in Euclidean space E"tY, n > 2. Then the following two assertions
are equivalent.

(1) The degree of the spherical mapping equals =1 and the Gaussian curva-
ture does mot change its sign;
(2) (M) is a conver hypersurface.

A topological immersion f: N™ — M"T! of a manifold N into a Riemannian
manifold M"+! is called locally convex at a point x € N™ if x has a neighborhood
U such that f(U) is a part of the boundary of a convex set in M™*1.

Heijenoort proved the following theorem.

Theorem ([21]). Let f: N* — E"T1 n > 2 be a topological immersion of
a connected manifold N™. If f is locally convex at all points and has at least
one point of local strict support and N™ is complete in the metric induced by

this immersion, then f is an embedding and f(N™) is the boundary of a convex
body.

S. Alexander [1] (see also A. A. Borisenko [3]) generalized Hadamard’s theo-
rem for compact immersions when an ambient space is a complete simply con-
nected manifold of non-positive curvature (Hadamard manifold).

Theorem ([1], [3]). Let f: N* — M"* n > 2 be an immersion of compact
connected manifold N™ in a complete simply connected Riemannian manifold
M"Y of non-positive sectional curvature. If the immersion f is locally convex,
then f is an embedding, f(N™) is the boundary of a convex set in M"1, and
f(N™) is homeomorphic to the sphere S™.
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The goal of this paper is to generalize this theorem to an immersion of com-
pact manifold into a complete simply connected Finsler manifold of non-positive
curvature (Finsler—Hadamard manifold).

Theorem 4 ([8], A. A. Borisenko, E. A. Olin, 2008). Let f: N* — M"*1,
n = 2 be an immersion of a compact connected manifold N™ in a complete sim-
ply connected Finsler manifold M™Y. Let N™ and M"T1 satisfy the following
conditions:

(1) The flag curvature K < —k?, k > 0;

(2) The T-curvature |T| < §, where 0 < 6 < k;

(3) All the normal curvatures of N™

k, > 26.

Then f is an embedding, f(N™) is the boundary of a convex set in M™*1 which
is homeomorphic to the ball, and f(N™) is homeomorphic to the sphere S™.

We also show that the theorem of S. Alexander holds for Berwald spaces
without any additional restrictions.

Note, that if all the flag curvatures vanish (the case when k£ = 0) then T =0
and we obtain the generalization of Hadamard’s theorem to Minkowski spaces.

3. ASYMPTOTIC PROPERTIES OF HILBERT GEOMETRY

Consider a bounded open convex domain U C R"*! whose boundary is a C?3
hypersurface with positive normal curvatures in R™ equipped with a Euclidean
norm || - ||

For given two distinct points p and ¢ in U, let p; and ¢; be the corresponding
intersection point of the half line p + R_(¢ — p) and p + Ry (¢ — p) with 9U.
Then consider the following distance function

1 ||q—Q1|| Hp—le
du(p,q) = 51n X
2 |lg—pill e — @l

du(p,p) =0

The obtained metric space (U, dy) is called Hilbert geometry and is a complete
noncompact geodesic metric space with the R™-topology and in which the affine
open segments joining two points are geodesics [11].

The distance function is associated in a natural way with the Finsler metric
Fyyon U. For a point p € U and a tangent vector v € T,U = R"

1 1 1
Fy(p,v) = =|v ( + )
2N\ o= T o=

where p_ and p. is the intersection point of the half-lines p+R_v and p+ R,v
with oU.

Then dy (p, q) = inf [; Fy(c(t), ¢(t))dt when ¢(t) ranges over all smooth curves
joining p to q.
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In is known (see for example [19]) that Hilbert metrics are the metrics of
constant flag curvature —1.

When U = B’ then we obtain the Klein model of the n-dimensional Lobachevsky
space H" and the Finsler metric has the explicit expression

vl <wv,p>2
FBg(p’U)# o2, <vp

r=lpl* (2 = lpl?)?

It is proved in [11] that the balls of arbitrary radii are convex sets in Hilbert
geometry.

The asymptotic properties of Hilbert geometry have been obtained lately. All
this properties mean that Hilbert geometry is “almost” Riemannian at infinity.
It is proved in [14] that Hilbert metric “tends” to Riemannian metric as follows.

Theorem ([14]). Let C € R™ be a bounded open convex domain whose boundary
dC is a hypersurface of class C® that is strictly convex. For anyp € C let 5(p) > 0
be the Euclidean distance from p to OC. Then there exists a family (l;)pec of
linear transformations in R™ such that

FC(p7 U) _
m ——— =
$®)=0 | (v)]
uniformly in v € R™\{0}

This means that the unit sphere in the tangent space of given Hilbert met-
ric tends to ellipsoid in continuous topology as the tangent point goes to the
absolute.

