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GENERALIZED LAGRANGE –HAMILTON SPACES OF

ORDER k

IRENA ČOMIĆ

Abstract. In this paper the generalized Lagrange –Hamilton spaces are
introduced. The group of transformation is given, further some complicated
but useful relations concerning the partial derivatives of variables in new
and old coordinate systems are derived. The sprays and antisprays are also
studied.

Introduction

The (k + 1)n dimensional generalized Lagrange space is an Osck M space

supplied with regular Lagrangian L(xa, y1a, y2a, . . . , yka), where yAa = dA

dtA xa,

A = 1, k. They are studied in many papers and books as [2], [18], [19], [20], [16]
and others. The K-Hamilton space is (k + 1)n dimensional space, where some
point of this space has coordinates (xa, p1a, . . . , pka), where pAa(A = 1, k) are
independent covector fields. If k = 1 we have Hamilton space. Such spaces are
studied in [1], [3–7], [10–12], [14], [15], [21–23], [25], [26] and many others. If
instead of covector fields p1, . . . , pk we take independent vector fields y1, . . . , yk

we obtain K-Lagrange spaces.
The (k + 1)n dimensional Hamilton space of order k was introduced by

R. Miron in [17]. Some point u of this space has coordinates

(xa, y1a, . . . , y(k−1)a, pka),

where yAa = 1
A!

dA

dtA xa, A = 1, k − 1 and (pka) is a covector. The space is supplied

with regular Hamiltonian H(x, y1, . . . , yk−1, pk) from which the metric tensor is
derived in the usual manner. The complex structures in the above spaces are
introduced in [24].
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The Hamilton spaces of higher order are introduced in [9]. A point u of this
(k + 1)n dimensional space has coordinates (xa, p1a, p2a, . . . , pka), where p1 is

a covector and pAa = dA−1

dtA−1 p1a, A = 2, k. In the transformation group the

expressions dA

dtA

∂xa
′

∂xa appear, which are functions of y1, y2, . . . , yA, but they were
not written explicitly and were not treated as variables. Such spaces are studied
in [10, 13].

Here the (2k + 1) · n dimensional generalized Lagrange–Hamilton spaces
(GLH)(nk) are introduced, where some point u ∈ (GLH)(nk) has coordinates

(xa, y1a, . . . , yka, p1a, p2a, . . . , pka),

where y(A+1)a = dA

dtA y1a, p(A+1)a = dA

dtA p1a, A = 1, k − 1. The group of trans-
formation is given, further some complicated but useful relations concerning the
partial derivatives of variables in new and old coordinate systems are derived.
The natural and special adapted bases of T (GLH)(nk) and T ∗(GLH)(nk) are es-
tablished. Using the matrix representation, the duality of bases in T and T ∗ is
proved. The name ‘special adapted’ comes from the fact that the elements of
these bases are transforming as tensors and they have the property that the J

structure in the natural and special adapted bases has the same components.
By action of the J structure on the vector field dr and 1-form field δr the cor-
responding Liouville vector and 1-form fields are constructed.

The sprays and antisprays are also studied and interesting results are ob-
tained. Here the metric tensor does not appear. If the regular Lagrangian L

and Hamiltonian H is given the metric tensor can be derived by the usual man-
ner. From this the metric connection, the torsion and curvature tensors and the
structure equations can be obtained, which will be the subject of next papers.
The application of this theory is given in variation calculus in the papers which
will be appeared.

Special cases of (GLH)(nk) are Lagrange spaces of order k, Osck M spaces,
Finsler spaces, generalized Hamilton spaces and so on.

1. Definitions, group of coordinate transformation

Let us denote by (LH)(n1) the 3n dimensional C∞ manifold in which some
point (y, p) has coordinates (xa = y0a, y1a, p1a), a = 1, n.

Some curve c in (LH)(n1) is given by c : t ∈ [a, b] → c(t) ∈ (LH)(n1), where in
some local chart (U, ϕ) a point (y, p) ∈ c(t) has coordinates

(xa(t) = y0a(t), y1a(t), p1a(t)).

If in some other chart (U ′, ϕ′) the same point (y, p) has coordinates

(xa′

(t) = y0a′

(t), y1a′

(t), p1a′(t)),
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then the allowable transformations are given by

xa′

= xa′

(xa) ⇔ xa = xa(xa′

), (xa(t) = xa(xa′

(t)),

y1a′

= Ba′

a y1a, Ba′

a =
∂xa′

∂xa
= Ba′

a (t), p1a′ = Ba
a′p1a.

(1.1)

The first two equations in (1.1) give the coordinate transformation in the
Finsler space. Here, in (LH)(n1) the point of the space has three components:
(x) = (xa) - the point in the base manifold M , the contravariant vector field
(y(1)) = (y1a) and a covariant vector field (p(1)) = (p1a).

(y(1)) can be interpreted as the velocity vector and (p(1)) as the generalized
momentum.

Let us denote by (LH)(nk) the (2k + 1)n dimensional C∞ manifold in which
a point (y, p) = (x = y(0), y(1), y(2), . . . , y(k), p(1), p(2), . . . , p(k)) has coordinates

(xa = y0a, y1a, y2a, . . . , yka, p1a, p2a, . . . , pka), a = 1, n.

We can interpret the point in (LH)(nk) as a point (x) in the base manifold
together with a contravariant vector (y(1)), covariant vector (p(1)) and their
derivatives up to order k.

Some curve c ∈ (LH)(nk) is given by

c : t ∈ [a, b] → c(t) ∈ (LH)(nk).

A point (y, p) ∈ c(t) has coordinates

(xa(t) = y0a(t), y1a(t), . . . , yka(t), p1a(t), . . . , pka(t)),

where

yAa(t) = dA
t y0a(t) A = 1, k dA

t =
dA

dtA

pαa(t) = dα−1
t p1a(t), α = 1, k, dα−1

t =
dα−1

dtα−1
.

(1.2)

The allowable coordinate transformations are given by

xa′

= xa′

(xa) ⇔ xa = xa(xa′

)

y1a′

= Ba′

a y1a, Ba′

a = ∂0axa′

= ∂axa′

, ∂Aa =
∂

∂yAa
A = 0, k,

y2a′

=

(

1

0

)

(d1
t B

a′

a )y1a +

(

1

1

)

Ba′

a y2a = d1
t (B

a′

a y1a),

...

yka′

=

(

k − 1

0

)

(dk−1
t Ba′

a )y1a +

(

k − 1

1

)

(dk−2
t Ba′

a )y2a + · · ·

+

(

k − 1

k − 1

)

Ba′

a yka = dk−1
t (Ba′

a y1a),

(1.3a)
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p1a′ = Ba
a′p1a Ba

a′ = ∂0a′xa =
∂xa

∂xa′
= Ba

a′(t),

p2a′ =

(

1

0

)

(d1
t B

a
a′)p1a +

(

1

1

)

Ba
a′p2a = d1

t (B
a
a′p1a),

...

pka′ =

(

k − 1

0

)

(dk−1
t Ba

a′)p1a +

(

k − 1

1

)

(dk−2
t Ba

a′)p2a + · · ·

+

(

k − 1

k − 1

)

Ba
a′pka.

(1.3b)

Theorem 1.1. The transformations of type (1.3) on the common domain form
a group.

The proof is similar to those given in [8] and [9].

Definition 1.1. The generalized Lagrange–Hamilton space of order k,
(GLH)(nk) is a (LH)(nk) space, where the allowable coordinate trans-
formations are given by (1.3) and in which a differentiable Lagrangian
L(x, y(1), y(2), . . . , y(k)) and a differentiable Hamiltonian H(x, p(1), p(2), . . . , p(k))
are given.

From (1.3) it is not obvious that pαa′ , α = 1, k are functions of yAa, A =
0, α − 1. This can be seen if we write:

d1
t B

a′

a = ∂a1
Ba′

a y1a1 , ∂a1
=

∂

∂xa1

d2
t B

a′

a = (∂2a2a1B
a′

a )y1a1y1a2 + (∂a1
Ba′

a )y2a1 , ∂2
a2a1

=
∂2

∂y0a2∂y0a1

,

d3
t B

a′

a = (∂3
a3a2a1

Ba′

a )y1a1y1a2y1a3 + 3(∂2
a2a1

Ba′

a )y1a1y2a2 + (∂a1
Ba′

a )y3a1 ,

d4
t B

a′

a = (∂4
a4a3a2a1

Ba′

a )y1a1y1a2y1a3y1a4 + 6(∂3
a3a2a1

Ba′

a )y1a1y1a2y2a3

+ 3(∂2
a2a1

Ba′

a )y2a1y2a2 + 4(∂2
a2a1

Ba′

a )y1a1y3a2 + (∂a1
Ba′

a )y4a1 ,

...

(1.4)

From (1.4) we can obtain another set of formulae if we make the changes
(a′, a, a1, a2, a3, a4) → (a, a′, a′

1, a
′

2, a
′

3, a
′

4).
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From (1.3) and (1.4) it follows

y0a′

= y0a′

(y0a)

y1a′

= y1a′

(y0a, y1a), . . . ,

yka′

= yka′

(y0a, y1a, . . . , yka),

p1a′ = p1a′(y0a, p1a),

p2a′ = p2a′(y0a, y1a, p1a, p2a), . . . ,

pka′ = pka′(y0a, y1a, . . . , y(k−1)a, p1a, p2a, . . . , pka).

(1.5)

Theorem 1.2. The following relation is valid:

dA
t Ba′

a = (∂adA−1
t Ba′

b )y1b +

(

A − 1

1

)

(∂adA−2
t Ba′

b )y2b + · · ·

+

(

A − 1

A − 2

)

(∂ad1
t B

a′

b )y(A−1)b +

(

A − 1

A − 1

)

(∂aBa′

b )yAb = ∂ayAa′

(1.6)

for A = 1, k.

Proof. From the relations

(d1
t B

a′

a ) = (∂bB
a′

a )y1b = (∂aBa′

b )y1b,

dA
t Ba′

a = dA−1
t (d1

t B
a′

a ) = dA−1
t [(∂aBa′

b )y1b]

and the Leibniz rule for differentiation the first part of (1.6) follows. As y0b =
xb, y1b, . . . , yAb are independent variables, from the right hand side of (1.6) we

can take out ∂a and the comparison with the obtained equation with yAa′

from
(1.3) results in the second part of (1.6). �

Theorem 1.3. The partial derivatives of the variables, dA
t Ba′

a , dα
t Ba

a′ are con-
nected by the following formulae:

∂0ay0a′

= ∂1ay1a′

= · · · = ∂kayka′

= Ba′

a

∂ayAa′

= ∂0ayAa′

= dA
t Ba′

a A = 1, k,

∂Aay(A+B)a′

=
A + B

A
∂(A−1)ay(A+B−1)a′

= · · ·

=

(

A + B

A

)

dB
t Ba′

a =

(

A + B

A

)

∂0ayBa′

,

∂1ap1a′ = ∂2ap2a′ = · · · ∂kapka′ = Ba
a′ ,

∂αa =
∂

∂pαa

α = 1, k,

∂αap(α+β)a′ =

(

α + β − 1

α − 1

)

∂1ap(β+1)a′ =

(

α + β − 1

α − 1

)

d
β
t Ba

a′ .

(1.7)
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Proof. From (1.4) it is obvious that dA
t Ba′

a A = 0, k are functions only of

y0a, y1a, . . . , yAa so dA
t Ba

a′ are functions only of y0a′

, y1a′

, . . . , yAa′

. From this
and the second part of (1.3) we can conclude that pαa′ are linear functions of
p1a, p2a, . . . , pαa α = 1, k. This fact results in the following equations:

∂1ap1a′ = Ba
a′ ,

∂1ap2a′ =

(

1

0

)

d1
t B

a
a′ , ∂2ap2a′ =

(

1

1

)

Ba
a′ ,

∂1ap3a′ =

(

2

0

)

d2
t B

a
a′ , ∂2ap3a′ =

(

2

1

)

d1
t B

a
a′ , ∂3ap3a′ =

(

2

2

)

Ba
a′ , . . . ,

∂1apαa′ =

(

α − 1

0

)

dα−1
t Ba

a′ , ∂2apαa′ =

(

α − 1

1

)

dα−2
t Ba

a′ , . . . ,

∂αapαa′ =

(

α − 1

α − 1

)

Ba
a′ , . . . .

The above equations are the last three equations from (1.7).
Using (1.2) and (1.5) we can write (1.3a) in the form

y1a′

= (∂0ay0a′

)y1a = Ba′

a y1a = d1
t y

0a′

y2a′

= (∂0ay1a′

)y1a + (∂1ay1a′

)y2a = d1
t y

1a′

y3a′

= (∂0ay2a′

)y1a + (∂1ay2a′

)y2a + (∂2ay2a′

)y3a = d1
t y

2a′

, . . . ,

yAa′

= (∂0ay(A−1)a′

)y1a + (∂1ay(A−1)a′

)y2a + · · · + (∂(A−1)ay(A−1)a′

)yAa

= d1
t y

(A−1)a′

, . . . ,

yka′

= (∂0ay(k−1)a′

)y1a + (∂1ay(k−1)a′

)y2a + · · · + (∂(k−1)ay(k−1)a′

)yka

= d1
t y

(k−1)a′

.

(1.8)

If we compare y1a′

, y2a′

, . . . , yAa′

, . . . , yka′

from (1.3a) and (1.8) we get

y1a′

: ∂0ay0a′

= Ba′

a

y2a′

: (∂0ay1a′

) =

(

1

0

)

d1
t B

a′

a ,

∂1ay1a′

=

(

1

1

)

Ba′

a ,

yAa′

: ∂0ay(A−1)a′

=

(

A − 1

0

)

dA−1
t Ba′

a ,

∂1ay(A−1)a′

=

(

A − 1

1

)

dA−2
t Ba′

a , . . .
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∂(A−1)ay(A−1)a =

(

A − 1

A − 1

)

Ba′

a , . . .

yka′

: ∂0ay(k−1)a′

=

(

k − 1

0

)

dk−1
t Ba′

a ,

∂1ay(k−1)a′

=

(

k − 1

1

)

dk−2
t Ba′

a , . . .

∂(k−1)ay(k−1)a =

(

k − 1

k − 1

)

Ba′

a .

The above equations are the explicit form of the first three equations from
(1.7). �

From (1.5) it can be seen that it is reasonable to calculate ∂Aapαa for A−1 ≤
α. We have

Theorem 1.4. The following relation is valid:

(1.9) ∂αap(α+β)a′ =

(

α + β − 1

β − 1

)

∂0apβa′ .

Proof. From (1.5) we have p1a′ = p1a′(y0a, p1a) and

p2a′ = d1
t p1a′ = (∂0ap1a′)y1a + (∂1ap1a′)p2a = ∂0a(p1a′y1a) + Ba

a′p2a,

p3a′ = d1
t p2a′ = ∂0a

[(

1

1

)

p2a′y1a +

(

1

0

)

p1a′y2a

]

+

(

1

0

)

d1
t B

a
a′p2a +

(

1

1

)

Ba
a′p3a,

and from

p2a′ = p2a′(y0a, y1a, p1a, p2a) we get

p3a′ = (∂0ap2a′)y1a + (∂1ap2a′)y2a + (∂1ap2a′)p2a + (∂2ap2a′)p3a.

The comparison of the two expressions for p3a′ gives

y2a : ∂1ap2a′ =

(

1

0

)

∂0ap1a; p2a : ∂1ap2a′ =

(

1

0

)

d1
t B

a
a′ .

Further we have

p4a′ = d2
t p2a′ = ∂0a

[(

2

2

)

p3a′y1a +

(

2

1

)

p2a′y2a +

(

2

0

)

p1a′y3a

]

+

(

2

0

)

(d2
t B

a
a)p2a +

(

2

1

)

(d2
t B

a
a′)p3a +

(

2

2

)

Ba
a′p4a,

p4a′ = d1
t p3a′ = (∂0ap3a′)y1a + (∂1ap3a′)y2a + (∂2ap3a′)y3a +

(∂1ap3a′)p2a + (∂2ap3a′)p3a + (∂3ap3a′)p4a.
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The comparison of two above equations gives:

y2a : ∂1ap3a′ =

(

2

1

)

∂0ap2a′ y3a : ∂2ap3a′ =

(

2

0

)

∂0ap1a′

p2 : ∂1ap3a′ =

(

2

0

)

d2
t B

a
a′ p3a : ∂2ap3a′ =

(

2

1

)

d1
t B

a
a′a′,

p4a : ∂3ap3a′ =

(

2

2

)

Ba
a′ .