B. Colbois and P. Verovic proved in [14] that the balls in an (n+1)-dimensional
Hilbert geometry have the same volume growth entropy as those in H” ™!, namely
n. We obtain the analogous result for the spheres in Hilbert geometry. At
theorem 5 we used the Busemann-Hausdorff volume form of sphere S}'.

Theorem 5 ([7], A. A. Borisenko, E.A. Olin, 2008). Consider an (n + 1)-
dimensional Hilbert geometry associated with a bounded open convex domain
U c R™! whose boundary is a C® hypersurface with positive normal curvatures.
Then we have

In(Vol(S}"))

t—o00 t

Theorem 6 ([7], A. A. Borisenko, E.A. Olin, 2008). Consider an (n + 1)-

dimensional Hilbert geometry associated with a bounded open convex domain

U € R™"! whose boundary is a C? hypersurface with positive normal curvatures.

Fix a point o € U, we will consider this point as the origin and the center of all

the considered balls. Denote by w(u): S™ — Ry the radial function for OU, i.e.

the mapping w(u)u, u € S™ is a parametrization of OU, and by ¢: R" Tt — §"
Up

the mapping such that ((p) = TaeT where uy, is the radius-vector of a point p,
P

dp is Fuclidean volume form of boundary OU .
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Denote by K and k the maximum and minimum normal curvature of U,
w(u) :
¢ = MaXyesr L7y, Wo = Milyesn w(u), w; = maxyesn w(u). Then we have

, Vol(BiH) 1, (K\?! 1 Jon w(u)Edu
lim sup—p < —c2 | — ) —
p—00 VOI(SZ}) n k (kw0> 2 faU w(L(p)) 2 dp

V 1 Bn+1 1 1 % n n %d

lim inprn) > - (ﬁ) (kwo)® fs w(u) _ﬂ“

P00 Vol(Sp) ncz \ K faU w(e(p))~=dp

or, more simple expression

lim sup

wi e (ﬂ)% 1 Volg(S™)
p—00 Vol(S7) h wo k kwy Volg (0U)

Vol(B2HY) 1 /k\? [wo)? . Volg(S™)
lim inf ——2 2 > = (27 (207 n(gyg) 3 2B )
pmse T VoI(S7) n(K) < ) wi (kwo)® 0T @0)

w1
If U is a symmetric domain with respect to o then we have

Vol(Bp+1) _1(K 2
n\ k

VOI(BZ”‘H) _ l (K) 3 w7 Vol (S™)

1‘ 5 n
5P k) (kwo)3 ! Volg(dU)

p—00 Vol(S7) “n

Vol(Bi+1) 1 [k \? . Volg(S™)
lim inf ——2 2 > = () (kw) Bl B>
oo VOI(S?) T n (K) (ko) * < oo (a0)

For Lobachevsky space these limits are equal % and we obtain exact formula.
Notice that in this theorem the ratio of the volume of the ball to the internal
volume of the sphere is considered, unlike theorem, where the induced volume

is used.

It should be noticed here that if we calculate the Hausdorfl measure for the
submanifold in a Finsler manifold with the symmetric metric then we will obtain
the internal volume on submanifold in the metric induced from the ambient

space.

4. CURVATURE OF THE CURVES IN MINKOWSKI GEOMETRY

In Finsler space it is possible to define covariant derivative [19, p. 88] For
geodesic line v(s) of Finsler space M™+!

Viy =0,
where s is length parameter on the curve in Finsler space. We define the curva-
ture of the curve L in M1 as
(4.1) b=V X]|

where X = X (s) — parametrization of the curve, |- || is a Finsler norm of vector.
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For Finsler space and Minkowski space there are another definitions of cur-
vature [15], [10], [12], [16], [17]. Finsler definition of the curvature of the curves
[15] coincides with the of Cartan definition [12].

1 dX\ d?at d?ax?
— =k%* =g — 1
P> 9ij ($’ ds) ds? ds? [17]

Rund definition of the curvature [16]

1 9 d’X\ d*x d%x)
— =k = gij | T,

72 ! ( ds? ) ds? ds?
coincides with the definition of the curvature at this article.

Busemann definition of the curvature of the curves in Minkowski space [10]
is different from these definitions.

For Minkowski plane different definition had been used in [13].

Let in Minkowski space M™+! we take auxiliary Euclidean metric and some
rectangular Cartesian coordinates y1, ..., y" ™1, X = X(s) is the smooth parametriza-
tion of the curve s is Minkowski length of the curve. At this case the formulae
(4.1) rewrite in the following way:

[17]

d*X
4.2 kv = || —=
(4.2) M ‘ ds2
where || - || is Minkowski norm. A Minkowski norm on M"*! is nonnegative

function on a linear space F': V' — [0, 00) which has the following properties

1) Fis C* on M"*!