In the similar way comparing the relations

pαa′ = ∂0adα−2
t (p1a′y1a) + dα−2

t (Ba
a′p2a),

pαa′ = d1
t p(α−1)a′(y0a, y1a, . . . , y(α−2)a, p1a, p2a, . . . , p(α−1)a)

we obtain (1.9). �

2. The natural and special adapted bases in T (GLH)(nk) and

T ∗(GLH)(nk)

The natural basis, B̄LH of T (GLH)(nk) as usual consists of partial derivatives
of variables, i.e. B̄LH = {∂0a, ∂1a, . . . , ∂ka, ∂1a, ∂2a, . . . , ∂ka},

(2.1) ∂0a = ∂a =
∂

∂xa
=

∂

∂y0a
, ∂Aa =

∂

∂yAa
, A = 1, k, ∂αa =

∂

∂pαa

, α = 1, k.

Theorem 2.1. The elements of B̄LH are transforming in the following way:

∂0a = (∂0ay0a′

)∂0a′ + (∂0ay1a′

)∂1a′ + · · · + (∂0ayka′

)∂ka′

+ (∂0ap1a′)∂1a′

+ (∂0ap2a′)∂2a′

+ · · · + (∂0apka′)∂ka′

,

∂1a = (∂1ay1a′

)∂1a′ + (∂1ay2a′

)∂2a′ + · · · + (∂1ayka′

)∂ka′

+ (∂1ap2a′)∂2a′

+ (∂1ap3a′)∂3a′

+ · · · + (∂1apka′)∂ka′

,

∂2a = (∂2ay2a′

)∂2a′ + (∂2ay3a′

)∂3a′ + · · · + (∂2ayka′

)∂ka′

+ (∂2ap3a′)∂3a′

+ · · · + (∂2apka′)∂ka′

, . . .

∂ka = (∂kayka′

)∂ka′

(2.2a)

∂1a = (∂1ap1a′)∂1a′

+ (∂1ap2a′)∂2a′

+ · · · + (∂1apka′)∂ka′

,

∂2a = (∂2ap2a′)∂2a′

+ (∂2ap3a′)∂3a′

+ · · · + (∂2apka′)∂ka′

,

∂3a = (∂3ap3a′)∂3a′

+ · · · + (∂3apka′)∂ka′

, . . .

∂ka = (∂kapka′)∂ka′

.

(2.2b)

The proof follows from (1.5).
Let us introduce the notations

(2.3) [∂Aay]1,k+1 = [∂0a∂1a . . . ∂ka], [∂αap]1,k = [∂1a∂2a . . . ∂ka]
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(2.4) [Aa′

a ]k+1,k+1 =















∂0ay0a′

0 0 · · · 0

∂0ay1a′

∂1ay1a′

0 · · · 0

∂0ay2a′

∂1ay2a′

∂2ay2a′

· · · 0
...

∂0ayka′

∂1ayka′

∂2ayka′

· · · ∂kayka′















(2.5) [Baa′ ]k,k+1 =















∂0ap1a′ 0 0 · · · 0 0
∂0ap2a′ ∂1ap2a′ 0 · · · 0 0
∂0ap3a′ ∂1ap3a′ ∂2ap3a′ · · · 0 0

...
∂0apka′ ∂1apka′ ∂2apka′ · · · ∂(k−1)apka′ 0















[0] = [0]k+1,k

(2.6) [Ca
a′ ]k,k =











∂1ap1a′ 0 · · · 0
∂1ap2a′ ∂2ap2a′ · · · 0

...
∂1apka′ ∂2apka′ · · · ∂kapka′











.

Using the above notations (2.2) can be written in the form:

(2.7) [∂Aay∂αap]1,2k+1 = [∂a′y∂a′

p]1,2k+1

[

Aa′

a 0
Baa′ Ca

a′

]

2k+1,2k+1

Using (1.7) and (1.9) the elements of matrices [Aa′

a ], [Baa′ ], [Ca
a′ ] can be

written in the form

(2.8) [Aa′

a ]k+1,k+1 =



























(

0
0

)

Ba′

a 0 0 0 · · · 0
(

1
0

)

d1
t B

a′

a

(

1
1

)

Ba′

a 0 0 · · · 0
(

2
0

)

d2
t B

a′

a

(

2
1

)

d1
t B

a′

a

(

2
2

)

Ba′

a 0 · · · 0
(

3
0

)

d3
t B

a′

a

(

3
1

)

d2
t B

a′

a

(

3
2

)

d1
t B

a′

a

(

3
3

)

Ba′

a · · · 0

...
(

k
0

)

dk
t Ba′

a

(

k
1

)

dk−1
t Ba′

a

(

k
2

)

dk−2
t Ba′

a · · ·
(

k
k

)

Ba′

a


























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[Baa′ ]k,k+1 =

=





















∂0ap1a′ 0 0 0 · · · 0 0

∂0ap2a′

(

1
0

)

∂0ap1a′ 0 0 0 0

∂0ap3a′

(

2
1

)

∂0ap2a′

(

2
0

)

∂0ap1a′ 0 0 0

...

∂0apka′

(

k−1
k−2

)

∂0ap(k−1)a′

(

k−1
k−3

)

∂0ap(k−2)a′ · · ·
(

k−1
0

)

∂0ap1a′ 0





















(2.9)

(2.10) [Ca
a′ ]k,k =





















(

0
0

)

Ba
a′ 0 0 · · · 0

(

1
0

)

d1
t B

a
a′

(

1
1

)

Ba
a′ 0 · · · 0

(

2
0

)

d2
t B

a
a′

(

2
1

)

d1
t B

a
a′

(

2
2

)

Ba
a′ 0

...
(

k−1
0

)

dk−1
t Ba

a′

(

k−1
1

)

dk−2
t Ba

a′

(

k−1
2

)

dk−3
t Ba

a′

(

k−1
k−1

)

Ba
a′





















The natural basis of T ∗(GLH)(nk) is

B̄∗

LH = {dy0a, dy1a, . . . , dyka, dp1a, dp2a, . . . , dpka}.

Theorem 2.2. The elements of B̄∗

LH are transforming in the following way:

dy0a′

= (∂0ay0a′

)dy0a

dy1a′

= (∂0ay1a′

)dy0a + (∂1ay1a′

)dy1a, . . . ,

dyka′

= (∂0ayka′

)dy0a + (∂1ayka′

)dy1a + · · · + (∂kayka′

)dyka,

dp1a′ = (∂0ap1a′)dy0a + (∂1ap1a′)dp1a,

dp2a′ = (∂0ap2a′)dy0a + (∂1ap2a′)dy1a + (∂1ap2a′)dp1a + (∂2ap2a′)dp2a,

...

dpka′ = (∂0apka′)dy0a + (∂1apka′)dy1a + · · · + (∂(k−1)apka′)dy(k−1)a+

(∂1apka′ )dp1a + · · · + (∂kapka′)dpka.

(2.11)

Let us introduce the notations

(2.12) [dya]k+1,1 =











dy0a

dy1a

...
dyka











, [dpa]k,1 =











dp1a

dp2a

...
dpka











.
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Using notations (2.8), (2.9) and (2.10) we can write (2.11) in the form

(2.13)

[

dya′

dpa′

]

2k+1,1

=

[

Aa′

a 0
Baa′ Ca

a′

]

2k+1,2k+1

[

dya

dpa

]

.

Theorem 2.3. If the bases B̄∗

LH and B̄LH are dual to each other, then the bases

B̄∗
′

LH and B̄′

LH are also dual to each other.

Proof. Under duality of two bases we understand as usual the following relations

〈dyAa, ∂Bb〉 = δA
Bδa

b 〈dpAa, ∂Bb〉 = δB
A δb

a

〈dyAa, ∂Bb〉 = 0 〈dpAa, ∂Bb〉 = 0

or

(2.14)

[

dya

dpa

]

[∂by∂bp] = I2k+1,2k+1.

We want to prove that if (2.14) is valid, then the same relation is valid if a

is everywhere substituted by a′, i.e., that (2.14) is coordinate invariant. If we
introduce the notation

T =

[

Aa′

a 0
Baa′ Ca

a′

]

,

then (2.7) and (2.13) can be written in the form

[∂by∂bp] = [∂b′y∂b′p]T(2.15)
[

dya′

dpa′

]

= T

[

dya

dpa

]

⇒

[

dya

dpa

]

= T−1

[

dya′

dpa′

]

.(2.16)

The substitution of (2.15) and (2.16) into (2.14) results in

T−1

[

dya′

dpa′

]

[∂b′y∂b′p]T = I ⇒

[

dya′

dpa′

]

[∂b′y∂b′p] = TIT−1 = I. �

From (2.2) and (2.11) it is obvious that under coordinate transformation (1.3)
the elements of natural bases B̄LH and B̄∗

LH are not transforming as tensors. Now
we shall construct a new so-called special adapted bases BLH and B∗

LH, whose
elements transform as tensors and in which the J structure (which will be defined
later) has the same components as in the natural bases.

Definition 2.1. The special adapted basis BLH of T (GLH)(nk)

(2.17) BLH = {δ0a, δ1a, . . . , δka, δ1a, δ2a, . . . , δka}
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is defined by

δ0a =

(

0

0

)

∂0a −

(

1

0

)

N1b
0a∂1b − · · · −

(

k

0

)

Nkb
0a∂kb

−

(

0

0

)

N0a1b∂
1b −

(

1

0

)

N0a2b∂
2b − · · · −

(

k − 1

0

)

N0akb∂
kb

δ1a =

(

1

1

)

∂1a −

(

2

1

)

N1b
0a∂2b − · · · −

(

k

1

)

N
(k−1)b
0a ∂kb

−

(

1

1

)

N0a1b∂
2b −

(

2

1

)

N0a2b∂
3b − · · · −

(

k − 1

1

)

N0a(k−1)b∂
kb

δ2a =

(

2

2

)

∂2a −

(

3

2

)

N1b
0a∂3b − · · · −

(

k

2

)

N
(k−2)b
0a ∂kb

−

(

2

2

)

N0a1b∂
3b − · · · −

(

k − 1

2

)

N0a(k−2)b∂
kb, . . .

δka =

(

k

k

)

∂ka

(2.18a)

δ1a =

(

0

0

)

∂1a −

(

1

0

)

N0a
2b ∂2b −

(

2

0

)

N0a
3b ∂3b − · · · −

(

k

0

)

N0a
kb ∂kb

δ2a =

(

1

1

)

∂2a −

(

2

1

)

N0a
2b ∂3b − · · · −

(

k − 1

1

)

N0a
(k−1)b∂

kb . . .

δkb =

(

k − 1

k − 1

)

∂kb.

(2.18b)

Let us introduce the notations

[δAa(y)]1,k+1 = [δ0aδ1a . . . δka], A = 0, k

[δαa(p)]1,k = [δ1aδ2a . . . δka], α = 1, k

[NBb
0a ]k+1,k+1 =

















(

0
0

)

δb
a 0 · · · 0 0

−
(

1
0

)

N1b
0a

(

1
1

)

δb
a · · · 0 0

...
...

...

−
(

k
0

)

Nkb
0a −

(

k
1

)

N
(k−1)b
0a · · ·

(

k
k−1

)

N1b
0a δb

a

















[N0aβb]k,k+1 =















−
(

0
0

)

N0a1b 0 · · · 0 0

−
(

1
0

)

N0a2b −
(

1
1

)

N0a1b · · · 0 0

...
...

−
(

k−1
0

)

N0akb −
(

k−1
1

)

N0a(k−1)b · · ·
(

k−1
k−1

)

N0a1b 0















(2.19a)
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[N0a
βb ]k,k =





















(

0
0

)

δa
b 0 0 · · · 0

−
(

1
0

)

N0a
2b

(

1
1

)

δa
b 0 · · · 0

−
(

2
0

)

N0a
3b −

(

2
1

)

N0a
2b

(

2
2

)

δa
b · · · 0

...

−
(

k
0

)

N0a
kb −

(

k−1
1

)

N0a
(k−1)b −

(

k−2
2

)

N0a
(k−2)b · · ·

(

k−1
k−1

)

δa
b





















.(2.19b)

Using the above notations (2.18) can be written in the matrix form as follows:

(2.20) [δAa(y)δαa(p)]1,2k+1 = [∂Bb(y)∂βb(p)]1,2k+1 · N2k+1,2k+1,

where

(2.21) N =

[

[NBb
0a ]k+1,k+1 [0]k+1,k

[N0aβb]k,k+1 [N0a
βb ]k,k

]

.

The first request to the adapted basis BLH is that their elements transform
as tensors, i.e.,

(2.22) δAa′ = Ba
a′δAa A = 0, k, δαa′

= Ba′

a δαa α = 1, k.

Theorem 2.4. The elements of the special adapted basis BLH are transforming
as tensor if and only if the following relations are valid:

[NBb′

0a′ ]k+1,k+1 = [Ab′

b NBb
0a Ba

a′ ]k+1,k+1

[N0a′βb′ ]k,k+1 = [(Bbb′N
Bb
0a + Cb

b′N0aβb)B
a
a′ ]k,k+1

[N0a′

βb′ ] = [Cb
b′N

0a
βb Ba′

a ]k,k.

(2.23)

Proof. If we denote by [Ba
a′ ]k+1,k+1 the diagonal matrix, whose elements are all

equal to zero except the diagonal elements, which are equal to Ba
a′ , similar for

[Ba′

a ]k,k, then using (2.3)-(2.7), further (2.19)-(2.21) we can write (2.22) in the
form

[δAa′(y)δαa′

(p)]1,2k+1 = [δAa(y)δαa(p)]1,2k+1

[

[Ba
a′ ]k+1,k+1 [0]k+1,k

[0]k,k+1 [Ba′

a ]k,k

]

= [∂Bb(y)∂βb(p)]1,2k+1N2k+1,2k+1 · B2k+1,2k+1

= [∂Bb′(y)∂βb′(p)]

[

Ab′

b 0
Bbb′ Cb

b′

]

2k+1,2k+1

· N2k+1,2k+1 · B2k+1,2k+1.

(2.24)

On the other side from (2.20) we get

(2.25) [δAa′(y)δαa′

(p)] = [∂Bb′(y)∂βb′(p)] ·

[

[NBb′

0a′ ]k+1,k+1 [0]k+1,k

[N0a′βb′ ]k,k+1 [N0a′

βb′ ]k,k

]

.

The comparison of (2.23) and (2.24) gives
[

[NBb′

0a′ ]k+1,k+1 [0]k+1,k

[N0a′βb′ ]k,k+1 [N0a′

βb′ ]k,k

]
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=

[

[Ab′

b ]k+1,k+1 [0]k+1,k

[Bbb′ ]k,k+1 [Cb
b′ ]k,k

]

·

[

[NBb
0a ]k+1,k+1 [0]k+1,k

[N0aβb]k,k+1 N0a
βbk,k

]

· B =

=

[

[Ab′

b NBb
0a + 0]k+1,k+1 [0]k+1,k + [0]k+1,k

[Bbb′N
Bb
0a + Cb

b′N0aβb]k,k+1 [0k,k + Cb
b′N

0a
βb ]k,k

]

· B =

=

[

[Ab′

b NBb
0a Ba

a′ ]k+1,k+1 [0]k+1,k

[(Bbb′N
Bb
0a + Cb

b′N0aβb)B
a
a′ ]k,k+1 [Cb

b′N
0a
βb Ba′

a ]k,k

]

.

From the above it follows (2.23). �

Definition 2.2. The special adapted basis B∗

LH of T ∗(GLH)(nk) is

(2.26) B∗

LH = {δy0a, δy1a, . . . , δyka, δp1a, δp2a, . . . , δpka},

where

δy0a = dy0a = dxa

δy1a =

(

1

1

)

dy1a +

(

1

0

)

M1a
0b dy0b

δy2a =

(

2

2

)

dy2a +

(

2

1

)

M1a
0b dy1b +

(

2

0

)

M2a
0b dy0b, . . .