2) F(\y) = AF(y), for all A > 0 and y € M1

3) For any Mn"+! }0, the symmetric bilinear form g, on M"*!

Gij = %%a%j is positive definite.

Indicatrix (unit sphere) of Minkowski space is called compact convex hyper-
surface Fy = {y!,...,y" " F(y!,...,y"™) =1}. The ball of the radius R is
the set of points such that F(y!,... y") < R. Assume that normal curvatures
of the indicatrix Fy in Euclidean space E"t! satisfies inequality:

0< ki <k<k

Let 7(s) be a Minkowski unit tangent vector to the curve L in M™*!. The
T = 7(s) is the curve I C Fy. It is called tangent indicatrix.
If 5 is the Minkowski length of the tangent indicatrix then ky; = %; and total
curvature of the curve L then
wpr = / k MdS

L

is equal the length of the tangent indicatrix.
For Minkowski plane it is possible to define another curvature. Let n be
normal to the plane curve L. The unit normal n is a radius-vector of indicatrix
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F, at the point with tangent vector 7(s). We take indicatrix of unit normals to
an arc of the curve L, s is the length on indicatrix Fj. And define

- As
Fn = Aligo As
and
kr
4.3 [—
(4.3) o

where k1, kg, is Euclidean curvatures of the curves L, Fy at the points where
tangent vectors are parallel. At Minkowski plane this curvature doesn’t coincide
with the curvature which was defined by formula (4.2). These two curvatures
coincide only in Euclidean plane. The curvature (4.3) was used in [13].

First question is how connect the Minkowski curvature kj; of the curve L,
which we define by formula (4.2), and curvature k. of the curve L, as the curve
in Euclidean space. It is true inequalities

kl k2 2
4.4 kor (22 < kpy < kor [ 22
(44) T<k2> == T(’ﬁ)

F(%, o is Euclidean length parameter of the curve L.
To

For Euclidean space it known Fenchel theorem: the total curvature of closed
curve in Euclidean space E™*! satisfies the inequality:

(4.5) /keda > 27

For Euclidean space it true Fary-Milnor theorem: If the total curvature of closed
curve in Euclidean space E" 11

where r =

(4.6) /k:eda <Am

then the curve is unknotted. The analog of the these theorems is true for
Minkowski space.

Theorem 7 ([9], A. A. Borisenko, K. Tenenblat, 2009). The total curvatures of
the closed curve in Minkowski and Fuclidean spaces satisfy the inequalities

k ko \ 2
(—1) /k:eda < /k:Mds < (—2) /keda
ko k1
For the closed convex curve in Minkowski plane
wWpr = /k‘MdS = SM(F(]),

where Sy (Fp) is Minkowski length of the Fy. It is known that 6 < Sy, (Fp) < 8
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With the curvature Fy ko > k > ki1 > 0 the length of the indicatrix Fjy
satisfies the inequalities:

2
2 <ﬁ) < Sum(Fp) <27 (E)
kz kl

Theorem 8 (][9], A. A. Borisenko, K. Tenenblat, 2009). If the total curvature
of the closed curve in Minkowski space satisfies the inequality:

wpy = /kMdS < A4m (%)
2

then the curve is unknotted.

From

k k ko \ 2 ko \ 2
(kf) We = (k—;) /keda <wpy = /kMds < <k—i> /keda = (k_i) We

we have w. < 47 and apply Fary-Milnor theorem.
The length of closed curve in Euclidean space which belongs to the ball of
radius R satisfies the following inequality: (L) < Rw,

Theorem 9 (][9], A. A. Borisenko, K. Tenenblat, 2009). If the closed curve L in
Minkowski space lies in ball of radius R then the Minkowski length of the curve
L satisfies the inequality

4

k

(4.7) Su(L) < (k—z) Ruwy (L)
1
Let M3 be a Minkowski space with the symmetric Minkowski norm F(y!, 42, 33).
The equation of indicatrix Fy is F(y) = 1; In Minkowski space we take auxiliary
Euclidean metric and some rectangular Cartesian coordinates (z!, 2% 2%). The
normal curvatures of the indicatrix as surface in Euclidean space E? satisfies the
inequality:
0< k) <k<ks

Let F be a surface in Minkowski space M3 and simultaneously a surface
in Euclidean space E3. In explicit form 23 = f(x!,2?) is the equation of the
surface. The question is how connected the normal curvatures k., kys of the
surface F' as surfaces in Euclidean and Minkowski spaces.