δyka =

(

k

k

)

dyka +

(

k

k − 1

)

M1a
0b dy(k−1)b + · · · +

(

k

0

)

Mka
0b dy0b

(2.27a)

δp1a =

(

0

0

)

M0a1bdy0b +

(

0

0

)

dp1a,

δp2a =

(

1

0

)

M0a2bdy0b +

(

1

1

)

M0a1bdy1b +

(

1

0

)

M1b
0adp1b +

(

1

1

)

dp2a,

...

δpka =

(

k − 1

0

)

M0akbdy0b + · · · +

(

k − 1

k − 1

)

M0a1bdy(k−1)b

+

(

k − 1

0

)

M
(k−1)b
0a dp1b + · · · +

(

k − 1

k − 1

)

dpka.

(2.27b)

We introduce the notations:

(2.28a) [δyAa]k+1,1 =











δy0a

δy1a

...
δyka











, [δpαa]k,1 =











δp1a

δp2a

...
δpka










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(2.28b) [MAa
0b ]k+1,k+1 =





















(

0
0

)

δa
b 0 0 0 · · · 0

(

1
0

)

M1a
0b

(

1
1

)

δa
b 0 0 0

0 0

...
(

k
0

)

Mka
0b

(

k
1

)

M
(k−1)b
0b

(

k
k

)

δa
b





















(2.28c) [M0aBb]k,k+1 =















(

0
0

)

M0b1a 0 0 · · · 0
(

1
0

)

M0a2b

(

1
1

)

M0a1b 0 · · · 0

...
(

k−1
0

)

M0akb

(

k−1
1

)

M0a(k−1)b · · ·
(

k−1
k−1

)

M0a1b 0















(2.28d) [Mβb
0a ]k,k =

















(

0
0

)

δb
a 0 0 · · · 0

(

1
0

)

M1b
0a

(

1
1

)

δb
a 0 · · · 0

...
(

k−1
0

)

M
(k−1)b
0k

(

k−1
1

)

M
(k−2)b
0a

(

k−1
k−1

)

δb
a

















Using the notations (2.28) we can write (2.27) in the form

(2.29)

[

δyAa

δpαa

]

= M

[

dya

dpa

]

=

[

[MAa
0b ]k+1,k+1 [0]k+1,k

[M0aBb]k,k+1 [Mβb
0a ]k,k

] [

dyBb

dpβb

]

.

The first request to B∗

LH is that their elements are transforming as tensors,
i.e.,

(2.30) δyAa′

= Ba′

a δyAa, δpαa′ = Ba
a′δpαa, A = 0, k, α = 1, k.

Theorem 2.5. The elements of the special adapted basis B∗

LH are transforming
as tensors (i.e., (2.30) are satisfied) if and only if the following relations are
satisfied:

[MAa
0b ] = [Ba

a′ ][Maa′

0b′ ][Ab′

b ]

[M0aBb] = [Ba′

a ][M0a′Bb′ ][A
b′

b ] + [Ba′

a ][Mβb′

0a′ ][Bbb′ ]

[Mβb
0a ] = [Ba′

a ][Mβb′

0a′ ][C
b
b′ ].

(2.31)

Proof. (2.30) can be written in the matrix form as follows:

(2.32)

[

δyAa′

δpαa′

]

2k+1,1

=

[

[Ba′

a ]k+1,k+1 0
0 [Ba

a′ ]k,k

] [

δyAa

δpαa

]

= B′ · M ·

[

dya

dpa

]

,
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where (2.29) was used. On the other side using (2.29) and (2.16) we have

(2.33)

[

δyAa′

δpαa′

]

= M ′

[

dya′

dpa′

]

= M ′T

[

dya

dpa

]

.

The comparison of (2.30) and (2.33) gives

(2.34) M ′T = B′M ⇒ BM ′T = M,

where B is (B′)−1.
The explicit form of the above equation is

[

[MAa
0b ]k+1,k+1 [0]k+1,k

[M0aβb]k,k+1 [Mβb
0a ]k,k

]

=

[

[Ba
a′ ]k+1,k+1 [0]k+1,k

0 [Ba′

a ]k,k

]

×

×

[

[MAa′

0b′ ]k+1,k+1 [0]k+1,k

[M0a′Bb′ ]k,k+1 [Mβb′

0a′ ]k,k

]

·

[

[Ab′

b ]k+1,k+1 0
[Bbb′ ]k,k+1 [Cb

b′ ]k,k

]

=

[

[Ba
a′MAa′

0b′ ]k+1,k+1 [0]k+1,k

[Ba′

a M0a′Bb′ ]k,k+1 [Ba′

a M
βb′

0a′ ]k,k

]

·

[

[Ab′

b ]k+1,k+1 [0]k+1,k

[Bbb′ ]k,k+1 [Cb
b′ ]k,k

]

=

[

[Ba
a′Maa′

0b′ Ab′

b ]k+1,k+1 [0]k+1,k

[Ba′

a M0a′Bb′A
b′

b + Ba′

a M
βb′

0a′ Bbb′ ]k,k+1 [Ba′

a M
βb′

0a′ Cb
b′ ]k,k

]

.

From the above equation it follows (2.31). �

The other request to B∗

LH and BLH is to be inverse to each other.
The following theorem gives answer on this condition.

Theorem 2.6. The necessary and sufficient condition that the special adapted
basis B∗

LH be dual to BLH, when the natural basis B̄LH is dual to B̄LH is

(2.35) MN = I.

Proof. From
[

δyAa

δpαa

]

= M

[

dyb

dpb

]

,

[δAa(y)δαa(p)] = [∂Bb(y)∂βb(p)] · N,

it follows
[

δyAa

δpαa

]

2k+1,1

[δAa(y)δαa(p)]1,2k+1 = I2k+1,2k+1,

M

[

dyb

dpb

]

[∂Bb(y)∂βb(p)]N = M · I2k+1,2k+1, ·N = MN.

From the above it follows (2.35) �
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3. The J structure in (GLH)(nk)

Definition 3.1. The k-tangent structure J is a F linear mapping (F denotes
the modul of C∞ functions on (GLH)(nk))

J : T (GLH)(nk) → T (GLH)(nk)

defined by

(3.1)
J∂0a = ∂1a, J∂1a = 2∂2a, . . . , J∂(k−1)a = k∂ka, J∂ka = 0,

J∂1a = ∂2a, J∂2a = 2∂3a, . . . , J∂(k−1)a = (k − 1)∂ka, J∂ka = 0.

From Definition 3.1 it follows

Theorem 3.1. The structure J defined by (3.1) in the natural basis B̄LH and
B̄∗

LH can be expressed in the matrix form as follows:

(3.2) J = [∂Aa(y)∂αa(p)][J ] ⊗

[

dyBb

dpβb

]

,

where

(3.3) [J ] =

[

J1 0
0 J2

]

,

(3.4) J1 =















0 0 · · · 0
1δa

b 0 · · · 0
0 2δa

b · · · 0
...
0 0 · · · kδa

b 0















k+1,k+1

J2 =















0 0 · · · 0
1δb

a 0 · · · 0
0 2δb

a · · · 0
...
0 0 · · · (k − 1)δb

a 0















k,k

.

From (3.4) it follows

(3.5) Jk
1 = 0, Jk−1

2 = 0

and from (3.3) and (3.5) it follows Jk = 0.
The explicit form of (3.2) is

J = ∂1a ⊗ dy0a + 2∂2a ⊗ dy1a + · · · + k∂ka ⊗ dy(k−1)a

+ ∂2a ⊗ dp1a + 2∂3a ⊗ dp2a + + · · · + (k − 1)∂ka ⊗ dp(k−1)a.
(3.6)

Proof. From the duality of B̄LH and B̄∗

LH it follows:

J∂0b = 〈∂1a ⊗ dy0a, ∂0b〉 = ∂1aδa
b = ∂1b

J∂1b = 〈2∂2a ⊗ dy1a, ∂1b〉 = 2∂2aδa
b = 2∂2b, . . .

J∂1b = 〈∂2a ⊗ dp1a, ∂1b〉 = ∂2aδb
a = ∂2b, . . . . �
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Theorem 3.2. If the structure J defined by (3.1), or equivalently by (3.2)-(3.4)
is expressed in the special adapted bases BLH and B∗

LH then it is determined by
the same matrix J as (3.3), (3.4), or

(3.7) J = [δAa(y)δαa(p)][J ] ⊗

[

δyBb

δpβb

]

.

The explicit form of (3.7) is

J = δ1a ⊗ δy0a + 2δ2a ⊗ δy1a + · · · + kδka ⊗ δy(k−1)a

+ δ2a ⊗ δp1a + 2δ3a ⊗ δp2a + · · · + (k − 1)δka ⊗ δp(k−1)a.
(3.8)

from which follows

(3.9)
Jδ0a = δ1a, Jδ1a = 2δ2a, . . . , Jδ(k−1)a = kδka, Jδka = 0,

Jδ1a = δ2a, Jδ2a = 2δ3a, . . . , Jδ(k−1)
a = (k − 1)δka, Jδka = 0.

Proof. We shall prove only some of the above equations, the others can be proved
using the same method and the mathematical induction. From (2.18) and (3.1)
we get

Jδ0a =

(

0

0

)

∂1a −

(

1

0

)

N1b
0a · 2∂2a − · · · −

(

k − 1

0

)

N
(k−1)b
0a k∂ka

−

(

0

0

)

N0a1b∂
2b − · · · −

(

k − 2

0

)

N0a(k−1)b(k − 1)∂kb = δ1a

Jδ1a =

(

1

1

)

2∂2a −

(

2

1

)

N1b
0a3∂3a − · · · −

(

k − 1

1

)

N
(k−2)b
0a k∂ka

−

(

1

1

)

N0a1b2∂3b −

(

2

1

)

N0a2b3∂4a − · · · −

(

k − 2

1

)

N0a(k−2)b(k − 1)∂kb

= 2δ2a, . . .

Jδka = 0

Jδ1a =

(

0

0

)

∂2a −

(

1

0

)

N0a
2b 2∂3b − · · · −

(

k − 1

0

)

N0a
(k−1)b(k − 1)∂kb = δ2a

Jδ2a =

(

1

1

)

2∂3a −

(

2

1

)

N0a
2b 3∂4a − · · · −

(

k − 2

1

)

N0a
(k−2)b(k − 1)∂ka = 2δ3a, . . .

Jδka = 0.

�

Theorem 3.3. For the k-tangent structure J determined by (3.6) we have

(3.10)
dy0bJ = 0, dy1bJ = dy0b, dy2bJ = 2dy1b, . . . , dykaJ = kdy(k−1)a

dp1bJ = 0, dp2bJ = dp1b, dp3bJ = 2dp2b, . . . , dpkbJ = (k − 1)dp(k−1)b.

The proof follows from (3.6) and the duality of B̄LH and B̄∗

LH.
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Theorem 3.4. For the k-tangent structure J determined by (3.8) we have

δy0bJ = 0, δy1bJ = δy0b, δy2bJ = 2δy1b, . . . , δykbJ = kδ(k−1)b,

δp1bJ = 0, δp2bJ = δp1b, δp3bJ = 2p2b, . . . , δpkbJ = (k − 1)δp(k−1)b.

Proof. The proof follows from (3.8) and the duality of B∗

LH and BLH. It can be
proved directly using (3.10), (2.27) and the duality of B̄∗

LH and B̄LH. We have
for instance

δy0aJ = dy0bJ = 0

δy1aJ =

(

1

1

)

dy0a = δy0a

δy2aJ =

(

2

2

)

2dy1a +

(

2

1

)

M1a
0b dy0b = 2δy1a

δy3aJ =

(

3

3

)

3dy2a +

(

3

2

)

M1a
0b 2dy1b +

(

3

1

)

M2a
0b dy0a = 3δy2a, . . . ,

δp1aJ =

(

0

0

)

M0a1bdy0bJ +

(

0

0

)

dp1bJ = 0

δp2aJ =

(

1

1

)

M0a1bdy1bJ +

(

1

1

)

dp2aJ =

(

1

1

)

M0a1bdy0b +

(

1

1

)

dp1a = δp1a

δp3aJ =

(

2

1

)

M0a2bdy0b +

(

2

2

)

M0a1b2dy1b +

(

2

1

)

M1b
0adp1b +

(

2

2

)

2dp2b = 2δp2a

δp4aJ =

(

3

1

)

M0a3bdy0b +

(

3

2

)

M0a2b · 2dy1b +

(

3

3

)

M0a1b · 3dy2b +

(

3

1

)

M2b
0adp1b +

(

3

2

)

M1b
0a · 2dp2b +

(

3

3

)

· 3dp3b = 3δp3a, . . . .

�

Definition 3.2. The k-tangent structure J̄ = JT is the adjoint map of the
k-tangent structure J and it is a F linear mapping

J̄ : T ∗(GLH)(nk) → T ∗(GLH)(nk).

The following relations are valid:

(3.11)
J̄dy0a = 0, J̄dy1a = dy0a, J̄dy2a = 2dy1a, . . . , J̄dyka = kdy(k−1)a

J̄dp1a = 0, J̄dp2a = dp1a, J̄dp3a = 2dp2a, . . . , J̄dpka = (k − 1)dp(k−1)a.

Theorem 3.5. The k-tangent structure J̄ in the natural bases B̄LH and B̄∗

LH

can be expressed in the matrix form as follows:

(3.12) J̄ = [dyAadpαa][J̄ ] ⊗

[

∂Bb(y)
∂βb(p)

]

,
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where

(3.13) [J̄ ] =

[

J̄1

J̄2

]

,

(3.14a) J̄1 =















0 1δb
a 0 0 · · · 0

0 0 2δb
a 0 0

0 0 0 3δb
a 0

... kδb
a

0 0 0 0 0















k+1,k+1

(3.14b) J̄2 =















0 1δa
b 0 0 · · · 0

0 0 2δa
b 0 0

0 0 0 3δa
b 0

... (k − 1)δa
b

0 0 0 0 0















k,k

or in the explicit form

J̄ = dy0a ⊗ ∂1a + 2dy1a ⊗ ∂2a + · · · + kdy(k−1)a ⊗ ∂ka

+ dp1a ⊗ ∂2a + 2dp2a ⊗ ∂3a + · · · + (k − 1)dp(k−1)a ⊗ ∂ka.
(3.15)

Proof. From the duality of B̄LH and B̄∗

LH and (3.15) it follows (3.11). From

(3.14) it follows J̄ k
1 = 0, Jk−1

2 = 0 and from (3.13) we have J̄k = 0, which gives
the name of the k-tangent structure. �

Theorem 3.6. For the k-tangent structure J̄ determined by (3.11) we have:

(3.16)
∂0aJ̄ = ∂1a, ∂1aJ̄ = 2∂2a, . . . , ∂(k−1)aJ̄ = k∂ka, ∂kaJ̄ = 0,

∂1aJ̄ = ∂2a, ∂2aJ̄ = 2∂3a, . . . , ∂(k−1)aJ̄ = (k − 1)∂ka, ∂kaJ̄ = 0.

Proof. The proof follows from (3.15) and the duality of B̄LH and B̄∗

LH. �

Theorem 3.7. For the k-tangent structure J̄ the following relations are valid:

(3.17)
J̄δy0a = 0, J̄δy1a = δy0a, . . . , J̄δyka = kδy(k−1)a,

J̄δp1a = 0, J̄δp2a = δp1a, . . . , J̄δpka = (k − 1)δp(k−1)a.