The normal curvature of the surface in Finsler space it is possible define in
the following way [19]: Let P be a point on the submanifold F' in Finsler space,
y € T, F be an unit tangent vector to F, ¢ = ¢(s) be a unique geodesic in F' such
that the tangent vector ¢(0) = y. The vector of normal curvature is called the
vector

Aly) = —Vec(0),
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where y 5
d=c* ;
Vee(0) = ¢ = (0) + 2G* |
0 ={ Gz 0 20w} 5|
(x%) is a local coordinate in Finsler ambient space. And the absolute value of
normal curvature

ku(y) = [Vec(O)]]
The normal curvature in the direction y with respect the unit Minkowski

normal n is equal
sl
kn(y) = gij(n)n el

It is true the inequalities

(4.8) ke(y)r (:—;) < kum(y) < ke(y)r (:—j)

If kc(y) > 0 then

(49) o (1) < k) < et ()

2

The sign of Euclidean normal curvature coincides with the sign of Minkowski
normal curvature with respect the unit Minkowski normal.

REFERENCES

[1] S. Alexander. Locally convex hypersurfaces of negatively curved spaces. Proc. Amer.
Math. Soc., 64(2):321-325, 1977.

[2] S. B. Alexander and R. J. Currier. Hypersurfaces and nonnegative curvature. In Differ-
ential geometry: Riemannian geometry (Los Angeles, CA, 1990), volume 54 of Proc.
Sympos. Pure Math., pages 37-44. Amer. Math. Soc., Providence, RI, 1993.

[3] A. A. Borisenko. On locally convex hypersurfaces in Hadamard manifolds. Mat. Zametks,
67(4):498-507, 2000.

[4] A. A. Borisenko. Convex sets in Hadamard manifolds. Differential Geom. Appl., 17(2-
3):111-121, 2002. 8th International Conference on Differential Geometry and its Applica-
tions (Opava, 2001).

[5] A. A. Borisenko and V. Miquel. Total curvatures of convex hypersurfaces in hyperbolic
space. Illinois J. Math., 43(1):61-78, 1999.

[6] A. A. Borisenko and E. A. Olin. Some comparison theorems in Finsler-Hadamard mani-
folds. Zh. Mat. Fiz. Anal. Geom., 3(3):298-312, 378, 2007.

[7] A. A. Borisenko and E. A. Olin. Asymptotic properties of Hilbert geometry. Zh. Mat. Fiz.
Anal. Geom., 4(3):327-345, 443, 2008.

[8] A. A. Borisenko and E. A. Olin. Global structure of locally convex hypersurfaces in
Finsler-Hadamard manifolds. unpublished, 2008.

[9] A. A. Borisenko and K. Tenenblat. Curvature of the curves in minkowski geometry. un-
published, 2009.

[10] H. Busemann. The foundations of Minkowskian geometry. Comment. Math. Helv., 24:156—
187, 1950.



SOME COMPARISON THEOREMS IN FINSLER AND MINKOWSKI SPACES 245

[11] H. Busemann and P. J. Kelly. Projective geometry and projective metrics. Academic Press
Inc., New York, N. Y., 1953.

[12] E. Cartan. Les espaces de Finsler. Paris: Hermann &amp; Cie. 42 p. , 1934.

[13] M. A. Chandehari. Geometric inequalities in the Minkowski plane. PhD thesis, University
of California, 1983.

[14] B. Colbois and P. Verovic. Rigidity of Hilbert metrics. Bull. Austral. Math. Soc., 65(1):23—

34, 2002.

[15] P. Finsler. Uber Kurven und Flichen in allgemeinen Rédumen. Verlag Birkhiuser, Basel,
1951.

[16] H. Rund. Finsler spaces considered as locally Minkowskian spaces. Thesis, Cape Town,
1950.

[17] H. Rund. The differential geometry of Finsler spaces. Die Grundlehren der Mathematis-
chen Wissenschaften, Bd. 101. Springer-Verlag, Berlin, 1959.

[18] L. A. Santal6 and I. Yanez. Averages for polygons formed by random lines in Euclidean
and hyperbolic planes. J. Appl. Probability, 9:140-157, 1972.

[19] Z. Shen. Lectures on Finsler geometry. World Scientific Publishing Co., Singapore, 2001.

[20] S. Sternberg. Lectures on differential geometry. Prentice-Hall Inc., Englewood Cliffs, N.J.,
1964.

[21] J. Van Heijenoort. On locally convex manifolds. Comm. Pure Appl. Math., 5:223-242,
1952.

KHARKOV KARAZIN NATIONAL UNIVERSITY
KHARKOV,UKRAINE
FE-mail address: borisenk@univer.kharkov.ua