Proof. We have

J̄

[

δyAa

δpαa

]

=

[

J̄δyAa

J̄δpαa

]

= J̄M

[

dyBb

dpβb

]

,

where

J̄M =

[

J̄1 0
0 J̄2

] [

MAa
0b 0

M0aBb M
βb
0a

]

=

[

J̄1M
Aa
0b 0

J̄2M0aBb J̄2M
βb
0a

]

,
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[J̄1M
Aa
0b ] =















(

1
0

)

M1a
0b

(

1
1

)

δa
b 0 · · · 0

2
(

2
0

)

M2a
0b 2

(

2
1

)

M1a
0b 2

(

2
2

)

δa
b · · · 0

...
...

k
(

k−1
0

)

M0akb k
(

k−1
1

)

M
(k−2)b
0a k

(

k−1
k−1

)

δa
b

0 0 0















,

[J̄2M0aBb] =















(

1
0

)

M0a2b

(

1
1

)

δb
a 0 · · · 0

2
(

2
0

)

M0a3b 2
(

2
1

)

M0a2b 2
(

2
2

)

δb
a · · · 0

...
...

(k − 1)
(

k−1
0

)

M0a(k−1)b (k − 1)
(

k−1
k−1

)

δb
a

0 0 0 0















,

[J̄2M
βb
0a ] =















(

1
0

)

M1b
0a

(

1
1

)

δb
a 0 · · · 0

2
(

2
0

)

M2b
0a 2

(

2
1

)

M1b
0a 2

(

2
2

)

δb
a · · · 0

...
...

(k − 1)
(

k−1
0

)

M
(k−1)b
0a (k − 1)

(

k−1
k−1

)

δb
a

0 0 0 0















.

If we calculate

J̄M

[

dyBb

dpβb

]

and compare the obtained relations with (2.27) we obtain (3.17). �

In the similar way it can be proved:

Theorem 3.8. For the k-tangent structure J̄ determined by (3.11) the following
relations are valid:

(3.18)
δ0aJ̄ = δ1a, δ1aJ̄ = 2δ2a, . . . , δ(k−1)aJ̄ = kδka, δkaJ̄ = 0

δ1aJ̄ = δ2a, δ2aJ̄ = 2δ3a, . . . , δ(k−1)aJ̄ = (k − 1)δka, δkaJ̄ = 0.

4. The Liouville vector and 1-form field

If

M(y0a, y1a, . . . , yka, p1a, p2a, . . . , pka)

and

M ′(y0a + dy0a, y1a + dy1a, . . . , yka + dyka, p1a + dp1a, p2a + dp2a, . . . , pka + dpka)
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are two points in (GLH)(nk), then the vector MM ′ expressed in the natural basis
T (GLH)(nk) has the form

MM ′ = dr = dy0a∂0a + dy1a∂1a + · · · + dyka∂ka

+ dp1a∂1a + dp2a∂2a + · · · + dpka∂ka

= [dyAadpαa]

[

∂Aa(y)
∂αa(p)

]

.

(4.1)

Theorem 4.1. The vector dr is coordinate invariant.

Proof. Using (2.20), (2.29) and (2.35) we have
[

δyAa

δpαa

]

= M

[

dyAa

dpαa

]

⇒ [δyAaδpαa] = [dyAadpαa]MT

[δAaδαa] = [∂Aa∂αa]N ⇒

[

δAa

δαa

]

= NT

[

∂Aa

∂αa

]

so we have

[δyAaδpαa]

[

δAa(y)
δαa(p)

]

= [dyAadpαa]MT · NT

[

∂Aa

∂αa

]

= [dyAadpαa]

[

∂Aa

∂αa

]

= dr,

(4.2)

because MT NT = (NM)T = (MN)T = IT = I (T -transposed).
The comparison of (4.1) and (4.2) results

dr = dy0a∂0a + dy1a∂1a + · · · + dyka∂ka

+ dp1a∂1a + dp2a∂2a + · · · + dpka∂ka

= δy0aδ0a + δy1aδ1a + · · · + δykaδka

+ δp1aδ1a + δp2aδ2a + · · · + δpkaδka.

(4.3)

Let us consider

(4.4) δr = drT = [∂Aa(y)∂αa(p)]

[

dyAa

dpαa

]

,

the transpose of dr, as a ”one-form field” on T ∗(GLH)(nk). Using (4.2) and (4.3)
δr can be written in the form:

δr = ∂0ady0a + ∂1ady1a + · · · + ∂kadyka

+ ∂1adp1a + ∂2adp2a + · · · + ∂kadpka

= δ0aδy0a + δ1aδy1a + · · · + δkaδyka

+ δ1aδp1a + δ2aδp2a + · · · + δkaδpka.

(4.5)

�
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In the first part of (4.5) δr is expressed in B̄∗(GLH)(nk), the natural basis
of T ∗(GLH)(nk) in the second part δr is presented in B∗(GLH)(nk), the special
adapted basis of T ∗(GLH)(nk). The components of δr are not functions, but
differential operators, but they are transforming in the same way as components
of covector, so the name ”one-form field”.

Remark 4.1. From (4.3) and (4.5) it is obvious that dr and δr have the same
components in natural and special adapted bases. The same property have the
structures J and J̄ . This fact allows us that the action of J on δr and J̄ on dr

can be written by the equations of the same from in both coordinate system.

In (GLH)(nk) it is difficult to construct vector fields and 1-form fields, but
using dr, δr, the structure J and J̄ it can be construct one family of Liouville
vector and 1-form fields.

Definition 4.1. The Liouville vector fields Γ̄0, Γ̄1, Γ̄2, . . . , Γ̄k are defined by

(4.6)
Γ̄k = dr, J̄ Γ̄A = Γ̄AJ̄ = (k − (A − 1))Γ̄A−1,

Ā = 1, k, J̄ Γ̄0 = Γ̄0J̄ = 0.

The above definition is in papers [18, 19, 20, 16, 21, 23] theorem, but it seems
to be the most natural definition.

From (4.6) it follows

(4.7)
J̄ Γ̄0 = Γ̄0J = 0, J̄ Γ̄1 = Γ̄1J̄ = kΓ̄0, J̄ Γ̄2 = Γ̄2J̄ = (k − 1)Γ̄1,

. . . , J̄ Γ̄k−1 = Γ̄k−1J̄ = 2Γ̄k−2, J̄ Γ̄k = Γ̄kJ̄ = Γ̄k−1.

Theorem 4.2. The Liouville vector fields Γ̄0, Γ̄1, . . . , Γ̄k from (GLH)(nk) ex-
pressed in the special adapted basis B of T (GLH)(nk) have the form

Γ̄0 =

(

k

0

)

δy0aδka,

Γ̄1 =

(

k

1

)

δy1aδka +

(

k − 1

0

)

δy0aδ(k−1)a

+

(

k − 1

0

)

δp1aδka,

Γ̄2 =

(

k

2

)

δy2aδka +

(

k − 1

1

)

δy1aδ(k−1)a +

(

k − 2

0

)

δy0aδ(k−2)a

+

(

k − 1

1

)

δp2aδka +

(

k − 2

0

)

δp1aδ(k−1)a, . . .

(4.8a)
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Γ̄k−1 =

(

k

k − 1

)

δy(k−1)aδka +

(

k − 1

k − 2

)

δy(k−2)aδ(k−1)a + · · ·

+

(

2

1

)

δy1aδ2a +

(

1

0

)

δy0aδ1a

+

(

k − 1

k − 2

)

δp(k−1)aδka +

(

k − 2

k − 3

)

δp(k−2)aδ(k−1)a + · · · +

(

1

0

)

δp1aδ2a,

Γ̄k =

(

k

k

)

δykaδka +

(

k − 1

k − 1

)

δy(k−1)aδ(k−1)A + · · ·

+

(

1

1

)

δy1aδ1a +

(

0

0

)

δy0aδ0a

+

(

k − 1

k − 1

)

δpkaδka +

(

k − 2

k − 2

)

δp(k−1)aδ(k−1)a + · · · +

(

0

0

)

δp1aδ1a.

(4.8b)

The proof follows from (4.6).

Theorem 4.3. The Liouville vector fields Γ̄0, Γ̄1, . . . , Γ̄k in (GLH)(nk) in the
natural basis B̄ of T (GLH)(nk) have the form obtained from (4.7) if

δyAa, δpαa, δAa, δαa,

are substituted by dyAa, dpαa, ∂Aa, ∂αa respectively for every A = 0, k, α = 1, k.

Proof. The proof follows from Remark 4.1. The first equations obtained in such
way have the form

Γ̄0 =

(

k

0

)

dy0a∂ka = dt

[(

k

0

)

y1aδka

]

= Γ̄′

0dt

Γ̄1 =

(

k

1

)

dy1a∂ka +

(

k − 1

0

)

dy0a∂(k−1)a +

(

k − 1

0

)

dp1a∂ka

= dt

[(

k

1

)

y2a∂ka +

(

k − 1

0

)

y1a∂(k−1)a +

(

k − 1

0

)

p2a∂ka

]

= Γ̄′

1dt, . . . .

In such a way using the relations dyAa = y(A+1)adt, dpαa = p(α+1)adt, A =

0, k − 1, α = 1, k − 1, we obtain easily the following relations:

Γ̄A = Γ̄′

Adt, A = 0, k,

where Γ̄′

A - are the Liouville vector fields given in the form which is wellknown
([9, 13, 10, 18, 19, 20, 16, 21, 23]). �

The difference arises from the fact, that here the notation yAa = dAy0a

dtA is

used instead of usual yAa = 1
A!

dAy0a

dtA .
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Definition 4.2. The Liouville 1-form fields Γ0, Γ1, Γ2, . . . , Γk are defined by

(4.9)
Γk = δr JΓA = ΓAJ = (k − (A − 1))ΓA−1, A = 1, k

JΓ0 = Γ0J = 0.

From (4.9) it follows

(4.10)
JΓ0 = Γ0J = 0, JΓ1 = Γ1J = kΓ0, . . . ,

JΓk−1 = Γk−1J = 2Γk−2, JΓk = ΓkJ = Γk−1.

Theorem 4.4. The Liouville 1-form fields Γ0, Γ1, Γ2, . . . , Γk from (GLH)(nk)

expressed in the special adapted basis B∗ of T (GLH)(nk) have the form:

Γ0 =

(

k

0

)

δkaδy0a,

Γ1 =

(

k

1

)

δkaδy1a +

(

k − 1

0

)

δ(k−1)aδy0a +

(

k − 1

0

)

δkaδp1a,

Γ2 =

(

k

2

)

δkaδy2a +

(

k − 1

1

)

δ(k−1)aδy1a +

(

k − 2

0

)

δ(k−2)aδy0a

+

(

k − 1

1

)

δkaδp2a +

(

k − 2

0

)

δ(k−1)aδp1a, . . . ,

Γk−1 =

(

k

k − 1

)

δkaδy(k−1)a +

(

k − 1

k − 2

)

δ(k−1)aδ(k−2)a + · · ·

+

(

2

1

)

δ2aδy1a +

(

1

0

)

δ1aδy0a

+

(

k − 1

k − 2

)

δkaδp(k−1)a +

(

k − 2

k − 3

)

δ(k−1)aδp(k−2)a + · · · +

(

1

0

)

δ2aδp1a,

Γk =

(

k

k

)

δkaδyka +

(

k − 1

k − 1

)

δ(k−1)aδy(k−1)a + · · ·

+

(

1

1

)

δ1aδy1a +

(

0

0

)

δ0aδy0a

+

(

k − 1

k − 1

)

δkaδpka +

(

k − 2

k − 2

)

δ(k−1)aδp(k−1)a + · · · +

(

0

0

)

δ1aδp1a.

(4.11)

Theorem 4.5. The Liouville 1-form fields Γ0, Γ1, . . . , Γk in (GLH)(nk) in the
natural basis B̄∗ of T ∗(GLH)(nk) have the form obtained from (4.18) if δAa,
δαa, δyAa, δpαa are substituted by ∂Aa, ∂αa, dyAa, dpαa respectively for every
A = 0, k, α = 1, k.

The proof follows from Remark 4.1.
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5. The sprays and antisprays in (GLH)(nk)

The tangent vector to the curve

(5.1) c(t) = (y0a(t), y1a(t), . . . , yka(t), p1a(t), p2a(t), . . . , pka(t))

is the vector dr given by (4.3) and the tangent ‘1-form’ of the curve c(t) is δr

defined by (4.5).

Definition 5.1. A k-spray on (GLH)(nk) is a vector field S̄ ∈ T (GLH)(nk) with
the property

(5.2) S̄J̄ = J̄ S̄ = Γ̄k−1,

where (see 4.8)

Γ̄k−1 = δy0aδ1a + 2δy1aδ2a + · · · + kδy(k−1)aδka +

δp1aδ2a + · · · + (k − 1)δp(k−1)aδka.

Theorem 5.1. The vector field S̄ given by

(5.3) S̄ = Γ̄k + αδy0aδka + βδp1aδka

(α, β real numbers) is a k-spray on (GLH)(nk).

Proof.

J̄ S̄ = J̄ Γ̄k + α(J̄δy0a)δka + β(J̄δp1a)δka = J̄ Γ̄k = Γ̄k−1

S̄J̄ = Γ̄kJ̄ + αδy0a(δkaJ̄) + βδp1a(δkaJ̄) = Γ̄kJ̄ = Γ̄k−1.

�

From the above it follows that S̄ given by (5.3) satisfy (5.2), i.e., it is a k-spray.

Theorem 5.2. The vector field S̄ is a tangent vector to the curve c(t) given by
(5.1) if in (5.3) α = 0, β = 0, i.e.

S̄ = Γ̄k = dr.

The vector field S̄ in the natural basis B̄ has the form

S̄ = dy0a∂0a + · · · + dyka∂ka + dp1a∂1a + · · · + dpka∂ka.

If we take

dyka = −kGka(y0a, y1a, . . . , y(k−1)a)dt

dpka = −kHka(y0a, y1a, . . . , y(k−1)a, p1a, . . . , pka)dt,

where the functions Gka and Hka have the same transformation laws as dyka

and dpka respectively, then the integral curve of S̄ is the solution of SODE

(5.4)

dyka

dt
+ kGka(y0a, y1a, . . . , y(k−1)a) = 0

dpka

dt
+ kHka(y0a, . . . , y(k−1)a, p1a, . . . , pka) = 0
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with corresponding initial conditions.

Theorem 5.3. The vector fields S̄, Γ̄0, Γ̄1, . . . , Γ̄k and the structure J̄ are con-
nected by

J̄ S̄ = S̄J̄ = Γ̄k−1, J̄2S̄ = S̄J̄2 = 2!Γ̄k−2, . . .

J̄kS̄ = S̄J̄k = k!Γ̄0, J̄k+1S̄ = S̄J̄k+1 = 0.

Definition 5.2. A k-antispray field on (GHL)(nk) is a 1-form field S ∈
T ∗(GLH)(nk) with the property

(5.5) SJ = JS = Γk−1,

where

Γk−1 = δ1aδy0a + 2δ2aδ1a + · · · + (k − 1)δ(k−1)aδ(k−2)a + kδkaδy(k−1)a

+δ2aδp1a + · · · + (k − 2)δ(k−1)aδp(k−2)a + (k − 1)δkaδp(k−1)a.

Theorem 5.4. The 1-form field S given by

(5.6) S = Γk + αδkaδy0a + βδkaδp1a

is a k-antispray on (GLH)(nk).

Proof. We have

JS = JΓk + α(Jδka)δy0a + β(Jδka)δp1a = JΓk = Γk−1

SJ = ΓkJ + αδka(δ0aJ) + βδka(δp1aJ) = ΓkJ = Γk−1.

From the above it follows that S given by (5.6) satisfy (5.5), i.e., it is k-
antispray on (GLH)(nk). �

Theorem 5.5. The k-antispray field S on (GLH)(nk) is parallel to the tangent
1-form of the curve c(t) denoted by δr if in (5.6) we take α = 0, β = 0, i.e.
S = Γk.

Proof. From the last equation of (4.10) and (4.5) it follows Γk = δr. �

Theorem 5.6. The k-antispray S, the Liouville 1-form fields Γ0, Γ1, . . . , Γk and
the structure J are connected by

SJ = JS = Γk−1 SJ i = J iS = i!Γk−i, . . .

SJ2 = J2S = 2!Γk−2 SJk = JkS = k!Γ0,

SJ3 = J3S = 3!Γk−3, . . . SJk+1 = Jk+1S = 0.
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[5] I. Čomić. Generalized Miron’s d-connection in the recurrent K-Hamilton spaces. Publ.
Inst. Math. (Beograd) (N.S.), 52(66):136–152, 1992.
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